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Abstract

Geskus (2011, Biometrics, 67, 39-49) studied estimation of the Fine-Gray model
for the cumulative incidence function with left truncated right censored competing
risks data. The limiting distribution for an estimator base on weighting inversely
using weights involving estimates of the joint distribution of the truncation and
censoring times was derived via classical martingale theory with variance estimation based on martingale results. In this note, we demonstrate that martingale
theory is not applicable and that other theoretical arguments, like those in Fine
and Gray (1999), are needed to rigorously establish the asymptotic properties of
the estimators and to construct valid variance estimators. For inverse probability
of censoring weighted estimators, the common wisdom is that martingale theory fails because of estimation of the censoring distribution in the weights. For
the Fine-Gray model, alternative theoretical developments are needed even with a
known censoring distribution.
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Summary:

Geskus (2011, Biometrics, 67, 39-49) studied estimation of the Fine-Gray model for the cumulative

incidence function with left truncated right censored competing risks data. The limiting distribution for an estimator
base on weighting inversely using weights involving estimates of the joint distribution of the truncation and censoring
times was derived via classical martingale theory with variance estimation based on martingale results. In this note,
we demonstrate that martingale theory is not applicable and that other theoretical arguments, like those in Fine and
Gray (1999), are needed to rigorously establish the asymptotic properties of the estimators and to construct valid
variance estimators. For inverse probability of censoring weighted estimators, the common wisdom is that martingale
theory fails because of estimation of the censoring distribution in the weights. For the Fine-Gray model, alternative
theoretical developments are needed even with a known censoring distribution.
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1. Introduction
Geskus (2011) studied estimation of the regression parameters in a semiparametric proportional subdistribution hazards model (Fine and Gray, 1999) with competing risks data
subject to left truncation and right censoring. The estimation procedure involves inverse
weighting using estimates of the joint distribution of the truncation and censoring times.
While the weighting scheme is valid, the martingale arguments used to derive the asymptotic
distribution of the regression parameter estimates appears to be invalid with the resulting
variance estimates lacking theoretical justification. A subtle error occurs in Geskus (2011)
when defining the filtration in equation (20) given which the intensity process of a reweighted
counting process of a specific event type is a product of the reweighted at risk process in
equation (19) and the subdistribution hazard. Geskus (2011) claimed that the compensated
process defined by subtracting the cumulative intensity process from the reweighted counting
process is a martingale with respect to this filtration and that standard martingale techniques
(Andersen and Gill, 1982) are applicable. The difficulty is that the reweighted at risk process
is not predictable with respect to the filtration, invalidating the use of martingale techniques.
In Section 2, we clarify this point by formally establishing the nonpredictability of the
reweighted at risk proces and further demonstrating that enlarging the filtration to yield
predictability of this process modifies the martingale structure such that the intensity is
no longer defined in terms of the subdistribution hazard. To demonstrate these points, we
begin by considering the case where there is no truncation and the censoring distribution is
known in the weights. The common wisdom is that the failure of martingale theory when
using inverse probability of censoring weighting arise because of estimation of the censoring
distribution in the weights. Our discussion exhibits that even when the censoring distribution
is known, there is additional information needed by the weighting scheme for the Fine-Gray
model which is nonpredictable. It is straightforward to extend this line of reasoning to the
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case where the censoring distribution is unknown and where truncation may be present. In
Section 3, for didactic clarity, it is shown that for right censored competing risks data where
the censoring distribution is known, standard martingale variance estimators are not valid
and alternative theoretical arguments, like those in Fine and Gray (1999), are needed for
variance estimation.

