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1 Introduction

Outcome-dependent, two-phase stratified sampling designs can dramatically reduce the costs of
observational studies by selecting the most informative subjects for detailed covariate measurement.
Although ad-hoc, inefficient estimation methods often have been used with these designs, recent
work has focused on maximum likelihood estimation for semiparametric regression models. ScoTT
AND WILD (1997), who considered simple random samples at the first phase of sampling, and
BRESLOW AND HoLuBkov (1997), who considered case-control sampling at phase one and worked
exclusively with the logistic model, developed maximum likelihood estimators for binary response
models. This work extended the classical theory of PRENTICE AND PYKE (1979) to samples that were
jointly stratified by outcomes and covariates. LAWLESS, KALBFLEISCH, AND WILD (1999) (LKW) and
ScoTT AND WILD (2000) generalized the approach of ScorT AND WiLD (1997) and demonstrated
that computation of maximum likelihood estimators is feasible for a wide range of parametric
regression models and two-phase designs provided that the phase one data are discrete. For an
example of a two-phase design, see BRESLOW AND CHATTERJEE (1999).

RoBINS, HsIEH, AND NEWEY (1995) (RHN) derived the semiparametric efficient scores for a
more general problem in which a portion of the covariate vector is missing for some subjects,
but the outcome variable and the other covariates are fully known for everyone. In the general
case of continuous data, calculation of the optimal estimator involves numerical solution of an
(infinite dimensional) integral equation. When the outcomes and covariates observed for everyone
are discrete and used to define the samping strata, in which case the problems considered by LKW
and RHN are identical, RHN calculated an optimal estimator by solving finite dimensional linear
equations to obtain the scores.

LKW remarked that the RHN methods “appear to be asymptotically equivalent” to theirs
for the case of discrete phase one data, but offered no proof. They also remarked that they
had “no theoretical justification” for their empirical observation that inferences based on the
observed information for the profile likelihood “performed excellently” even when the covariates
were continuous. Our goal is to provide asymptotic theory that resolves these outstanding issues.
We first establish asymptotic lower bounds using the methods of BickgL, KLAASSEN, RITOV, AND
WELLNER (1993) to compute the efficient score functions, (efficient) information, and efficient
influence functions for the problem considered by LKW. For at least the i.i.d. special case of variable
probability (Bernoulli) sampling, these results also follow from the more general information
calculations of RHN. The models considered here yield sufficiently explicit formulas, however, that
they deserve special consideration. Although we do not go beyond the i.i.d. Bernoulli sampling
framework here, MCNENEY (1998) shows that the information bounds for the more realistic basic
stratified sampling model (¢f. LKW) agree with those for Bernoulli sampling under mild conditions.
We intend to give a complete treatment of the stratified sampling model and other designs elsewhere.

In Section 3 we identify a least favorable parametric submodel and verify that it satisfies the
key hypothesis of Theorem 1 of MURPHY AND VAN DER VAART (2000). In Section 4, we use the
least favorable parametric submodel to justify the asymptotic expansion of the profile likelihood in
terms of the efficient score and information, which allows it to be treated as an ordinary likelihood
for purposes of statistical inference. A corollary of this development is asymptotic normality and
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efficiency of the maximum likelihood estimator (9\” of 8. The final task, undertaken in Section 5, is
to prove joint asymptotic normality and efficiency of the ML estimators. Results given for both the
parametric and nonparametric components of the model are apparently new. Our approach, which
requires only modest regularity assumptions, is via Theorem 1 of MURPHY AND VAN DER VAART
(2000) and a verification of their hypotheses for our particular class of models.

In Section 6 we discuss other designs and further problems. The more lengthy arguments,
including derivation of the semiparametric likelihood under several sampling designs, direct
computation of the information bounds using operator theory, verification of regularity conditions
for a least favorable parametric submodel, a statement of the infinite-dimensional Z—theorem,
connections with the formulas of RHN, and a derivation of the information formula for the important
special case of logistic regression, are spelled out in complete detail in the companion technical
report BRESLOW, MCNENEY, AND WELLNER (2000) (BMW).

2 Information Bounds, Bernoulli sampling.

In this section we derive information bounds for estimation of the regression parameters assuming
that the sampling design yields i.i.d. data. Suppose that (Y, X) has density f(y|z;6)g(z) with
respect to a dominating measure v x g on ) x X for some 6 € ©® C R™ and some G € G, where

G = {G : G is a distribution on X with density ¢ with respect to u},

and let )y, denote the corresponding probability measure. Both X and Y may be multivariate.
Let Y x X = U‘]leSj for a partition {S;} into J mutually exclusive strata. Following LKW, we set

Q;(0,G) =Pr[(Y,X) € Sj], and  Qj(z,0) =Pr[(Y,z) € §|X = a]ls: (),
for j =1,...,J where Sf = {z € X : for some y, (y,2) € S;}. Thus Q;(0,G) = [ Q}(x,0)dG(x).

Note that the 8I’s do not form a partition of X, and may in fact intersect in quite arbitrary ways.
Suppose that (Y1, X1),..., (Y, X,) are i.i.d. as (Y, X) with density

p(y, 7300, 90) = f(ylz; 60)g0 () - (2.1)

We assume throughout that the true distribution governing the underlying data is given by (2.1)
corresponding to (6p, Go) € © x G. We also assume that

Qj(HO,GO) > O, j S {1,... ,J}. (2.2)

At the first phase of sampling we do not observe the complete (Y;, X;) pairs, but only observe
stratum indicators

51’]’:1{(}/1‘7)(1‘)68]'}, i1=1,....,n, 7=1,...,J.

Thus
éi == (5i17- .. 76iJ) ~ MUItJ(laQ: (Qla" . 7QJ)T)
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where Q; = Q;(0,G), 7 = 1,...,J. We will sometimes use the alternative and completely
equivalent stratum variables S;, defined by S; = s if and only if §;s = 1 for¢ = 1,... ,n. Now
suppose that selection of subjects for complete response and covariate ascertainment at the second
phase of sampling is defined by the indicators

Ro_ 1 if (Y}, X;) is fully observed
1 0 ifonlyS; is observed

We set Dj:{ii 5ij:1,Ri:1}7 Nj:Z?:léij:#{ii (Yi,Xi)GSj},and nj:#(Dj),for
jzl,...,Jsothatﬂ:(Nl,...,NJ)TNMultJ(n,Q).

We confine our attention in this paper to Variable Probability Sampling (VPS): units are
inspected sequentially as they arise from the density (2.1). When (Y;, X;) € S;, the ith unit is
selected for full observation (R; = 1) with specified probability p;; thus

J J
Pr(R; = 1Y}, Xi) = > pjl{(Yi, Xi) € Sj} = > pjij = ps;-
j=1 j=1

Two variants of this plan depend on how the sampling is terminated:
VPS1: Inspect a pre-specified number n of units (Bernoulli sampling).
VPS2: Inspect units until a total of k& have been selected (Negative Binomial sampling).
As shown by ScorT aND WiLp (1997) or Appendix 1A of BMW, VPS1 (Bernoulli) sampling
results in the following density for the observed data (R,Z) = (R, (Y, X)ljg=y + 0ljr=q) =
(R, (Y,X)l[Rzl] + Sl[R:O]): withg; =1-p;, j=1,...,J,

1-r

prz0.9) = {le0g(@) (Y witi)} [1e [Sas)
j=1
=TT {00 @ e} (Sas) ey
j=1

This is our starting point for information calculations in the i.i.d. version of the model. Let P be
the collection of all probability distributions Py ¢ with densities given by (2.3) for § € ©, G € G.

