






the discrete sieve Ψε,s is bounded by AE0(ε, s):

B0(ε, s) = B(ε, s | P0) ≡ min
ψ∈Ψε,s

∫
L(O,ψ | η0)−L(O,ψ0 | η0)dP0(O) ≤ AE0(ε, s).

Given (ε, s), the corresponding discrete sieve Ψε,s, and a random vec-
tor S∗n ∈ {0, 1}n defining a cross-validation scheme, we define the following
estimator:

ψε,s(· | Pn) ≡ argminψ∈Ψε,s
ESn∗

∫
L(O,ψ | η0

n,Sn∗)dP
1
n,Sn∗(O).

In other words, ψε,s(· | Pn) is the minimizer over the set Ψε,s ⊂ Ψs of the
cross-validated risk. We note that, if the nuisance parameter η0 is known
(i.e., η0

n,Sn∗ = η0), then ψε,s(· | Pn) reduces to the minimizer of the empirical
average loss:

ψε,s(· | Pn) ≡ argminψ∈Ψε,s

∫
L(O,ψ | η0)dPn(O),

which does thus not require cross-validation. Let p∗ ≡ ∑n
i=1 S

∗
n(i)/n denote

the proportion of the validation sample, where p∗ = 1 in the latter case with
η0 being known.

We note that for each fixed (s, ε), ψε,s(· | Pn) can be viewed as an esti-
mator of the best choice

ψε,s(· | P0) ≡ argminψ∈Ψε,s

∫
L(O,ψ | η0)dP (O).

For each s, let εn(k), k = 1, . . . , K2s(n) be a given set of values. Let

An = ∪K1(n)
s=1 {(s, εn(k, s) : k ∈ {1, . . . , K2s(n)}.

Let
K(n) =| An | be the size of An.

We select (s, ε) with cross-validation:

(ŝ(Pn), ε̂(Pn)) ≡ argmin(s,ε)∈An
ESn

∫
L(O,ψs,ε(· | P 0

n,Sn
) | η0

n,Sn
)dP 1

n,Sn
(O).

The adaptive cross-validated discrete sieve estimator is now defined by

ψ̂(· | Pn) = ψŝ(Pn),ε̂(Pn)(· | Pn).

In Section 16 we prove that this estimator achieves the optimal rate of
convergence corresponding with the smallest subspace Ψs∗ , as measured by
the covering numbers Ns(ε), which contains ψ0.
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14 Finite sample results for epsilon-net esti-

mator

14.1 Quadratic loss function.

The next theorem provides us with a finite sample bound for the difference of
the conditional risks of the discrete sieve estimator ψε(· | Pn) and ψε(· | P0),
for a given sequence εn. This finite sample bound provides, in particular, an
optimal rate εopt(n) at which ε should converge to zero with sample size n.
This theorem follows from a direct application of our general Theorems 1.

Theorem 5 (Finite sample result and Asymptotics for ψεn(· | Pn))
Let εn > 0 be a given sequence converging to zero with sample size n.
Assumptions.
A1. The limit η0 of ηn = η(Pn) for n→∞ is an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 ,

where the supremum is taken over a support of the distribution P0 of O.
A3. There exist a M2 <∞ so that

sup
ψ∈Ψ

VARP0L
∗(O,ψ, ψ0)

EP0L
∗(O,ψ, ψ0)

≤M2.

Definitions. We define the following constants:

M1 = 2M∗
1

c(M1,M2, δ) = 2(1 + δ)2
(
M1

3
+
M2

δ

)
a0 ≡ 2M1/3

M3(N(εn)) = 3a0 +
√

2

√
log(2)

log(N(εn))
+

√
2√

log(N(εn))
+ b0 +

∫ ∞

b0
2N(εn)

1−m(x)dx,

where b0 is the smallest constant larger than the solution of 1 − m(x) = 0
with m(x) = 0.5 x2

1/ log(N(εn))+a0x
. We note that M3(log(N(εn)) ↓ in n. Let k̂

and k̃ be defined by ψεn(· | Pn) = ψεn
k̂

and ψεn(· | P0) = ψεn
k̃

We also define
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the following sequences in n:

r∗1(n) ≡ max
k̄∈{k̂,k̃}

E
∫
(L∗0n,Sn∗ − L∗)(O,ψεn

k̄
, ψ0)dP0(O)√

E
∫
L∗(O,ψεn

k̄
, ψ0)dP0(O)

r∗2(n) ≡ E max
k∈{1,...,N(εn)}

√∫
(L∗0n,Sn∗ − L∗)2(O,ψεnk , ψ0)dP0(O)

Finally, for any δ > 0 we define

εn(δ) ≡ (1 + 2δ)B0(εn) + 2c(M1,M2, δ)
1 + log(N(εn))

np∗

+(1 + δ)r∗1(n)
√
B(εn) +

2M3(N(εn))(1 + δ) log(N(εn))

(np∗)0.5
max(r∗2(n), (np∗)−0.5I(r∗2(n) > 0)).