2. The Predictability Issue
In the sequel, we use notation as in Geskus (2011). Let T denote the event time, let D denote
the event type, where D ∈ {1, . . . , K}, with K being the number of event types, and let Z
be a p × 1 time-independent covariate vector. In addition, let C be the censoring time and
let L be the trunation time. Define ∆ = I(T 6 C), where I(·) is the indicator function, and
X = T ∧ C. The observed data from a left truncated right censored sample of size N are
{(L1 , X1 , D1 ∆1 , ∆1 , Z1), . . . , (LN , XN , DN ∆N , ∆N , ZN )}.
The cumulative incidence for the event of interest, type k say, is described by the distribution of the improper random variable
T ∗ = T × I(D = k) + ∞ × I(D 6= k),
which is Fk (t) = Pr(T 6 t, D = k). Let λ∗k (t) = dFk (t){1 − Fk (t)}−1 denote the subdistribution hazard function of cause k. A popular approach to examining the association between Fk
and Z is the proportional subdistribution hazards model, where conditionally on covariates
λ∗k (t|Z) = dFk (t|Z){1 − Fk (t|Z)}−1 = λ∗k0 (t)exp(Zβ0 ).
This model was originally proposed in Fine and Gray (1999), where estimation of β0 was
proposed using inverse probability of censoring weighting of the score equations from a
particular partial likelihood. Geskus (2011) developed a modified inverse weighting scheme
for left truncated right censored competing risks data in which estimates of both the censoring
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and truncation distributions are employed in the estimated weights. This modified weighting
scheme reduces to that in Fine and Gray (1999) in the absence of left truncation.
Fine and Gray (1999) demonstrated that with complete data, standard martingale arguments (Andersen and Gill, 1999) could be applid to an unweighted partial likelihood,
with the usual martingale variance estimator being valid. Their derivations utilize a special
counting process representation for competing risks data which is appropriate when modelling
the subdistribution hazard function. Define Ti∗ = Ti × I(Di = k) + ∞ × I(Di 6= k) and let
Ni∗ (t) = I(Ti∗ 6 t) denote whether the event of interest, type k say, has occurred for individual
i by time t and Yi∗ (t) = I(Ti∗ > t) denote whether the individual i is either still at risk at
t or has previously experienced a competing event. In the absence of either right censoring
or left truncation, Fine and Gray (1999) showed that under the assumed regression model
Rt
Ni∗ (t) has compensator Λ∗i (t) = 0 Yi∗ (u)λ∗k,i (u)du, with respect to the filtration
F 1 (t) = σ{Ni∗ (u), Yi∗ (u)Zi , 0 6 u 6 t, i = 1, . . . , N},
where λ∗k,i (u) = λ∗k0 (t)exp(Zi β0 ). Hence Mi∗ (t) = Ni∗ (t) − Λ∗i (t) is a martingale with respect
to F 1 (t), enabling the application of martingale theory.
In defining weights for estimation of β0 in the presence of censoring and truncation, Geskus
(2011) assumes that the distribution of C, denoted by G, and the distribution of L, denoted
by H, are independent of the covariates in Z. The estimated weights involve nonparametric
estimators of G and H. To define these estimators, some notation is needed. Let t(1) <
t(2) < · · · < t(d) denote the d ordered distinct observed event times of any event type.
Similarly let c(1) < c(2) < · · · < c(m) and l(1) < l(2) < · · · < l(k) be the m ordered distinct
observed censoring and k ordered distinct truncation times. Let d(t) and r(t) be the number
of observed events of any type and the number of subjects at risk at time t, respectively. Let
mi be the number of censorings at c(i) and let wi be the number of left truncation times at
ˆ to be the left truncated right censored product limit estimator of Ḡ = 1 − G,
l(i) . Define Ḡ
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which is obtained by reversing the role of T and C:
ˆ=
Ḡ

Y

(1 −

j:c(j) 6t

mj
).
r(c(j) )

Similarly, define Ĥ to be the reverse time right truncated product limit estimator of H,
which is obtained by switching the role of L and X:
Ĥ(t) =

Y

(1 −

−t(j) <−t

Y
wj
wj
)=
(1 −
).
r(l(j) )
r(l(j) )
t >t
(j)

The reweighted at risk process for subject i defined by Geskus (2011, Equation (19)) is
ψi (u) =

N
N̂

×

I[{Li 6 u 6 Xi } ∪ {Li 6 Ti0 6 (u ∧ Ci )}]
,
ˆ {(u ∧ T 0 )−} × Ĥ{(u ∧ T 0 )−}
Ḡ
i

N̂ =

n
X
d(t(i) )
i=1

(0)

and Ti

where

i

Ĥ(t(i) −)

+

m
X
j=1

mj
Ĥ(c(j) −)

= Ti × I(Di 6= k) + ∞ × I(Di = k). This quantity simplifies to that in Fine and

Gray (1999) without truncation.
To study the asymptotic properties of the inversely weighted partial likelihood estimators,
to be the counting process started at Li , that is, Li Ni∗ (t) =
Rt
Ni∗ (t) − Ni∗ (t ∧ Li ), and defines Li Ni∗c (t) = 0 I(Ci > u)d{Li Ni∗ (u)}. In order to account for