Proposition 2.1. (Scores for the i.i.d. model). Suppose that (R, Z) has the density (2.3), that
(2.2) holds, and that for a fixed Gy € G

r - dQy,cy
Qa, = {Qo,6, : A < 1)

is a regular parametric model. Suppose 0y € ©°, the interior of ©, and write Py for P,,Go) and
Ey for expectation under Py, respectively. Then the score for # and the score operator for g at Fy
in the VPS1 model are given by

(v, ) = f(ylz; 0)go(z), 0 € O}

J
lp(r,2) = rlp(yle) + (1 —r) Zdej(907 Go)/Q; (0o, Go)

j=1
= rg(yle) + (1 =) Eoflo(YX)[S = s} (2:4)

4
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where

. . 9
lo(ylz; 00) = lg(ylz) = 20 log f(y|z;0)|p=6, = Ve log f(y|z;6o),

Qj(Qo, Go) = VyQ; (0o, Go) = /Q;(ffa@o)dGo(ﬂC),
and, for h € LY(Go) = {h € L(Go) : [ hdGy = 0},
igh(ra 2) = AHQ,Goh(ra 2) = A@o,Goh’(rv r(yv LL') + (1 - T)é)
= rh(2)+ (1 - 1) Eofh(X)|S = 5}
= rh(x)+(1-— r)éTdiag(l/Q) (Q",h) (2.5)
where (hi,he) = [ h1hedGy denotes the inner product in Ly(Gy).

Computation of the scores in Proposition 2.1 and inversion of the information operator
A%GOA@O,GO, which calculations are carried out explicitly in Section 2 of BMW, lead directly
to the information bounds for 6 given in the following proposition. Since the derivation is rather
lengthy, however, the proof here relies instead on results of RHN.

Proposition 2.2. (Efficient scores and Information bounds for the i.i.d. model). Suppose that
the assumptions of Proposition 2.1 hold at Py and that 0 < p; < 1 for each j € {1,...,J}. Define

N

V) = blle) - L@p-(@- oM L)
= lg(ylz) — Eoflg(Y|X)|[R=1,X =z}
— Eo{(Q— C)M 'diag(1/p)é|R =1, X = =}, (2.6)
where

J

T (z) =Y p;Q;(x,00) = Eo(ps|X =), (2.7)
j=1

M = ding(Q/) + (Q°, Q7). (2.8)

is always nonsingular, Q = (Q ,QJ) is an m x J matrix, Q* = (QI, - ,Q;) is an m x J

Q-
matrix of functions, and
) Q*T
C=(Q'p,—) (an m x J matrix). (2.9)

,ﬂ-*

Then the efficient score function for 6 is given by

(r,z) = ro(y, ) + (1 — r)Eo{w (Y, X)|}, (2.10)
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the information for 6 at (6p, Gp) is

* ®2
I(6)) = EoqR |l(Y]X)- Q — (X )Z_?] +(Q-OMH(Q-C)f (2.11)

. . ®2 . .
= B {r [l - Bl 0l =131 7+ @- oM@ - o
and the efficient influence function is

To(r, z) = I(60) 5(r, 2) . (2.12)

Remark 2.1. The efficient score function for 6 given by (2.10) agrees with the calculations of RHN
after making the following minor correction to their Proposition 1. According to their equations
(11), (17) and (23) and the arguments on page 421, the expressions for the optimal U (¢,,) on
pages 413 and 414 should read

U (00y) = ~AF [ 2200, & = 1,X.V] 1= )00y ()

Then, with ¢ - D,

£(0) = Eo{u(Y, X)|8} = (Q — C)M ™ diag(1/q)d (2.13)
plays the role of RHN’s ¢,,(W) and satisfies the finite dimensional, integral (linear) equation
§(0) = Eo{lg — Eo(ly|R = 1, X)|0} — Eo{Eo[(d)q" diag(1/p)d| R = 1, X]|o}  (2.14)

that corresponds to their equation (8). See Section 3 and Appendix 1C of BMW. For an independent
recent derivation of the more general integral equation of RHN, see NAN, EMOND, AND WELLNER
(2000).

Remark 2.2. Calculations based on the score operator (2.5) also lead easily to an information
bound for estimation of the distribution G as in BeEcuUN, HALL, HUANG, AND WELLNER (1983),
Theorem 4.1, page 441, or BickKEL, KLAASSEN, RiTOV, AND WELLNER (1993), Corollary 3, page 215.
See the statement of Theorem 4.1 and Section 4 of BMW.

Remark 2.3. The hypothesis that 0 < p; < 1 for all j = 1,...,J in Proposition 2.2 can be
weakened to 0 < p; < 1forall j =1,...,J. This is important in practice since often the p;’s in
strata with relatively small ();, and hence small counts N;, will be taken to be 1. Note that the
second term in (2.11) can be rewritten as

(Q — C)diag(,/2)|M[diag(,/2)(Q — C)"] (2.15)
where

M = diag(Q) + diag(,/9)(Q", %Q )diag(,/q)
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is always invertible (even if some p; = 1, ¢; = 0) by virtue of (2.2). Also note that if all p; =1 so
that all ¢; = 0, then the second term (as rewritten in (2.15)) vanishes, R = 1 identically, and the
first term becomes

o { ((120) = Ealla(v13)0) b = o {102} (2.16)

the information for # with complete data from (2.1).

Remark 2.4. Any (locally regular) estimator of # in the i.i.d. two-phase sampling model has an
influence function of the form
T _r—n(y,x)

¢(r,2) = W(y,x)X(y,w) (0, 2)

c(s) (2.17)

for some function c: {1,...,J} — R™ where x is an influence function for some estimator of € in
the complete data model Q, with true element g, in which all the (Y;, X;)’s are observed; i.e.

X(y. x) = I} (60)lg(y|z) + h(y, =)

where I11(6p) = EQOigw, h=(hi,... hm),and h; L LY(G) in La(Qo) fori = 1,... ,m. For a proof
of (2.17), see VAN DER VAART (1998), pages 379 - 383. In particular, all of the inefficient estimators
considered in LKW have influence functions of this form for some h and c.