Finite Sample Result. For any δ > 0, we have

Edn(ψεn(· | Pn), ψ0) ≤

r
∗
1(n)(1 + δ) +

√
r∗1(n)2(1 + δ)2 + 4εn(δ)

2


2

≡ f1(B0(εn), r
∗
1(n), r∗2(n), log(N(εn)), np

∗,M1,M2,M3(N(εn)), δ).

If ηn = η0 is known, then this reduces to (we can set p∗ = 1)

Edn(ψεn(· | Pn), ψ0) ≤ (1 + 2δ)B0(εn) + 2c(M1,M2, δ)
1 + log(N(εn))

n
.

Asymptotic Implication. For any δ > 0

Edn(ψεn(· | Pn), ψ0) ≤ (1 + 2δ)B0(εn) +O(H(n)),

where

H(n) ≡ max

(
log(N(εn))

np∗
,
log(N(εn))r

∗
2(n)

(np∗)0.5
, r∗1(n)2, r∗1(n)

√
B0(εn), r

∗
1(n)1.5B0(εn)

0.25,√
log(N(εn))r

∗
1(n)

(np∗)0.5
,

√
log(N(εn))r

∗
2(n)0.5r∗1(n)

(np∗)0.25

 .
Consequently, we have the following scenarios.
Optimal rate: If max

(
log(N(εn))

np∗
, r∗1(n)2, log(N(εn))r

∗
2(n)2

)
= O(B0(εn)),

then H(n) = O(B0(εn)), and thus

Edn(ψεn(· | Pn), ψ0) = O(B0(εn)).
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Define

ropt(n) ≡ min
ε
B0(ε) +

log(N(εn))

n

εopt(n) ≡ argminε

{
B0(ε) +

log(N(εn))

n

}
.

It follows that, if max (r∗1(n)2, log(N(εn))r
∗
2(n)2) = O(B0(εn)) and εn = c ∗

εopt(n) for a 0 < c <∞, then

Edn(ψεn(· | Pn), ψ0) = E
∫
L(O,ψεn(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

= O(B0(εn)) = O(ropt(n)).

Asymptotic equivalence with best choice ψεn(· | P0):

If either max
(

log(N(εn))
np∗

, r∗1(n)2, log(N(εn))r
∗
2(n)2

)
= o(B0(εn)) or max

(
log(N(εn))2

np∗
, r∗1(n)2, r∗2(n)2

)
=

o(B0(εn)), then
H(n) = o(B0(εn)).

In particular, we note that if max(r∗1(n)2, log(N(εn))r
∗
2(n)2) = o(B0(εn)),

then

H(n) = O

(
log(N(εn))

np∗

)
+ o(B0(εn)).

Asymptotic Optimality. Consequently, under these two possible scenarios
for which H(n) = o(B0(εn)), we have

Edn(ψεn(· | Pn), ψ0)

Edn(ψεn(· | P0), ψ0)
→ 1 for n→∞, (39)

and, in particular,

dn(ψεn(· | Pn), ψ0)

dn(ψεn(· | P0), ψ0)
→ 1 in probability for n→∞.

Proof. We apply Theorem 1 with candidate “estimators” ψk(· | Pn) ≡ ψεnk
(constants), k = 1, . . . , N(εn). Note that in this setting the quantaties in
Theorem 1 have the following corresponding analogues:

ψk(· | Pn) = ψεnk
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ψk̂(· | Pn) = ψεn(· | Pn)

ψk̃(· | Pn) = argminψ∈Ψεn

∫
L(O,ψ | η0)dP0(O)

≡ ψεn(· | P0).