Geskus (2011) defines

∗
Li Ni

the estimated quantities in the reweighted at risk process, Geskus augments the filtration
defined by

∗c
Li Ni (t)

with quantites which are estimated in ψi (u). A martingale structure is

derived with respect to the filtration defined by Geskus (2011, Equation (20)), which is
f∗ (t) = σ{L N ∗c (u), Ĝ(u), N̂ Ĥ(u), Zi , u 6 t, i = 1, . . . , N}.
F
i
i

A key step in the proof involves expressing the compensator for Li Ni∗c (t) in terms of ψi (u) and
the subdistribution hazard function, which requires that ψi (u) is predictable with respect to
f∗ (t). If predictability is satisfied, then
F

ψi (t)Ni∗ (t)

−

Z

0

t

ψi (u)λ∗1,i (u)du,

has the martingale property. We show below that coupling N̂ Ĥ(t) and Ĝ with

∗c
Li Ni (t)

is

insufficient to obtain predictability of ψi (u).
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To demonstrate lack of predictability, we first consider the simplified setting in which
ˆ is replaced by G in ψ . This corresponds to fitting the Finethere is no left truncation and Ḡ
i
Gray model with right censoring when the censoring distribution is known. The theoretical
arguments are more transparent under this set-up and are later extended to the practically
relevant settings with unknown censoring and truncation distributions. In this scenario,
N̂ = N, H(u) = Ĥ(u) = 1 for all u. Following the reasoning in Geskus (2011), there is no
additional information needed for predictability of ψi (u) and it is unnecessary to augment
Ni∗c (t) in
f∗ (t) = σ{N ∗c (u), Zi , 0 6 u 6 t, i = 1, . . . , N},
F
i

where Ni∗c =Li Ni∗c with Li = 0, i = 1, . . . , N. By the definition of ψi in Equation (19) of
Geskus (2011), one can easily show that
ψi (t) =



1
1
0
0
I{t 6 min(Ci , Ti0 )} +
I{T
<
t
6
C
}
+
I{T
6
C
<
t}
i
i
i
i
Ḡ(t−)
Ḡ(Ti0 −)

+0 · I{Ci < min(Ti0 , t)}.

(1)

given Zi and Ni∗c (u) = 0, 0 6 u < t. Observe that the right side of (1) is not deterministic
∗c)

given Zi and Ni∗c (u) = 0, 0 6 u < t. This occurs because the history of Ni (u) is insufficient
to completely determine the indicators involving t in ψi (t). As a result,
E {ψi (t)|Ni∗c (u) = 0, Zi , 0 6 u < t}
=

1
pr{t 6 min(Ci , Ti0 )|Ni∗c (u) = 0, Zi , 0 6 u < t}
Ḡ(t−)



 ∗c
1
0
0
I{Ti < t 6 Ci } + I{Ti 6 Ci < t} Ni (u) = 0, Zi , 0 6 u < t
+E
Ḡ(Ti0 −)

6= ψi (t).

f∗ (t).
Hence, ψi (t) is not predictable with respect to the filtration F

f∗ (t) needs to be
From (1), one observes that for ψi (t) to be predictable the filtration F

augmented with additional event history information. An augmented filtration containing
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only that information needed for predictability is

∗c
0
0
∗
Fg
aug (t) = σ{Ni (u), I{u 6 min(Ci , Ti )}, I{Ci < min(Ti , u)}, Zi , 0 6 u 6 t, i = 1, . . . , N}.