Example 2.1. (Logistic regression for stratified case-control studies.) Suppose that

0Tz

Yy 1—
e 1 Y
f(yfﬂ)zf(ylw;@):(“rea%) <1+69Tx> ,  ye{0,1}, z€R™ .0 € R™. (218)

Then, since the logit is the canonical link function for the Bernoulli distribution (see e.g.
McCULLAGH AND NELDER (1989), pages 28-31), lg(y|x) = z[y — f(1|z)]. For stratified case-control
sampling, as discussed by ScoTT AND WILD (1997) or BRESLOW AND HOLUBKOV (1997), the partition
of Y x X is formed by intersecting a partition of X’ into J sets {X;} with the sets 1{y = 0} and
1{y = 1}. This leads to 2J strata S;; = 1{Y =y, X € &} fory =0,1; j=1,...,J. Continuing
this double subscript system, let p,; denote the corresponding sampling probabilities for selection
at phase two.

Corollary 2.1. (Information for 6, logistic regression special case). Suppose that the model is
given by (2.18). Then (2.11) yields

J
. o 7P fOl2) fF(Lz) o
(=2 [, et G B ac

J Pojp1j (f)(j i_f(olr;){x()ll )dG(x)) 919
+ Z Qo;j Q1 — f(0\$)f(1|x)dG(x) (2.19)
J=1 po;Qoj+p1Q1;—po;p1;G(X;) & 5 (2)

7
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where 77 (z) = po; f(0lz) + p1; f(1]x) for z € Aj.

Proof. See Appendix 1D of BMW. The same expression may be derived by using the linearization
discussed in Section 4 of BRESLOw AND HoLuBKoOV (1997), and additional Taylor series expansions,
in a direct computation of the influence function for the maximum likelihood estimator. O

Remark 2.5. Consider the special case where J = 1, so that sampling depends only on the
binary outcome, and drop the j subscript in what follows. Suppose the linear predictor contains an
intercept: f(0|z) = (14 022)=1 Let f7(y|z) = pyeywl*@g@/(pa + pref1 Ty = Pr(Y = y|X =
x,R = 1) denote the logistic regression probabilities of the “biased sampling model” Q = Qy ¢
induced by the condition R = 1. Then the information matrix may be written

I(G)ZEQ[VMQ(Y\X)]{[ L ] +c[ . H

[ e pooppt
where
o— mEq[Varg(Y]X)](poQo + p1Q1 — pop1)
Pop1QoQ1 — mEQ[Varg (Y |X)](poQo + p1Q1 — pop1)’
_ EqQ[XVarg(Y|X)] _ Jxfm(0|z) f™(1|z)m* (z)dG(x)
Eq[Varg(Y[X)] [ f~(0lz) f™(1|z)7*(x)dG (x)
and

o~ FQIXXTVarg(VIX)] [ aa f7(0)a) " (1) (2)dG )
Eq[Varg(Y]X) [ 77 ) f(1a)n (@)dGlw)

and where m = m(0,G) = Pr(R = 1). Now the information for 6, is

I(P|02,P) = TIx(0) — I (0)I;;'(0)12(0)
= Eq[Varg(Y|X)](u2 — pp")

_ EQ { <X B EQ[XV&I"Q(Y’X)]>®2 VarQ(Y]X)} )

Eq[Varg(Y|X)]

This expression, which agrees with formulas (4) and (9) of BRESLow, ROBINS, AND WELLNER
(2000), is precisely the information about 6> obtained by fitting an ordinary logistic regression
model to the second phase data alone. It confirms once again that, for simple case-control
sampling, “prospective” logistic regression analyis of the “retrospectively” sampled data yields
efficient estimates of the odds ratio parameters in logistic regression models (PRENTICE AND PYKE
(1979)).

Proof of Proposition 2.2. This follows from Proposition 1 of RHN after the corrections noted
in Remark 2.1. We rewrite (2.14) (or equation (4.2) of NaN, EMOND, AND WELLNER (2000)) as a
matrix equation, and express the solution in terms of the inverse of a certain matrix. First,

Eo{lg|d} = Qdiag(1/Q)d
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and
Fo{Bo(lg| R = 1, X)|8} = Cdiag(1/Q)d
where C is as defined in (2.9). Thus the first term on the right side of (2.14) is
Eo{lg — Eo(ly| R = 1, X)|5} = (Q — C)diag(1/Q)J . (2.20)

Furthermore, writing £(8) = Zj:l §j5j = &0 for an m x J matrix § = (£
the second term on the right side of (2.14) as

P ,§J), we can rewrite

Eo{ Eo[£(8)q" diag(1/p)d|R = 1, X]|8} = &diag(q)Ddiag(1/Q)8 (2.21)

where D = (Q*, L Q*T). Substitution of (2.20) and (2.21) into (2.14) and rearranging yields

a2

&(I+ diag(g)Ddiag(1/Q)) = (Q — C)diag(1/Q),

or, with M = diag(Q/q) + D as in (2.8),

£diag(q) M = (Q - C).

Note that ;

a"Ma =Y (Q;/q;)a} + la" Q" /V*|* > 0

j=1

for all @ # 0. Therefore the matrix M is nonsingular, M~ exists and

¢ =(Q - C)M 'diag(1l/q). (2.22)
Using (2.22) in the (corrected) formula for U®?)(¢,,) in Remark 2.1, together with U(}) in RHN’s
Proposition 1, yields the claimed efficient score given in (2.10). O

3 A least favorable parametric submodel

An alternative approach to understanding of the efficient scores and influence function for 6 in the
semiparametric model (2.3) is to determine a least favorable submodel for G as in MURPHY AND VAN
DER VAART (2000)(MvdV). We initially determine a candidate least favorable submodel by partial
maximization of the expected log-likelihood, assuming that G is discrete. Subsequent calculations
show that our submodel satisfies MvdV’s key conditions for a least favorable parametric submodel;
we give regularity conditions under which the remaining hypotheses of their Theorem 1 hold. This
provides theoretical confirmation for LKW’s simulation studies, which showed that inferences based
on the observed information matrix of the profile likelihood function had appropriate frequency
properties.
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Suppose then that X takes K values {x}} with probabilities gi, Y, gr = 1. Define

U =P o0 e 0,1], (3.1)

where Q; = Q;(6,G) is defined in Section 2, and note that 7;(Q;) = pj. With E = Ejy ¢ denoting
expectation with respect to (6, G), we also define

9k = 9x(0,G) = E(Rl{x—y,}) ZPJ (3 0
For t in a neighborhood of # and H ranging over the discrete distributions for X, our goal is to
find the distribution
Gi = G(0,G) = argmaxy Fllogp(R, Z;t, H)]
that maximizes the expected log-likelihood ¢(t, H) = ¢(t, H; 0, G) given by
((t,H) = E[Rlog f(Y|X;t)] + E[Rlogh(X)] + E[(1 — R)log Qs(t, H)]. (3.2)

Towards this end we fix ¢ and maximize (3.2) as a function of H = {h} subject to ), hy = 1.
Following the arguments in ScorT AND WILD (1997) and LKW, introduce the Lagrange multiplier
A for the side condition (3, hy — 1) = 0 and jointly solve the K + 1 equations

+A=0 (3.3)