L∗(O,ψk(· | P ∗
n,Sn

), ψ0) = L(O,ψεnk | η0)− L(O,ψ0 | η0)

dn(1−p∗)(ψεn(· | Pn), ψ0) = θ̃n(1−p)(k̂)− θopt

= dn(ψεn(· | Pn), ψ0)

=
∫
L(O,ψεn(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

dn(1−p∗)(ψεn(· | P0), ψ0) = θ̃n(1−p)(k̃)− θopt

= dn(ψεn(· | P0), ψ0)

=
∫
L(O,ψεn(· | P0) | η0)− L(O,ψ0 | η0)dP0(O)

= B0(εn)

K(n) = N(εn)

r̃2(n) = B0(εn)

=
∫
L(O,ψεn(· | P0) | η0)− L(O,ψ0 | η0)dP0(O).

The above theorem is now the complete analogue of our general Theorem 1.
2

14.2 General loss function.

Theorem 6 (Finite sample result and Asymptotics for ψεn(· | Pn))
Let εn > 0 be a given sequence converging to zero with sample size n.
Assumptions.
A1. The limit η0 of η0

n,Sn∗ for n→∞ needs to be an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 ,

where the supremum is taken over the support of the distribution P0 of O.

Definitions. Let k̂, k̃ be defined by ψεn(· | Pn) = ψεn
k̂

and ψεn(· | P0) = ψεn
k̃

.
We define the following sequences in n:

f(M∗
1 , N(εn), np

∗) ≡ 4M∗2
1

√
logK(n)

np
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r∗1(n) ≡ max
k̄∈{k̂,k̃}

E
∫
(L∗0n,Sn∗ − L∗)(O,ψεn

k̄
, ψ0)dP0(O)√

E
∫
L∗(O,ψεn

k̄
, ψ0)dP0(O)

r̃(n) ≡
√
B0(εn).

We also define

ε1n ≡ B0(εn) + f(M∗
1 , N(εn), np

∗) + r∗1(n)
√
B0(εn).

Finite Sample Result. We have

Edn(ψεn(· | Pn), ψ0) ≤

r
∗
1(n) +

√
r∗1(n)2 + 4ε1n

2


2

= f2(B0(εn), r
∗
1(n), log(N(εn)), np

∗,M∗
1 ).

If ηn = η0 is known, then this reduces to

Edn(ψεn(· | Pn), ψ0) ≤ B0(εn) + f(M∗
1 , N(εn), n).

Asymptotic Implication. We have

Edn(ψεn(· | Pn), ψ0) ≤ Edn(ψεn(· | P0), ψ0) +O(H(n)),

where

H(n) ≡ max

(
log0.5(N(εn))√

np∗
, r∗1(n)

√
B0(εn), r

∗
1(n)2, r∗1(n)

log0.25(N(εn)

(np∗)0.25
, r∗1(n)1.5B(εn)

0.25

)
.

Optimal rate: If max
(
r∗1(n)2, log0.5(N(εn))

(np∗)0.5

)
= O(B0(εn)), then H(n) =

O(B0(εn)), and thus

Edn(ψεn(· | Pn), ψ0) = O(B0(εn)).

Define

ropt(n) ≡ min
ε

{
B0(ε) +

log0.5(N(ε))√
n

}

εopt(n) ≡ argminε

{
B0(ε) +

log0.5(N(ε))

n0.5

}
.
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It follows that, if r∗1(n)2 = O(B0(εn)) and εn = c ∗ εopt(n) for a 0 < c < ∞,
then

E
∫
L(O,ψεn(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O) = O(B0(εn)) = O(ropt(n)).

Asymptotic Equivalence. If r∗1(n)2 = o(B0(εn), then

O(H(n)) = O

(
log0.5(N(εn))

(np∗)0.5

)
+ o(B0(εn)).

Thus, if also log0.5(N(εn))
(np∗)0.5 = o(B0(εn)), then

H(n) = o(B0(εn))

Consequently, if max
(
r∗1(n)2, log0.5(N(εn)

(np∗)0.5

)
= o(B0(εn)

2), then

Edn(ψεn(· | Pn), ψ0)

Edn(ψεn(· | P0), ψ0)
→ 1 for n→∞,

and, in particular,

dn(ψεn(· | Pn), ψ0)

dn(ψεn(· | P0), ψ0)
→ 1 in probability for n→∞.

Proof. We apply Theorem 2 with candidate “estimators” ψk(· | Pn) ≡ ψεnk
(constants), k = 1, . . . , N(εn). Note that in this setting the quantaties in
Theorem 2 have the following corresponding analogues:

ψk(· | Pn) = ψεnk
ψk̂(· | Pn) = ψεn(· | Pn)

ψk̃(· | Pn) = argminψ∈Ψεn

∫
L(O,ψ | η0)dP0(O)

≡ ψεn(· | P0).