Interestingly, it is straightforward to show that the intensity process of Ni∗c (t) with reP
−1
∗
spect to Fg
aug (t) is I{Xi > t}λ1,i (t). Here, λ1,i (t) = dF1,i (t){1 −
m Fm,i (t)} , where

Fm,i (t) = Fm (t|Zi ), is the cause-specific hazard function of cause 1 for subject i and not
the subdistribution hazard λ∗1,i (t). One should recognize that it is not possible to derive the
limiting distribution of the weighted partial likelihood estimator for regression parameters
in the proportional subdistribution hazard model using this cause-specific hazard martingale
defined with respective to the augmented filtration.
Now, suppose that the censoring distribution G is unknown, as is usually the case in
∗
practice, and one uses Ĝ in the weight function. The augmented filtration Fg
aug (t) does

not need to be further augmented to obtain the predictability of ψi (t). The reason is that

∗
Ĝ(u) is completely determined by the information in Fg
aug (t), so that adding Ĝ provides no

f∗ (t) with Ĝ instead of using the filtration
additional information. Note that augmenting F

∗
∗
g
Fg
aug (t) is insufficient to obtain predictability of ψi (u) because the extra history in Faug (t)

is not completely determined by Ĝ. The same reasoning can be used to demonstrate these
predictability issues in the presence of both left truncation and right censoring.
Because of the lack of predictability of the reweighted at risk process ψi (u), the asymptotic
results in Geskus (2011, Theorem 1) do not appear to be correct. In particular, the asymptotic

covariance matrix of β̂ cannot be derived using martingale theory. Alternative arguments
are needed, like those in Fine and Gray (1999) for weighted estimating equations with right
censored data.
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3. Variance Estimation When There is No Left Truncation and the Right
Censoring Distribtuion is Known
Fine and Gray (1999) derived the asymptotic properties of their estimator with estimated
G using empirical process techniques, with the corresponding variance not equalling that
which would ordinarily be obtained using martingale techniques. It was suggested that the
usual martingale theory was not applicable because of the estimation of G, with the implicit
implication that martingale theory is applicable with known G. Following the discussion of
predictability in Section 2, in this section, we provide explicit details of the method of proof
for the case where G is known. This discussion further clarifies the lack of applicability of
martingale theory, with either known or unknown G.
The estimating equation for randomly right censored data in Fine and Gray (1999), which
is equivalent to that in Geskus (2011) without left truncation, is
(
)
P
N Z ∞
∗
T
X
j wj (u)Yj (u)Zj exp{Zj β}
U(β) =
Zi − P
wi (u)dNi∗ (u),
∗
w
(u)Y
(u)exp{Z
β}
j
j
j
j
i=1 0

(2)

ˆ (u−)/Ḡ
ˆ ((X ∧ u)−). If G is known, one may replace the
where wi (u) = I(Ci > Ti ∧ u)Ḡ
i

ˆ in the estimating equation (2) by its known value, yielding the following
estimate of Ḡ
estimating equation
Ũ (β) =

N Z
X
i=1

∞

0

(

)
P
∗
w̃
(u)Y
(u)Z
exp{Z
β}
j
j
j
j
j
Zi − P
w̃i (u)dNi∗ (u),
∗
w̃
(u)Y
(u)exp{Z
β}
j
j
j j

(3)

where w̃i (u) = I{Ci > Ti ∧ u}Ḡ(u−){Ḡ((Xi ∧ u)−)}−1 . The estimating equation (3) may be
centered, as in Fine and Gray (1999), giving
(
)
P
N Z ∞
∗
X
w̃
(u)Y
(u)Z
exp{Z
β}
j
j
j
j
j
Ũ (β) =
Zi − P
w̃i (u)dMi∗ (u, β).
∗
w̃
(u)Y
(u)exp{Z
β}
j
j
j j
i=1 0

(4)

For censoring-complete data for which Ci is always observed, Fine and Gray (1999) ob-

tained a martingale-type estimating function from the score of the censoring-complete-data
partial likelihood,
U1∗ (β) =

N Z
X
i=1

0

∞

#
P 1∗
Y
(u)Z
exp(Z
β)
j
j
j j
dMi1∗ (u, β),
Zi − P 1∗
j Yj (u)exp(Zj β)

"

(5)

http://biostats.bepress.com/uncbiostat/art29

8

Biometrics, December 2006

where Yi1∗ (t) = I(Ci > t)Yi∗ (t) and
Z t
Z t
1∗
∗
Mi (t, β) =
I(Ci > u)dNi (u) −
Yi1∗ (u)λ∗10 (u)exp{Zj β}du.
0

0

This covers the complete data situation without censoring, where Ci = ∞, all i. Fine and
Gray (1999) showed Mi1∗ (t, β0 ) is a martingale under the censoring-complete filtration,
Z u
1∗
F (t) = σ{I(Ci > u),
I(Ci > s)dNi∗ (s), Yi1∗ (u), Zi , u 6 t, i = 1, . . . , N}.
0