Ale(t, H) + A(>" h —1)] Q (k1)
ol +Z RS s Q3 (e, t)he

fork=1,...,K, and

th—1:o.
k

Multiplying (3.3) by hx and summing over k gives ER+ (1 — ER) + X = 0 or A = —1. This allows
(3.3) to be re-expressed

_ 95
i > milQy(t H)IQS (ks 1) (3.4)

Substituting for Ay in (3.2) using (3.4) yields the profile expected log-likelihood

Elogp(R,Z:t,G;) = E[Rlog f(Y|X;t)] — > grlog ) m[Q;(t, G0)]@Q} (xk,t)
k J
—1—2 —p;)Qjlog Q;(t, Gt) + constant. (3.5)

10
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This depends on Gy = {g:(zx)} only through the values of

QL) = Qi(t,Gr) =Y Q5 (k. t)gi(i)- (3.6)
k

By substitution of g;(x) = hy from (3.4) into (3.6), the Q}(t) are determined for each ¢ from the
equations

Q3 (xr;t)g; .
() = J b , =1,...,J 3.7
%0 Ek: > wlQF (1))@ (wri 1) ’ &7

It follows that G; has point masses g;(z)) that arise by substitution of Q; (t) for the Q;(t,Gy) in
(34). Thus forz =a, k=1,... | K,

> piQi (. 0)
() = ). 3.8
S TS TR A (38)

Generalizing (3.7) and (3.8), suppose now that Gy = G¢(#, G) has density g; with respect to G
given by

o= 4Gy Zj:lij;(‘r:e) 3.9
) =g ) > mlRNDIQ; (2, 1) &

where the Q; (t) = Qj(t, Gy) satisfy

Yo peQ (@, 0)
S ml Q)] Q; (x, 1)

(In the next section we will also use the notation Q;{ (t,0,G) = Q,(t,G¢(0,G)).) The log-likelihood
for one observation for our proposed least favorable submodel is given by

Qi(x,0)dG(z),  j=1,....J. (3.10)

Q) =

1(t,0,G)(r,z) = U(t,G¢(0,G))(r,2)

J
i <10g f(ylz;t) + log Cfi—(é;(m, 9, G)> +(1-r) Zdj log Q;(t) . (3.11)
j=1

Since the @; themselves satisfy (3.10) when t = 6, it follows that Gy = G and thus that the
submodel passes through (6, Q) as required by MvdV’s equation (8). To calculate £(6, 6, G), the ¢
derivative of (3.11), let A; = 8@} (t)/0t evaluated at t = 6. The corresponding m x J matrix A
has elements Ay;, rows Ay. and columns A.;. Differentiating both sides of (3.10) with respect to
t shows that, for each k, the 1 x J gradient vector Ay. solves a system of linear equations. In fact,
with M and C as defined in equations (2.8) and (2.9), it is given by

Aj. = (Q - C),.M 'diag(Q/q) (3.12)

11
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where Q — C has components
(@~ Oy = @ (Elly, (V12018 = 5] - B{Elo (VIX)|R=1LX]IS=j}).  (313)

One interpretation of equations (3.12) and (3.13) is that the finite dimensional random variable
£(S) = A.g/Qs satisfies the linear equation (compare equation (2.14))

£(S) = Ellp — E(Iy|R = 1, X)|S] — E{E[gsp3'&(S)|R = 1, X]|S}. (3.14)
From (3.9) we have

B Zj ﬁjA.jQ?(l‘, 9) + Zj ij?kj(xv 9)

™ ()

Vilog gi(x) [0 =

A.
_ _E[QS S
psQs

Rzl,X:m] — E[lh|lR=1,X =z, (3.15)

where 7; = 07;/0Q|g=q, = (1 —p;)/Q;. Similarly,

L. o Q0 1 Qy
VilogQi(0,Gy) 1= = _Q_j%:WA‘E<W_f’ J’>_Q_j%:m< w*g’Qj>
- —E{E[qu'S+19(Y\X)‘R_1,XHS_]'}. (3.16)
psQs

Combining equations (3.11) - (3.16), we find

00,0,G)(r,z) =ri(y,x) + (1 —r)E[(Y, X)|S = s (3.17)
where

gsA.s
PsQs

Y(y,z) = lg(ylz) — B[l R=1,X =2] - E [

R:I,X:x]. (3.18)
In view of (3.14), furthermore,

E($|S) = £(5) = % — Adiag(1/Q)5 = (Q — C)M " diag(1/q)s.

Consequently, we see that

000,0,G)(r,z) =1y(r,z) = r(y,x) + (1 —7)&(s) (3.19)

is the efficient score given by (2.10). Equation (3.19), corresponding to MvdV’s equation (9), is the
key condition for a least favorable submodel.
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4 Asymptotic theory via the least favorable submodel

The main goal here is to give hypotheses which imply the conditions, and hence also the conclusions,
of Theorem 1 of MURPHY AND VAN DER VAART (2000). Then we will prove a theorem giving joint
asymptotic normality and efficiency of the estimators (§n, @n)

The first issue is consistency. Although the models we are considering are quite closely related
to those treated by VAN DER VAART AND WELLNER (1992) (they are exactly the same if 6 is known),
the sufficient conditions for consistency given there fail in the present situation. In particular,
(3.3) on page 138 of VAN DER VAART AND WELLNER (1992) fails in our current setting. However,
a slightly different approach yields consistency in our case. VAN DER VAART AND WELLNER (2001)
have established consistency of (/0\,“ @n) For completeness we give a brief statement of their results.

Al. pj>0forj=1,...,J.
A2. The pair of parameters (6, G) is identifiable in the model
Q={Quc:dQoc/dv xp)=q(50,G),0 €O, Gegj,
where ¢(y,z;0,G) = f(y|z;0)g(x) as in (2.1).
A3. Q;(60,Go) € (0,1) for j =1,...,J; this holds without loss of generality.
C1. X is a semi-metric space that has a completion that is compact and contains X as a Borel set.

C2. The maps (0,z) — @Qj(z,0) are uniformly continuous, and 6 — f(y|z;0) are upper
semicontinuous for all (y,z) € Y x X.

C3. O is a compact metric space.

C4. P (supyece log(f(Y|X;0)/f(Y]X;60)) < oc.

Proposition 4.1. (Consistency of (5n,@n)) Suppose that Al-A3 and C1 - C4 hold. Then
0n, —a.s. 6o and supy,cy |(Gr, — Go)h| —4.s. 0 for every GC-class H that is bounded in Ly (Gy).

The proof of Proposition 4.1 is given in VAN DER VAART AND WELLNER (2001).

With consistency established, we now turn to a study of the asymptotic distributions of the
profile likelihood and the the maximum likelihood estimators for the special case of VPS1 (Bernoulli)
sampling. We will rely on the results of MURPHY AND VAN DER VAART (2000) (see also MURPHY
AND VAN DER VAART (1997), MURPHY AND VAN DER VAART (1999)). We have already verified the
key condition (9) of Theorem 1 of MURPHY AND VAN DER VAART (2000) in (3.19) of the previous
section.