L∗(O,ψk(· | P ∗
n,Sn

), ψ0) = L(O,ψεnk | η0)− L(O,ψ0 | η0)

dn(1−p∗)(ψεn(· | Pn), ψ0) = θ̃n(1−p)(k̂)− θopt

= dn(ψεn(· | Pn), ψ0)

=
∫
L(O,ψεn(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)
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dn(1−p∗)(ψεn(· | P0), ψ0) = θ̃n(1−p)(k̃)− θopt

= dn(ψεn(· | P0), ψ0)

=
∫
L(O,ψεn(· | P0) | η0)− L(O,ψ0 | η0)dP0(O)

= B0(εn)

K(n) = N(εn)

r̃2(n) = B0(εn)

=
∫
L(O,ψεn(· | P0) | η0)− L(O,ψ0 | η0)dP0(O).

The above theorem is now the complete analogue of Theorem 2. 2

14.3 Asymptotic implications for ε-net estimator.

If N(ε) is of the same order as the covering number N(ε,Ψ, ‖ · ‖Ψ)), then the
above theorems shows that for any constant c > 0 the risk of the estimator
ψc∗εopt(n) converges to the optimal risk of ψ0 at a rate as fast or faster than
r∗opt(n), where r∗opt(n) is an explicitly known rate defined as follows. For loss
functions satisfying Assumption A3, we have

ropt(n) ≤ r∗opt(n) = min
ε

{
AE0(ε) +

log(N(ε,Ψ, ‖ · ‖Ψ))

n

}
,

while for loss functions not satisfying Assumption A3, we have

ropt(n) ≤ r∗opt(n) = min
ε

{
AE0(ε) +

log0.5(N(ε,Ψ, ‖ · ‖Ψ))√
n

}
.

Let ε∗opt(n) be the argument of the minimum corresponding with r∗opt(n). For
quadratic loss functions satisfying Assumption A3 of Theorem 1 we have
AE0(ε) ≤ Cε2 for some C < ∞. Thus, in this case the rate of convergence
r∗opt(n) can be bounded as follows:

r∗opt(n) ≤ min
ε
ε2 +

log(N(ε,Ψ, ‖ · ‖Ψ))

n
.

For non-quadratic loss functions not satisfying Assumption A3, we typically
have AE0(ε) ≤ Cε for some C < ∞, so that the rate of convergence can be
bounded as follows:

r∗opt(n) ≤ min
ε
ε+

log0.5(N(ε,Ψ, ‖ · ‖Ψ))√
n

.
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Below we will verify that for the well known smoothness classes Ψ for mul-
tivariate real valued functions, the above explicit bounds for ropt(n) and
r∗opt(n) correspond with the optimal rates of convergence given in the litera-
ture. We refer to van der Vaart and Wellner (1996) for the covering numbers
N(ε,Ψ, ‖ · ‖Ψ) of a variety of classes of functions Ψ.

Since B0(ε) and AE0(ε) depend on underlying smoothness of ψ0, the rate
of convergence ropt(n) reported in our theorems could be significantly better
than the above bounds r∗opt(n). In other words, the estimator ψεopt(n)(· | Pn)
is capable of adapting to the actual smoothness of ψ0 and thereby possibly
achieves a better rate of convergence than the optimal rate implied by the
size of the parameter space Ψ.

14.4 Examples of covering numbers.

Results on covering numbers N(ε,Ψ, ‖ · ‖) w.r.t. to the supremum norm or
other norms can be found in approximation theory. We refer to van der Vaart,
Wellner (1996, section 2.7) for a number of very general examples of classes
of functions Ψ and proofs. We will describe here one of their examples.