Under F 1∗ (t), U1∗ (β0 ) is a sum of martingale integrals with respect to the locally bounded
predictable process
Hi∗ (u)

P

Yj1∗ (u)Zj exp{Zj β0 }
.
= Zi − P 1∗
j Yj (u)exp{Zj β0 }
j

Using these facts, similar arguments to Andersen and Gill (1982) establish the consistency
and asymptotic normality of the estimate of β from the estimating equation U1∗ (β0 ) = 0.
As argued in Fine and Gray (1999), for censoring-complete data, as N → ∞, martingale
results give that N −1 U1∗ (β) converges uniformly in probability to a continuous and deterministic function of β that has a unique 0 at β0 and is bounded in a neighborhood of β0 .
For consistency with randomly right censored data when there is no left truncation and G
is known, it suffices to prove that N −1 {Ũ(β) − U1∗ (β)} goes in probability to 0 uniformly
for β in a compact neighborhood of β0 . Similarly to Section 2, one may demonstrate that
w̃i (u) is not predictable with respect to the complete data filtration F 1(u), under which
Mi∗ (u, β0 ) satisfies the definition of a martingale, and that augmenting the filtration to obtain
predictability is invalid. However, using empirical process techniques like those in Fine and
Gray (1999), one can show that
N Z
X
−1
−1
N {Ũ (β)−U1∗ (β)} = N
i=1

∞
0



s(1) (β0 , u)
Zi (u) − (0)
s (β0 , u)



{w̃i (u)−I(Ci > u)}dMi∗ (u, β)+op(1),
(6)

where
(p)

s (β, u) = lim N
N →∞

−1

N
X

Yi∗ (u)Zi (u)⊗p exp{ZiT (u)β},

p = 0, 1, 2.

i=1
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Furthermore, the right-hand side of (6) is continuous and dominated by a bounded function,
so N −1 {Ũ(β) − U1∗ (β)} vanishes uniformly for β in a compact neighborhood of β0 (Newey
and McFadden, 1986, Lemma 2.4). Accordingly, β̂ satifying Ũ (β̂) = 0, is consistent.
To obtain the asymptotic normality of β̂, one may mimic Fine and Gray (1999). A first
order Taylor expansion of Ũ(β̂) around β0 gives that:
N 1/2 (β̂ − β0 ) ≈ Ω−1 {N −1/2 Ũ(β0 )},

(7)

where Ω−1 is the limit of the negative of the inverse of the partial derivative matrix of the score
function evaluated at β0 and is equal to the variance of the censoring-complete regression
coefficients or, equivalently, the limit of −N{d{U1∗ (β)}/dβ}−1 at β0 . It is important to
recognize that with censoring-complete data, the implicit weight I(Ci > t) has the same
conditional expectation as w̃i (t) given Zi . Specifically,

Z ∞  (2)
s (β0 , u)
⊗2
Ω=
Ḡ(u−)s(0) (β0 , u)λ∗10 (u)du,
− z̄(β0 , u)
s(0) (β0 , u)
0
where z̄(β, u) = s(1) (β, u){s(0) (β, u)}−1. However, because of the lack of predictability of w̃i
which occurs even when G is known, martingale theory cannot be used. Empirical process
arguments like those in Fine and Gray (1999) are needed to show that N −1/2 Ũ(β0 ) =
P
N −1/2 N
i=1 ηi + op (1), where

Z ∞
s(1) (β0 , u)
ηi =
Zi (u) − (0)
w̃i (u)dMi∗ (u, β0).
(8)
s
(β
,
u)
0
0
The influence function ηi equals the first term of the influence function in Fine and Gray
(1999). By the multivariate central limit theorem, N −1/2 Ũ(β0 ) is asymptotically normal
with covariance matrix Σ = E{ηi ηiT }. Consequently, N 1/2 (β̂ − β0 ) has a limiting normal
distribution with covariance matrix Ω−1 ΣΩ−1 . In general, because of the lack of a martingale
structure, Ω 6= Σ and martingale variance estimators are invalid. The variance may be
estimated as discussed in Fine and Gray (1999), with Ω̂ computed empirically with β = β̂ and
Σ̂ calculated ignoring those terms in the influence function which arise because of variability
in the estimation of G.
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