Now let the log-profile likelihood ¢£'(§) be defined by

08(0) =1og Ly, (0, G (-, 0))
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where (A}n(, 6) is the maximizer of log L, (0, G) over distributions G concentrated at the the observed
X;’s as in LAWLESS, KALBFLEISCH, AND WILD (1999). Thus for a Borel subset A of X

Go(A,0) = P, <1A@X):————ii—————> (4.1)
sn(X,Q, (0),0)
where, with N; = n}P’nl[S:j] and n; = nIP’n(Rl[S:j]) as defined in Section 2,
5(.Q.0) =Y (1 N ) Q:(r.0). (12)
hi 2 =i an
and Qn = Qn(ﬂ) satisfies
0.(0) =P <LQ*(- 9)) (4.3)
- ! gn(?Qn(g)ve)_ ’

Then 6, = argmaxy/~ (#), and G = én(-, 571)
In order to establish the remaining conditions of MvdV’s Theorem 1 we assume the following:

LO. Assumptions A1-A3 and C1-C4 hold.

L1. The maps 6 — {lg(y|z) : y € Y,z € X}, 0 — Q*(-,0) and 0 — Q*(-,0) are all Lipschitz in the
sense that, for all ¢, s in a neighborhood of 6y and all (y,z) € Y x X

liyl2) — is(ylo)| < M(g,a)lt — 5] where
PoM? — / M?(y, 2) f (yl, o) dv (y)dGo () < oo ;

Q" (z,t) — Q*(w,s)| < M(x)|t —s|  where
Go|M|? = /M2(x)dGo(x) < 005 and

|Q(w,t) — Q(w,5)] < M(x)|t —s|  where

GMW_/M%w%m<m.
L2. For some &g > 0 the collections of functions
{rib,k,l(y\x) Dt — 00| <ok, l=1,...,m}

and 5
{rQj (@, t) [t =06 < 0,5 =1,...,J, k,l=1,... ,m}

are Py—Glivenko-Cantelli classes of functions.

14
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L3. There is no m-vector a such that a”ls(Y|X) is constant in ¥ for G— a.e X. (Equivalently,
the information matrix for # with no missing data given in (2.16) is nonsingular.)

Theorem 4.1. Suppose that LO - L3 hold. Then for any random sequence 6, —p 0o it follows
that

eF(0,) = €5(00) + (6n — 00)" > T3(Ri, Zi) — %”(@z — 00)"1(60) (6. — 60)
i=1

+ 0p(V/nl|6 — 6o]| +1)° (4.4)
for any random sequence 6, —, 0y where I is given by (2.10) and I(6p) is given by (2.11).

As shown by MURPHY AND VAN DER VAART (2000) in their Corollaries 1 and 2, the expansion
(4.4) together with invertibility of I(fp) implies 6, is asymptotically linear with efficient influence
function 1y = I(6p) '} given by (2.12):

Vb, — 6y) = \/_ZI (00) "' 15(Ry, Zi) + 0,(1). (4.5)
Moreover the expansion
P6,) = 200,) + (6, —6y) TZI (Ri, Z;) n(én — 0,)T1(60)(6,, — 6,)
=1

+ 0p(Vn|0n — Ol + 1), (4.6)

also holds, and the likelihood ratio statistic based on the profile likelihood is asymptotically x2,:

2065 (0n) = £ (80)} —a Xz - (4.7)

Proof of Theorem 4.1: We begin by verifying conditions (8)-(10) of MURPHY AND VAN DER VAART
(2000). Condition (8) of MURPHY AND VAN DER VAART (2000) is indeed satisfied by the submodel
(t,G¢(6,G)) given by (3.9): (¢t,Gi(6,G)) passes through (0,G) at ¢t = . We have already seen in
(3.19) that condition (9) of MURPHY AND VAN DER VAART (2000) holds. Condition (10) of MURPHY
AND VAN DER VAART (2000) requires that G, (), the maximizer of the log-likelihood over G for
fixed 6, satisfies

G () —p Go (4.8)

for every random sequence 0,, with 6, —p 6p. This holds by virtue of the arguments in VAN DER
VAART AND WELLNER (2001), pages 281 and 282.

We will postpone verification of condition (11) of MURPHY AND VAN DER VAART (2000); in fact,
verification of this condition will occupy most of our proof.

15
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To verify the Donsker and Glivenko-Cantelli hypotheses of Theorem 1 of MURPHY AND VAN
DER VAART (2000), we need first to compute the functions I;(t,0,G) and [;(t,6,G). The log-
likelihood for one observation for the least favorable submodel is given by [(¢,60, G) in (3.11) where
Q;f-(t) = Q;(t,G(0,G)), 7 = 1,...,J. We need to calculate the first and second derivatives of
this function with respect to t. To do this, we first calculate the first and second derivatives of
log(dG:/dG):

Vﬂog( . G)>
- v (1- 282 gy}
w1

Qj(l pj )Q}f(x,t)

2321 (1 - %@”) Q3(w,) + 1 Q5 ) S ViQ) (1) "
= — . 4.9
7 (1- %) (e

Ql()

Here the derivative vector VtQ; (t) satisfies a linear equation which can be derived by differentiating
across (3.10); see (7.3). Note that this is basically a ratio of a (family of) linear combination(s) of
the functions Q7(-,t), Q;(-,t) and the family of functions s; given by

3 ( pj)) Qi(x,1). (4.10)

st Q*( t)

We also define
01 _ .
Q0=% <1 - w> Qi(x,0) (4.11)
i=1 !

where Q? = Q;(0o, Go). Note that sg,(z; 60, Go) = 7*(z) = so(z,Q°,0p) for all z € X with 7* as
defined in (2.7). Thus we also write (in a slight abuse of notation) sq instead of 7*. Calculation of
the second derivatives yields

v, (vt e @g (2:0 G)>>

®2 J
= {thog (‘flcé (z;60 G) -y { (1 ) Q3 (x,1) (4.12)
+Q;

J=1
Q]( ) ®2 QJ( ) t
[cz*()] (@) RN [QT()] Vi)
* Q]( ) T ®2 * Q]( pj) T }
— 2Q%(z,t i@t se(x
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where s; is defined in (4.10). Thus we find that

1(t,0,G)(r,z) = Vil(t,0,G)(r,z)
J .
= (lt(y\x) + V. log (le—if(a:, g, G))> + (1-7) Zdw (4.13)

and

1(t,0,G)(r,z) = V,(t,0,G)(r,2) (4.14)

- (lty|m+vt<v10g< {@:0.6)) )

J i
+ (1-7) Zéj{ m [Qj(t)]Q}. (4.15)

j=1 (Q(t)]?

