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Mixtures of Varying Coefficient Models for
Longitudinal Data with Discrete or
Continuous Non-ignorable Dropout

Joseph W. Hogan, Xihong Lin, and Benjamin A. Herman

Abstract

The analysis of longitudinal repeated measures data is frequently complicated by
missing data due to informative dropout. We describe a mixture model for joint
distribution for longitudinal repeated measures, where the dropout distribution
may be continuous and the dependence between response and dropout is semi-
parametric. Specifically, we assume that responses follow a varying coefficient
random effects model conditional on dropout time, where the regression coeffi-
cients depend on dropout time through unspecified nonparametric functions that
are estimated using step functions when dropout time is discrete (e.g., for panel
data) and using smoothing splines when dropout time is continuous. Inference un-
der the proposed semiparametric model is hence more robust than the parametric
conditional linear model. The unconditional distribution of the repeated measures
is a mixture over the dropout distribution. We show that estimation in the semi-
parametric varying coefficient mixture model can pro- ceed by fitting a parametric
mixed-effects model and can be carried out on standard software platforms such
as SAS. The model is used to analyze data from a recent AIDS clinical trial and
its performance is evaluated using simulations.
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¯±ß £ S,WAX"��ß £ ºÝQ�à £mÆ ¯1È`È`È;¯�à £âá`ã S Ë �Bô�N8KM�zKHà £mä �iI0�zN8KJå��zNsîÓH�ð�ðwHAô � L��z�w��K$îÓHV�$�zN8K�¡l�zN�I �8� ��K¬ïm�MR
ùlî�Å
ÆeQ´°lS(WYX"�-Å
æeQ´°²S�WY�zK6L HVðw��X8H��Ì�iWYð*î � X"ïm�n��H�X"I�HYîM°Ù� ��H���KMð4Qzû�S��zKA� � ï+KAI(�zH�W�ïmHVX"�B���n�wHVX"WYð�ðw�wXOKAWY�
��H��BKað�RÞùlî4�nN8KçÅ Ö Q´°²S6WA�nK�ï+H�X"I��jWYX�����Xi°Ù���nN8KMX<�nN8Kê���wñ�� � �nK��B�¿I3�z�n� �O� �n��H�Xi�QD®0S/N"WVI HVX8ðw�?HVX8K
ïmHV��L"H�X8KMX���WYXÚ�»Qnû�SË�nKA� � ïmKAI6�nH?W I��jWAX"�8WY���.�jWAX"�BH�� Kej�KAïm��I ��H���KMð�Q��ÙWA�w�j�%WAX"�.P WY�nKJ�2ûaú�ýV��O
N'��U�U�ð�K��ÙûMúVýYü�SjR
í,H���LÚWY�n�¿I3HVX"I0�zHFI�KMðwK¬ïm�n��H�X6��H��BKaðiI4QÓK�R UORÐP � WYX"��í�WY�n�zH�ð�ð��"ûMúVý�ý�O
N��wU�UVðwK1WYX"��YuKaXBôØWY�j���8ûMúVúYü�S

ïMWAX � K���W���K � � �BKM�z�wö��wX8U��zN8K�WVInI3H�ï+�iWY�zKA� L8�nH � W � �wðw�����QHYî1���nH�L"H � ��WY�6�z�w��Ka°�WVIFW�î � X"ïm�z�wH�X HYî
®,R��*KM�Uè0ékºêQ´°ëéÆ ¯`È`È`È;¯±°�éì�í Æ S Ë �BKaX8H��zKF�nNOKFI�KM��HYî,HV�j�BKM�zKA�*� � XO�Ày � K/�B�nHVL H � �
�z�w��KAI+�8WAX"�Q�BK;g"X8K6WAX
WY� � �w�z�jWA�n���n�w�ÌKH° éì9î ° éì�í Æ îÓHV�$�nNOK4ïmH��ÌL8ðwKM�zKM�jI+R�[$N8K4I3KaðwKAïm�z�wHVXsî � X"ïm�z�wHVX�ïMWYX � K4ô��z�w�n�zKMX��wX�ïmð�H�I�KA�
îÓH��z� WVI$WFð�H�U��¿I3�z�iï��nKMUV�nKAIzI3�wHVX � I��wX8U � WVI3KMð��wX8Kaó�ïMWA�nKMUVH��z�6ðwH�UV�w��Im�Bô�NOKM�nK4ï+H���L8ð�KM�nKa�jI4Q´°¨ºÏ°�éì S,�BKegÚX8K