We now show that there is a neighborhood V' of (6, 6y, Gp) such that the classes of functions
{i1(t,6,G): (t,0,G) €V, k=1,... ,m}

with (¢, 0, G) as given by (4.13) and (4.9) are Py—Donsker with square integrable envelope function.
First note that by L1 the collections

(rlgs: (,0,G) €V, k=1,...,m},

Qi) (6,0,G) € V,j=1,....J}

and ‘
{rQ;k(-,t) (t,0,G)eVj=1,...,J)k=1,...,m}

are Pp—Donsker by virtue of the Jain-Marcus CLT (see Example 2.11.13, page 213, VAN DER VAART
AND WELLNER (1996)). Then, since products of these functions with bounded families of constants
are also Py—Donsker by an application of Corollary 2.10.13, page 193, VAN DER VAART AND WELLNER
(1996), the individual terms appearing in the numerator of (4.9) are also Py—Donsker, and hence
also their sum by application of Example 2.10.7, page 192, VAN DER VAART AND WELLNER (1996).
Then, since so(z) is bounded uniformly away from zero by Al and ), Q7 (z,60) = 1, si(z) is also
bounded away from zero uniformly in  and ¢ in a sufficiently small neighborhood of 6y. Hence the
ratio appearing in (4.9) is also Py—Donsker by virtue of Example 2.10.9, page 192, VAN DER VAART
AND WELLNER (1996). Furthermore, the neighborhood V of (6, 6y, Gg) can be chosen so that the
class of functions

{I(t,0,G) : (t,0,G) € V}

with [(t,0, G) given by (4.15) and (4.12) is Py—Glivenko-Cantelli with integrable envelope function.
This follows from L2 (to handle the terms involving I;(y|x) and Q;kl(x, t)), Lemma 2.10.14, page
194, VAN DER VAART AND WELLNER (1996), and the Glivenko-Cantelli preservation theorem of VAN
DER VAART AND WELLNER (2000) to handle the remaining terms.
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We now turn our attention to verification of the remaining condition (11) of MURPHY AND VAN
DER VAART (2000). The discussion leading to MdvV’s (1@) applies so that, in place of their condition
(11), it suffices to verify that for convergent sequences 0,

~ ~

Pol (00,00, Gn(01)) = 0,([10n — 60| +n~/?). (4.16)

As argued by MvdV, page 458, (4.16) can be shown to hold if their display (18) holds; in our
context their display (18) becomes

1G1(8) — Gollze = Op([lf — o)) + Op(n™'/?) (4.17)

where H is a universal-Donsker class of real-valued (measurable) functions on X. Once again the
key observation comes from LKW: to find @n one does not need to estimate all of G, but just
the quantities Q;(#, G) which, for fixed 6, are determined by the equations (3.10). We view this
system of equations as processes in # in a neighborhood of 6y and show that the convergence of the
corresponding @j(ﬁ) processes is uniform in #. Towards this end, consider

and

W(Q)0) = Q - Py (ﬁg(-, e>) ;

here s, is given by (4.2) and so(-, @,0) is given by (4.11). Note that ¥, (Q (0))(#) = O defines
Qn(e), while U(Q,(0))(¢) = O defines @ (6). Also note that @ (6o) = Q% = Q(bo, Go).

Proposition 4.2. Suppose that L0 - L3 hold. Then for some (sufficiently small) closed ball B(6y)
in R™ centered at 6,

V(@ (0) — Q,(0)) = Q(¥)  in C[B(6))’ (4.18)

where Q(0) is a zero mean Gaussian process.

_ Once we have proved (4.18), the next step is to show that (4.17) holds for any random sequence
0 —p 0p. In other words, we want to show that

IV1(Gr(h; 6) — Go(R)) |l = Op(1) + V(B — ) - (4.19)
To this end, we first abbreviate notation slightly: s, (z, Qn(én), 9~n) = 5, (x, én) Then we have

VA(Gnhifn) — Go(R) = v (Pn (L)h) iy (ﬁh))

Sn(-,0 50

e () = (Gn)) oo (n (2 )

. R\ V(S (-5 0) = 50)
e <80h> P, (Rh A ) (4.20)

Il
Al
—~
>
~
|
-
3
—~
>
S~—
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Here G, = /n(P, — P) is the empirical process, and hence || I, || = Op(1) easily via standard
theory. To understand the term I7,(h), we write

_ RA m Nj—nj 1 (.0 _ 9’(1_pj) *(.
e P"(Sognc,éﬁ N i Qﬂ(’e“)>)

P Q;(0n) " \505u(0n)
. le / { @](6%)(9_”%9(9“) } Q1 — py)E, (sogﬁfén)@( ,én))
: é ﬁ{%%;@??} (R <80§j-}fén>@ | ’é”)>
+P, (%) WLARANCUR (4.21)

Here Q;(0,,) = Qjo(0y) satisties U(Q(61))(0n) = 0. Now [|Ap[[3 = Op(1) by n((N; —nj)/n —
Q?(l —p;)) = Op(1), consistency of Gy, and uniform (in 6) convergence of Qn(ﬁ) in a neighborhood
of 8o; ||Bn|ln = Op(1) by Proposition 4.2 and consistency of G |Calln = O,(v/n(0, — 6p)) by
differentiability of the maps 6 — Qo;(f) and consistency of Gyp: and || Dy = Op(v/n (0 — 60))
easily by consistency of @n

But in view of the differentiability of Q(6y,0,Go) = Q,(0) with respect to 6 proved in (7.2)
(using the definition of Q} (t,0,G) following (3.10), we have (by the mean-value theorem),

V(Qy(6n) — Qy(00)) = Vo @, (0)|s_gs - V(B — o),

and thus we see, by combining I,, and I, together with a bit more Glivenko-Cantelli that (4.19)
holds. O

Proof of nonsingularity of I(6y) and (4.5)-(4.7): We now prove that I(fy) is non-singular
and hence, via Corollaries 1 and 2 of MURPHY AND VAN DER VAART (2000), that (4.5)- (4.7) hold.
Recall the formula for 1(6p) given in (2.11):

ok

®2
1(6) = By {R (ie(Y!X) - %(XMg) } +(@Q-cM@Q-O. (4.22)
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It is clear from the form of the two terms in (4.22) that each is non-negative definite. Thus, to be
invertible, at least one term must be positive definite.
In the first term in (4.22) we have

J
Q' (X)p = Y 2@ (X) = Bo (Rio(Y|X) | X)  since Q7(X) = Eo(6;1s(Y]X) | X)
j=1

and we recall that )
Q—(X)B = Ey(lg | X,R=1).

7T*
Consider quadratic forms of this matrix with an arbitrary m-vector a. We have

a'Ey{ R (19(Y|X) - Eo(Rly(Y1X) | X)>®2 a

m™(X)

J

. 2
Ey(Ra"ip(Y|X) | X))

J
= 0, E Tlp(Y|X) —
EO jzzlp](;] 0 a 9( ’ ) 71_*()()

: 2
. E, Tl(YX) | X
> minp;E <aT19(YX)_ o(Ra”ly(Y]X) | ))
J

m(X)
which is 0 if and only if

Eo(RaTly(Y|X) | X)
m™(X)

aTlp(Y]X) = Py-a.s.