ü
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�nNOK � W�I�KMðw��X8K1ïMWY�zKMU�HV�n��R,�*KM�9ï�ðeQD® £ S)º%LO�`Qf¬ñºÏ°�éð µ�® £ S5òML8�1Qf¬Äºi°�éì µ�® £ SÇ¯�ô�N8�iïjN�ïjN"WY��W�ïm�zKM�n�X_MKAIÐ�zN8K
H��8�8I
HAî����nH�LOL8�wX8U�H � �4WY�1�n�w�ÌKJ°�éð �zKMðiWA�n��ö�K2�zH�ïmHV��L8ðwKa�n�wXOU6�nN8K�I�� � �B�J� UV�wö�KMXê�nKML"KAWA�nKA�Q��K¬W�I � �nKAI
® £ R�[ÐW�WB��X8U6ðwHVU�Im�

ð�H�U�ï ð QD® £ S)º%ð�H�U
Q´ó ì ò³ó ð S�¾ ð�H�U�#Q´® £ µ�¬»ºÏ° éð S�ô ðwHVU�#QD® £ µ�¬»ºÏ° éì SÇ¯ Q���S
ô�N8KM�zKZó�ð)ºÏõ�öTQw¬ £ º÷°ëéð Sj�"WAX"�
�QD® £ µ�¬ £ ºÏ°²SAºGµùø £ Q´Ð#¯±°²S`µ í á1ã}úwæ KMñ�Lcû}ô·Ã�® £ ôÛ¦ £X½ QD°²S±Ê Ë ø £ QDÐ�¯±°²S í Æ Ã�® £ ôÛ¦ £X½ QD°²S±ÊAòA��üA¯
ô��w�zN·ø £ QDÐA¯±°²S�ºýª £ Î £ Q´Ð#¯±°²S5ª Ë£ ¾�Ñ £ QDÐA¯Ç°lS�R�ùÈX�UVKMX8KM��WYðd� �zN8K6I�KMðwKAï+�n�wHVXQ��H���KMð)Q���S��iI9y � W��B��WY�n�¿ï
�wXç® £ RUx ��HV�nK
îdWY�Ì�wðw�¿WY��ö�KM�jI��wH�XêH � ��WY��X"I
ô�N8KMXQöVWA�n�iWAX"ïmK/�iI
ïmHVX"I3��WYX��4W�ï+�nH�IzI
�B�zH�L"H � �4�z�w��KAI+�8��R K�R
ô�N8KMXbø £ QDÐ�¯±°²S0ºÝø £ QDÐ#SjR)[$NOKMXbQ��TSØI3����L8ð��hg"KAI��zH

ð�H�U�ï�ðeQ´® £ S0º¼þ·ÿ�ó
ðÜ¯Çó ì ¯ ½ Q´° é ð S±¯ ½ QD° éì SÇ¯`ø £ QDÐ#S��©¾¼ÿ ½ QD° é ð S�ô ½ Q´° éì S�� Ë ¦ Ë£ ø £ QDÐ�S í Æ ® £ ¯ Qlü�S
ô�N8KM�zK-þ�Q��mS�ïmH��ÌL8�n�¿I3KAIF�zKM�n��IF�zN"WY� �BH X8HV���BKML"KMX"�.HVXÏ® £ RSõ'X"�BKa�s�zN8�iIFîÓH��z� � ð¿WY�z�wH�Xà�0�zN8K�ðwHVU
�nKaðiWY�z�wö�K�LO�nH � W � ��ðw�w��� HYî/���nH�L"H � ��WA�]°�éð �iIFð��wX8KAWA�6�wX�® £ �,ô��w�nN<ïmH�K;d�ïm��KMX��jI2�zN"WY�Ì�BKML"KMXÚ� HVX.�zN8K
�B�mj*Ka�nKMX"ï+K ½ QD°�éð S�ô ½ QD°�éì S��8�wX"ï+�nKAWVI3�wXOU6�wX���WAU�X8��� � ��K4W�I ½ QD°²S��BKML"KMXÚ�8I$��H��zK4I3�z�nHVX8U�ð���H�Xç°ÖR,ÿ8HV�
� ��X"WY�z�·¬F��Qlü�S'�¿I4ïmH�X"I��iI��nKMX��4ô��w�nN �nNOK�I�KMðwKAï+�n�wHVXQ��H���KMð��nK¬I3�n�z�iïm�z�wHVX"I � I3KA� � � �*�w�n�zðwK�QzûMú�úAü�SuWYX"�
�*�w�z�nð�K4WYX"��P WAX8UcQnûMúVú�þ�S��nH��i�BKaXB�z�gîÓ�6L"WA�jWY�ÌKM�nKM��I$�wX�W6��ô$HVó�ïmHV��L"H�X8KaXB��L"WA�n�zKM�nX�����ñB� � �nK���H��BKMðdR� �?�l$0/�� ��$0/1(%" �G&)(+.M��*-,c&)���
ù�X �nNO�iIFI�KAïm�z�wH�Xà�Ðô$K �B�iIzï � InI4KAI3�z�w��WA�n��H�X�L8�zH�ïmKA� � �zKAIFô�N8KMX �B�nHVL H � �6�n����KAIJ¬�£�WA�nK�H � I3KM�zö�KA�ÃîÓHV�
WYð�ð,I �O� ��KAïm�jI+RFõ�X"�BKM���nN8�¿I4ïm�w��ï � ��I��jWYXÚïmK��8�nNOK6ðw�}W�Kaðw�wNOH�H��»HYîUQw¤ £ ¯e¬ £ S$îÓH��4�nNOKR¡l�nN I �8� ��KAïm�1ïMWYX � K
L"WA�n�n���n��H�X8KA��WVI �

£ Qw¤ £ ¯e¬ £ O ½ ¯±ÐA¯�	kS0º �
£ Qf¤ £ µT¬ £ O ½ ¯±ÐuS

�
£ Qw¬ £ O�	kSÇÈ

ù��$îÓH�ð�ðwHAô�I$�nN"WA�JQ ½ ¯±Ð#S�ïaWYX � KFKAI��n�w� WY�nK¬� � ����WAñB�����m_M�wX8U1�nN8K/ïmHVX"�B�w�z�wHVX"WYðÙð��}W�KMð��wN8H�H��
��£ Ù�Æ � £ Qw¤ £ µ^¬ £ O ½ ¯ÇÐ#Sj�/WYX"�	 ïMWYX � K?KAI��n�w� WY�nK¬� � �Þ��WYñ��w�Ì�}_+�wX8U �zN8K ��WA�nUV�wX"WAð2ð��}W�KMð��wN8H�H��
 �£ Ù�Æ � £DQw¬�£DO�	HSjRSP�K ï+H�X"I��i�BKM�ÌKAI3�z�w��WA�n�wHVX.L8�zH�ïmKA� � �nKAI~gÚ�jI3��îÓHV���nN8K I��w� � WY�z�wH�XÞô�N8KM�zK�I �8� ��KAïm��I
WY�zK6H � I�KM�nö�K¬��WY�/W�ïmH����ÌH�XêI3KM�1HYî��z�w��K4L"H���XB��Im�7WYXÚ�Ã�zN8KMX�ô�N8KM�zK6�nN8K�I�KM�
HAî�H � I3KM�zö�WA�n��H�X �n�w�ÌKAI
��WM� � K4���¿InWAðw�wUVX8KA��WVïm�nHJInI�I �8� ��K¬ïm�jI+R