This would require a”lg (Y]X) to be constant in Y in which case the equality follows from the fact
that Ey(R | X) = 7*(X). Thus L3 implies that the first term in (4.22) is positive definite, and
hence 1(fy) is invertible. O

Proof of Proposition 4.2: We will apply Van der Vaart’s Z—theorem; see VAN DER VAART (1995)
and VAN DER VAART AND WELLNER (1996), Theorem 3.3.1, page 310. To this end, note that

Zn(@)(0) = vn(¥n(Q)(0) — T(Q)(0))

- ~olGegn?)

S v (R - QY1 - p)) Q3 6)/Q;
]P)n R = Q*(ae
Sn('7Q79)30(’7Q70) _

J
Xy ( e p») P, (gn(.@ﬁ)s()(.,@e)g<,e>).
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Now it follows easily from L1 and the Jain-Marcus CLT that

Zn(Q,(0))(0) = Zo(6)

as a (vector of) process(es) indexed by 6 € B(f)), and that

sup 1Zn(Q) = Zn(Qy) | B8y) = 0p(1)
QELip[B(60))”:Q(0)-Q, ()| <6n

for every sequence d,, — 0. Furthermore,

Vor@Q) = 1+ (gwcz( Vos(-.Q.0))
= 1P (g (0@ - ) Q0T )

is always nonsingular, and hence via the chain rule we see that the derivative map ¥
Lip(B(6y))? + Lip(B(y))”’ exists and has a bounded inverse at Q, = {Q,0) : 6 € B(bh)}.
O

~

5 Joint Asymptotic Normality and Efficiency of (6, @n), Bernoulli
sampling

We now turn to a study of the joint asymptotic distributions of the maximum likelihood estimators
(0, Gy,) for the special case of VPS1 (Bernoulli) sampling. The density for the data under VPS1
given in (2.3) is our starting point. We will use the infinite-dimensional Z—theorem given in VAN
DER VAART (1995), VAN DER VAART AND WELLNER (1996), pages 314 - 319, and VAN DER VAART
(1998), section 25.12, primarily as a way to organize the statement of the theorem. In fact the
proof will use the development of Section 4.

Our first job is to calculate the score functions ¥,, (using the notation of VAN DER VAART (1998)).
It follows from (2.3) that

J
log Ln(6,G) = >4 S [log f(¥i|Xi:6) +log g(X:)| + (N; — ) log Q(6, G)

j=1 lEDj

3

J
= R; (log f(Yi|Xs;0) +log g(X;)) + (1 — Ri) Y 6;510gQ;(6,G) ¢ . (5.1)
=1 j=1
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With the notation as in Proposition 2.1, this yields

Un(0,6) = i(6,G) = 1 VylogL,(0,G)
L Q0
= —Z Rilg(Y;|X;) + Ri)> 6y Q0.6
i=1 j=1 Q
_ 1 QS(eaG)
= Py (RIG(Y\X)‘F(l_R)m) ;

so that the MLE (5, G) of (6, G) satisfies ¥,1 (6, G) = 0. Now let G be the MLE of G and, for any
bounded real-valued function h on X, let

dGy = (1+t(h— /hd@))d@.
Then, with
Up2(0,G)(h) = PrAgch — PygAsch, (5.2)

where Ay ¢ is given by (2.5), we find that the MLE (6,G) of (,G) also satisfies

n J o AN A
1. ~ ~ 1 N Q% (x,0)(h(x) — [ hdG)dG
= —lt(G,G) = —Z Rl(h(XZ) —/th)—l—(l—Ri)Z(sijf J = ,\f
" n i=1 j=1 Qj(ey G)
= PuAjsh— Py oAy gh = (0, G)(h). (5.3)
The population version of the score for 6 is
J .
: . i(0,G
B0.6) = Ra(0.6) = ARI(YIX) + (- B35 200
j=1 I
- B (Rig(Y\X) +Q(0, G)diag(Q1)d(1 — R)) . (5.4)
Similarly, the population version of the score for G is given by
Uy (0,G)(h) = PyAg.ch — Pp.cAgch. (5.5)

Under the hypotheses ‘of the following theorem, ¥ = (¥, ¥s) is differentiable in a suitably strong
sense with derivative W : (R™ x {>°(H)) — (R™ x £>°(H)) at (6, Gog) € © x G given by

¥ 0—00 \ [ Wy VU 0 — b
G—Go ) \ Ty Ty G-Go )’
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where
\1111 : Rm — Rm is given by \1/11(9 — (90) = —111(90)(9 — 90) s (5.6)
Upg: 4°(H) — R™  isgiven by  WU15(G — Gp) = —/A;{igd(c —Gy),

Wy : R™ — (®°(H)  isgiven by  Woy (0 — Og)h = —(0 — o) / AghlgdPy
oy 1 (°(H) — (°(H)  isgivenby  Wyn(G — Go)h = — / AT Aphd(G - Gy).

Here
I1(60) = Py(iF*(R, Z; 60, Go))
= B {m(Y, X)IFA(Y|X) | + Qdiag(a/Q0)Q" (5.7)

with 1g(R, Z; 6y, Go) given by (2.4), is the information for § when G is known.
It is shown in Section 2 of BMW that the information operator Al Ag = lglg given by

A Aoh(z) = 7 (x)h(x) + QT (z)diag(q/Q)(Q", h) (5.8)
is invertible with

1

()

(A5 Ao) ™ h()

e

From this it follows, using standard formulae for inverses of operators defined in blocks as above
(the same as for block-matrices), that the inverse ' : (R™ x £%°(H)) — (R™ x (>*(H)) exists, is
continuous, and is given by

§-1 V_l _V—l\i;12\i;2—21 (5 9)
T O Ut g (B + By VN ) ) -

where V = \illl — @12\112_21\1121 and
U U Wy (0 —60)) = — / Ag(AT Ag) ALYy 110 — 69)d P,
— ~ [(AF a0 45l AT 6 - u)iC
=~ [aF ) ATlo (4T A0)(AF A0)ATTF (6 - )G
= - / Ag(ATAg) 1ALy Ag(AL Ag)tALTE (6 — 60)d Py
- —E (AO(AOT Ag)1AT igm) (0 — 65).
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Note that (5.9) is not the same as the block inverse form in VAN DER VAART (1998), page 422. Thus
V= —I(6) = —I11 + Ey (AO(AOT Ao)—lAgig@?) — I (1;§2) ,
which equals minus one times the efficient information matrix given in (2.11).

Here are the additional assumptions we will impose to establish joint asymptotic normality of (5, é)

L4. X is a bounded convex subset of R? with nonempty interior and H is a universal Donsker class
of real-valued measurable functions defined on (X, B).

Let h* € (LY(Go))™ given by

B () = (A5 40 (A5 () ) = S @+ (@ M (2) (5.10)

7T*
denote the least favorable direction. Then we have:

Theorem 5.1. (Joint asymptotic normality and efficiency of the MLE, i.i.d. sampling). Suppose
that conditions LO - L4 hold. Then it follows that

é\n - 00 T — — _ Wy . oo
\/’ﬁ( an_GO ) :>—\II01(Z):W: <W2 > m RXm (H)
where Wy ~ N4(0,1(6p)~1) and Wy is a mean zero Gaussian process indexed by H with

Cov(Wo(h1), Wa(hs)) = (b1 — G(h1),(Af Ao) " (ha — G(h2)))
+ (h1, b1 I(6g) " (ho, h*), hi,ho € H,

where the inner products are in La(Gg). Moreover,

Cov(Wy, Wo(h)) = — I(6y) " (R*, h), heH.

~

Further, (Hn,@n) is asymptotically efficient; in particular é\n has influence function Tg given by
(2.12).

Proof. Replacing 6, by 6, in (4.20) and (4.21) yields

VGalh) - Go(h)) = ﬁ(m (A i h>—Po (ﬁh)>

Sn (-, On, S0
- G (Eh)_]}]} Rh\/ﬁ(é\n('vé\n)_SO)
" S0 " gn(,é\n S0
= Lu(h) = II,(h), (5.11)
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where the term I1,(h) can be written as

J
IIn(h) - = Zﬁ(u_ 9(1_pj)>@'1/\ )Pn< ARh/\ Q;(,@J)

j=1 n i (On s05n(",0n)
J ~ ~
Q] (Hn) - QJ (Gn) 0 Rh T
+ ~ ~ ]- - ]P)TL -~ »Yn
JZ;\/E{ Q](Hn)Qg } Q]( p]) (Sogn('yen)Q]( )>
J 0 0
QJ (Hn) - Qj } 0 ( Rh x( 7 )
+ —— 1 Py, = , On,
]Z;\/E{ Q] 971)@9 J( p]) 50§n('76n)Q]( )

J
+P, (%) S piQ; (6B, — o). (5.12)

Upon use of the differentiability arguments in the Appendix, careful grouping of terms, and using
Proposition 4.1, (4.5), (5.11), and (4.21), we find that

Vi(Gn(h) = Go(h)) = Gu(Ao(ATA0)'h) = Gu(1F )", h) + Ru(h) (5.13)

where 1y = I(6p) 1} is given by (2.12) and || R, || = 0p(1). Theorem 5.1 follows immediately from
(4.5), (5.13), and standard arguments. O

6 Discussion: Other Designs and Further Problems

The proof of Theorem 5.1 given in section 5 differs from our first attempts which are given in
BrEsLOW, MCNENEY, AND WELLNER (2000). Our present hypotheses L0 - L4 are apparently weaker
(and easier to verify) than the hypotheses imposed there in DO - D5 and especially D5. Another
advantage is that the present Theorem 5.1 allows for many more classes of functions H. We do
not yet know how to use the Z-theorem approach of BREsLow, MCNENEY, AND WELLNER (2000) to
prove Theorem 5.1 under LO - L4.

A. Other designs: In this paper we have treated the variable probability sampling (VPS1) or
Bernoulli (i.i.d.) version of the two-phase designs. We expect similar results to hold when the
sampling is carried out without replacement within strata. Indeed, McNENEY (1998) shows that
the information bounds calculated here carry over to this. Proofs of asymptotic efficiency remain
to be established for these versions of the designs.

B. Choice of p’s to maximize information: It would be of interest to study the optimal choice
of p;’s to minimize the asymptotic variance of some particular function of 6. It is intuitively clear
that an efficient choice of the p;’s will often entail choosing p; = 1 for the strata with small (rare
events) Q;(6,G).

C. Other models: If the basic model f(y|x;0) is not just parametric, but semiparametric as
in the case-cohort sampling designs studied by SELF AND PRENTICE (1988), then the methods of
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the present paper do not apply. Although some work on information bounds has been carried out
by ROBINS, ROTNITZKY, AND ZHAO (1994) and RHN, we do not know of any easily implementable
efficient estimators in these models.

Although the LKW approach accomodates continuous outcomes, its key feature is that the
phase one data, those available for all subjects, are reduced to counts of subjects in a finite number
of strata. This implies a loss of information if in fact continuous outcome data are available.
CHATTERJEE, CHEN, AND BREsLOW (2002) developed a semiparametric “pseudo-score” estimator
that only requires discretization of the phase one covariates. They demonstrated in simulations that
its efficiency was sometimes substantially superior to that of the LKW profile likelihood estimator,
even when 6 categories were used for discretization of the continuous outcomes. The information
loss for the pseudo-score estimator in comparison with the semiparametric information bound for
the general RHN problem has not yet been investigated.

D. Asymptotic distribution of the estimators off the model: It would be of interest to apply
the Z— theorem when the parametric model does not hold to better understand what parameters
are being estimated, and how we should estimate variances robustly.

E. Validity of the bootstrap: If asymptotic normality of the estimators could be proved via the
Z-theorem, then it would be straightforward to verify that the nonparametric bootstrap (and many
other weighted bootstraps) is asymptotically valid via the results of WELLNER AND ZHAN (1997).

7 Appendix. Differentiability Arguments.

At several points we need to understand how Q;r-(t,G,G) changes with ¢ and 6. Recall that
Q}(t,ﬂ, G) =Q,;(t,Gi(+;0,G)), j=1,...,J, satisfy the following system of equations:

s(z,0)

Q)t.0.0) = [ g
i < W) Qj (1)

Differentiation across (7.1) with respect to 6 yields

Qi(x,0)dG(z),  j=1,....J.  (7.1)

VGQ; (t7 9, G)

I Zf: plek('r7 0) *
= stl(x; 0.G) Q;(x,t)dG(z)

J
VoQi(0,G)(1 —pp) s(z,0)
Y ; Ql(t,0,G) /[st(x;G,G)]

5 Qi (z,1) Qj(x, 1)dG ()

J
s Qé? I, elG_)]pl) / [St(i('xe X G (@ D@ @ HdG@) - VeQ|(t,60,6).
=1 ’
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Putting this in matrix form, we see that

ia Ql(l_pl) s(x79) (o (o T 7 T
<I+d g(Q;(t,H,G)) / [St(ZU,G,G)]zQ (2,8)Q"(z,t)" dG( )) VoQ'(t,0,G)
221:1 plQ?(x’ 0)

B a(w0,G) L @06

. (1—p) s(z,0) ef NT
+ Qdiag <Q;(t797G)) / @ @Q @ dG(e). (7.2)

Similarly, differentiating across (7.1) with respect to ¢ yields

s(2,0) [, Q6,61 -p)
' Z<1 Ql(1,6,G)

s(z,0) ! Qu(0,G)(1 —p)
[s¢(230, G)]? ; [l (t.0,G))2

> Qi (x,1) Qj(z, t)dG (x)

Qi (2, )VQu(t,0,G)Qj(x, t)dG(x),

or, in matrix form

<I+ / [St:(gvi’e)gg*(a?,t)diag (QI(G,G)(l —Pl)> Q*T(x,t)dG(w)> VtQT(t,H, G)

%6, G) Q] (1.0.G)?
N / %Q*(x’wm(m) (7.3)
J
. Q6,G)(1 — p) o
/[StxHG 2%( 0l(.6.G) >Qz( t) Qi (x,t)dG(z) .
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