�
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�9352 ����@�B�=G>A@�Bw:L7ñIH<�:���E#F�K9<�E��]8e:�<��Ht9E�FÄ>M7LF���:L=Ô=G:�7Ï:�����E#<�CA>A@�Bf:�7Ï@�B�=?E��
ÿ8H���WJg"ñ�KA���BKAI3��U�XÙ�OI � ïjNêW�I�WFL"WYXOKMð7�BKAI��wU�Xà�"I �8� ��KAï+�jI�WY�zK4H � I�KM�nö�KA��WA�9¢·QlHYîÓ�zKMXêI3��WAðwð S�L8�zKAI3L"KAïmó
�hgÚKA�Q�n����K4L HV�wX��jIJQ à Æ ¯`È`È`È;¯�à á S�WYX"���nNOK6X � � � KM��HYî�L"H�InI�� � ð�K����nH�L"H � �4�n�w�ÌKAI(�¿I
I3� WYðwðdR�[$N � Im�*�zN8K
X8HVX8L"WY��WY��Ka�n�n�¿ï(î � X"ï+�n�wHVX"I�Å Ö QD°²S�WY�zKFWVInI � ��KA���nH � K/I3�nKaL î � X"ïm�n��H�X"I+R
�*KM��ö � K��zN8K�X � � � KM�6HAî6H � I3KM�zö�KA�.�B�¿I3�z�wX"ïm�Ìö�WAð � K¬IsHYîa°Ù��ô��w�nNÏö�� ¢7Rýx
I��wX"�B�¿ïMWY�zKA����X

� KAï+�n�wHVX��B��ðwKM��è é ºÄQ´° é Æ ¯`È`È`È;¯±° éì SDË � K/WAX�ö ¥ û
ö�KAïm�zH��,HYî7HV�j�BKM�zKA���B�¿I3�z�wX"ïm�Ø�B�nHVL"H � ���z�w��KAI+��ô�N8KM�zK
ô$KËW�IzI � ��KËïmH��ÌL8ðwKM�zKM�jI$��W�W�Ka°ëéì ºÄà á���Æ îÓHV�4I3HV��KFöVWAð � KZà á ��Æ R4T'KaX"ïmK^Å Ö QD°²S��iI(î � ðwðw�ê�BKa�nKM�z���wX8K¬�
� � ½ Ö ºÝQDÅ ÖwÆ ¯`È`È`È1¯±Å Ö ì S Ë �8ô�N8Ka�nK�Å Ö|ä �zKML8�zKAI3KMX��jI,�nN8K9×��nNêïmHAöVWY�z�iWA�nK4Kej�KAïm�$îÓHV���nN8HJI3K6���nH�LOL8�wX8U�H � �
WY�©°ëéä R�N'KMXOH��nK6�zN8KF��X"ïm�¿�BKMX"ïmK4��WA�n�z�wñ � �"! £ ºÔQDÌ £mÆ ¯1È`È`È`¯±Ì £ ì S Ë ô�N8KM�zK^Ì £ ä º û6�gî�° £ ºê°�éä WYX"�
�sHV�nN8KM�zô��iI�K�R � H��ÌKFïaWYðiï � ðiWA�n�wHVX"I�I3N8HAô �zN"WY�1��H��BKMð)Qd�TS�ïMWAX��nN8KaX � K6ô��z�w�z�nKMX W�I
Wsð��wX8K¬WY�����wñ�KA�
��H��BKað

¤ £ º
ÉØÖ|Ù�Æ ¦ £ÕÖ ! Ë£ ½ Ö ¾�ª £}¿�£ ¾�Á £ È

�)y � �wöVWYð�KMXB�zðw����ô�K2NÚW¬ö�K
¤�º ÉØÖ|Ù�Æ$#¦�Ö ½ Ö ¾Ûª ¿ ¾�Á�¯ Q���S

ô�N8KM�zK #¦ Ö ºÔ¦ Ö&% ! �#¦ Ö º Qw¦ Ë Æ�Ö ¯`È`È`È;¯e¦ Ë� Ö S Ë ��! º Q'! Ë Æ ¯`È1È`È`¯�! Ë� S Ë �7WAX"�Â¤�¯eª�¯ ¿ ¯ÙWAX"�bÁ
WY�zK/�BKeg"X8K¬�»I��w����ðiWA�nðw�6�zH(! R$T'Ka�nK*) %,+ �BKMX8HV�nKAI�W��B���nKAïm��L8�nH�� � ïm��HYî���WY�z�n�iï+KAI-) WYX"� + R
ù��FîÓH�ðwð�HAô�IF�nN"WA�6KAI3�z�w��WA�n�wHVX HYî ½ º�Q ½ Ë Æ ¯`È`È`È;¯ ½ ËÉ S Ë L8�nH�ïmKaKA�8I � � I3HVðwö��wX8U��zN8K�ðw�wXOKAWY�/���wñ�KA�

��H��BKað*X8HV�n��WAð*K�y � WY�z�wHVX
Q #¦ Ë ø í Æ #¦ñS ½ º #¦ Ë ø í Æ ¤�¯

ô�N8KM�zK #¦ ºÄQ #¦ Æ ¯`È1È`È`¯ #¦ É S���ø º%���iWYU
Q5ø £ S�WAX"�%ø £ º ïmHAözQf¤ £ S0ºÏª £ Î÷ª Ë£ ¾�Ñ £ R�[$N8KØïmHAö�WA�n�¿WYX"ïmK
��WA�n�n��ñ�HYîØ�nN8K6K¬I3�n����WY�zH���HYî ½ �iIJQ #¦ Ë ø í Æ #¦ÏS í Æ RZ�,I3�n����WY�z�wHVXQHYîLÐ?ïMWYX � K6H � �jWY��X8KA� � I3��X8U��zN8K
ø9�0��� KAI3�z�w��WA�n�wXOU2K³y � WA�n��H�X

ô û� �n��.0/21 ø143 Ö65 ¾ û� Qw¤sô #¦ ½ S Ë ø í Æ 1 ø173 Ö ø í Æ Qw¤ ô #¦ ½ S)ºÞ��¯
ô�N8KM�zK�/sºñø í Æ ôbø í Æ #¦»Q #¦ Ë ø í Æ #¦ÏS í Æ #¦ Ë ø í Æ RA[$NOKJQX×�¯eå�S��zN�ïmHV��L"H�X8KMX���HAîÙ�nNOK'��XBîÓH��z��WY�z�wH�X
��WA�n�n��ñQHAî
�zN8KsK¬I3�n����WY�zH��4HYî©Ð��¿I%Qzû�òA��S��z�`Ã8/bQ 1 ø ò 143 Ö S�/çQ 1 ø-ò 173 ä SÇÊ�RQùlîUÎ WYX"��Ñ �BKML"KMXÚ� HVX
°Ù�0�zN8K��i�BKaXB�z�hg�W � �wð��w����HYî/I�H���K ïmH���L"HVX8KMX��jIFHYî�Ð � WVI3KA�?H�X<�nN8K�H � I3KM�zö�KA�?�8WY��W����wUVNB�4�zK�y � �w�nK
I3HV��K4ïmHVX"I3�z�jWA�wX��jI�H�XcÐÃHV�
W6I�KMX"I��w�n��öB������WYX"WAðw�OI3�iI�Q��*���n�zðwK���ûMú�úV��OzN
WYXO�wKMð¿I�WYX"�êT'H�UJWYXÙ�"�V������SjR�ÿ8HV�
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KMñOWY��LOðwK���ïmHVX"I3�¿�BKM���nN8KËïMW�I�K2ô����nNê�3ô�Hs�z�w��K1L HV�wX��jI�QD¢-º=��S±O"�gîÇ�B�nHVL"H � �
�¿I(��XBîÓH��z��WY�z�wö�K����zN8KM�nK4�¿I
X8H/�wXBîÓHV�n��WA�n�wHVX6�wX��nN8K�H � I3KM�zö�KA�6�8WY��W2�zH�g"��W2��WYX"��H�� �wX��nKM��ïmKML8��WYX"�ÌI3ðwHVL"K'��H���KMðBîÓH����nN8HJI3K�ô�N8H
�B�zH�LQH � �1WY���n����K1�B�"WYXÚ�QI3KaX"I3���n�wö��w����WAX"WYð��8I�KAI'WA�nK4X8KMK¬�BKA�*R

[$N8K�X8KAïmKAIzInWA�n��WAX"� I � d ïm�wKaXB�1ïmH�XÚ�B�w�z�wH�XQîÓHV�4�nN8K ½ Ö �nH � Ks�¿�BKMX��n�mg�W � ð�K2îÓ�zH����ÌH��BKMð�Q��TS1ïMWAX
� K/I3�jWA�nKA�êW�I$îÓH�ð�ðwHAô�I:9

�*KM��; ä ºÔÃ�¡ ä5Æ ¯`È`È`È;¯±¡ ä �=< Ê��BKaX8H��zK6�nN8K6��X"�BKMñ�KAI�HYî��zN8H�I�K]  ä I �8� ��KAï+�jI'ô�N8Hê�B�zH�L H � �
WA�9° éä �8WAX"�?>kä�ºÄQf¦ Ë£ <'@ ¯`È`È`È1¯e¦ Ë£ <'A < SjR,ùlî7�jWAX�WzQ'>9ä³S)º § îÓH���WYð�ð#å^ºSû�¯`È`È`È1¯±ö��B�nNOKMX��nNOK½ Ö Q}×%ºSû�¯`È`È`È;¯ § S�WA�nK4�i�BKaXB�z�hg�W � ðwK�R

[$N8�¿I$ïmHVX"�B�w�z�wHVX�I3��WY�nK¬I$�nN"WA��ô�N8KMX��B�zH�L"H � ���n�w�ÌKAI,WY�nKu�B�iIzïm�nKM�zK
WAX"�%g"X8���nK����nKaU��nK¬InI3��H�X�ï+H�Ked�ï+�wKMX��jI
� � I3� � K�I�KML"WY��WY�zKMðw�êKAI3�z�w��W � ðwK
îÓH��4KAWVïtN ���nH�L"H � �FL"WA�n�zKM�nXÙRËùdîØI�H���KËïmH���L"HVX8KMX��jI'HAî ½ Ö WY�nK�X8HV�
�i��KMXB�z�hg�W � ðwK�îÓHV��I�H���KØ�B�nHVL H � ��L"WA�n�zKM�nX"I+���nNOKMXF�zN8K$H � I3KM�zö�KA�F�OWY�jW1�BH
X8HV��N"WMö�K,�wXBîÓHV�n��WA�n�wHVX6W � H � �
�nNOKAI3K�ïmHV��L"H�X8KaXB��I'WAX"�ÃKa�w�nNOKM�'LÚWY�jWA��KM�zKM�
ï+H�X"I��n�jWA�wX��jI'HV�/I3KMX"I��w�z�wö��w����WYXÚWYðw�OI3K¬I
WY�zKsX8KaKA�BKA�*R4ÿ8HV�
KMñOWY��LOðwK��Ùï+H�X"I��i�BKM�/WAU�WY��X �nNOK�ïMWVI3K�ô����nN ��ô$HQ�z�w��K/L"H��wX��jIRQD¢Ûº �TS��Ð�gî(�B�nHVL"H � �6�¿Iu��XBîÓH��z��WY�z�wö�K��
�nNOKM�nK6�¿I'X8H��wXBîÓHV�n��WA�n��H�XQ��X��nN8K6H � I3Ka�nö�KA���8WA�jW��nH�KAI��n����WY�zK2�zN8K6��KAWAX�HYî��nNOK6H � ��ïmH���KËWY�4�n����K
�FîÓH����nN8HJI3K4ô�N8HÌ�B�nHVLQH � �
WA�'�z�w��K1�B��WYX"�êI3KMXÚI3�w�z�wö��w����WYXÚWYðw�OI3�¿I(�¿I$N8KMX"ï+K2XOKMKA�BKA��R � KMK/�*�w�z�nðwKuWYX"�
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�n��H�X HYîØ�nN8K6�z� � K�I�ðwH�L"K6îÓH��/ïMWVI3KcQl��S��*ô�N8KM�zKRÅ æ QD°²S��iI � HV�nN?ï+H�X��n�wX � H � I
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WY�ÌL8ðwK4îÓ�nH�� WYX�x
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I3KaðwKAïm�z�wHVX � �iWVI3KAI��wXÚ� � ïmKA� � ��L"H�HV�
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ô�H��5W�ô��wðwð�ïmHVX"I3�¿�BKM�/ïmKMX"I�H��z�wX8U���X
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