Example 8 (Lipschitz functions on euclidean sets, Theorem 2.7.1,
van der Vaart, Wellner, 1996) Define for any vector k = (k1, . . . , kd) of
d integers the differential operator

Dk =
dk·

dxk11 . . . dxkd
d

,

where k· =
∑
i ki. For a number α, let α be the largest integer smaller than

α. For a function f : X ⊂ IRd → IR, let

‖ f ‖α= max
k·≤α

sup
x
| Dkf(x) | + max

k·=α
sup
x,y

| Dkf(x)−Dkf(y) |
‖ x− y ‖α−α

Here the suprema are taken over all x, y in the interior of X with x 6= y. Let
Cα
M be the set of all continuous functions f : X → IR with ‖ f ‖α≤ M . Let

X be a bounded convex subset of IRd with non-empty interior. There exists
a constant K depending only on α and d such that

log(N(ε, Cα
1 (X ), ‖ · ‖∞) ≤ Kλ(X1)

(
1

ε

)d/α
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for every ε > 0, where λ(X1) is the Lebesgue measure of the set {x :‖ x−X ‖<
1}. It follows that if Ψ = CM(α) for some M <∞, and AE(ε) ≤ ε2, then

ε∗opt(n) ≤ n−
α

2α+d ,

which corresponds with a rate r∗opt(n) = ε∗opt(n)2 ≤ n−
2α

2α+d which is known to
be optimal.

Let F be the class of all univariate real valued monotone functions uni-
formly bounded from below and above. Van der Vaart, Wellner (1996) also
show that log(N(ε,F , Lr(Q)) ≤ K

ε
for every probability measure Q, ev-

ery r ≥ 1 and a constant K only depending on r. Thus, if Ψ consists
of the class of all monotone bounded univariate real valued functions, then
εopt(n) = n−1/3 so that ropt(n) = n−2/3.

15 Finite sample result for the cross-validated

epsilon-net estimator.

Consider the estimator ψk̂(· | Pn) = ψεn(k̂)(· | Pn) defined in (38). Let k̃
be the optimal comparable benchmark selector for choosing the constant ck
given by

k̃ = argmink∈{1,...,K(n)}ESn

∫
L(O,ψk(· | P 0

n,Sn
) | η0)dP0(O)

and let
k̃n = argmink∈{1,...,K(n)}

∫
L(O,ψk(· | Pn) | η0)dP0(O)

be the selector for ck which for each given data set chooses the optimal
constant.

15.1 Quadratic loss function.

The following theorem establishes a finite sample bound, and the asymptotic
equivalence of ψk̂(· | Pn) with ψk̃n

(· | Pn) if K(n) is chosen to converge to
infinity slowly enough with sample size n so that log(K(n))/np converges
fast enough to zero. This theorem is a direct corollary of Theorem 1 and the
asymptotic optimality Corollary 1.
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Theorem 7 Assumptions.
A1. The limit η0 of ηn = η(Pn) for n→∞ is an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 ,

where the supremum is taken over a support of the distribution P0 of O.
A3. There exist a M2 <∞ so that

sup
ψ∈Ψ

∫
L∗2(O,ψ, ψ0)dP0(O)∫
L∗(O,ψ, ψ0)dP0(O)

≤M2.

Definitions. We define the following constants:

M1 = 2M∗
1

c(M1,M2, δ) = 2(1 + δ)2
(
M1

3
+
M2

δ

)
a0 ≡ 2M1/3

M3(log(K(n))) = 3a0 +
√

2

√
log(2)

log(K(n))
+

√
2√

log(K(n))
+ b0 +

∫ ∞

b0
2K(n)1−m(x)dx,

where b0 is the smallest constant larger than the solution of 1 − m(x) = 0
with m(x) = 0.5 x2

1/ log(K(n))+a0x
. We note that M3(log(K(n)) ↓ in n.

We also define the following sequences in n:

r1(n) ≡ max
k̄∈{k̂,k̃}

E
∫
(L∗0n,Sn

− L∗)(O,ψk̄(· | P 0
n,Sn

), ψ0)dP0(O)√
E
∫
L∗(O,ψk̄(· | P 0

n,Sn
), ψ0)dP0(O)

r2(n) ≡ E max
k∈{1,...,K(n)}

√∫
(L∗0n,Sn

− L∗)2(O,ψk(· | P 0
n,Sn

), ψ0)dP0(O)

r̃(n)2 ≡ Edn(1−p)(ψk̃(· | Pn), ψ0).

Finally, for any δ > 0 we define

εn(δ) ≡ (1 + 2δ)r̃2(n) + 2c(M1,M2, δ)
1 + log(K(n))

np

+(1 + δ)r1(n)r̃(n) +
2M3(1 + δ) log(K(n))

(np)0.5
max(r2(n), (np)−0.5I(r2(n) > 0)).
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Finite Sample Result. For any δ > 0, we have

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤

r1(n)(1 + δ) +
√
r1(n)2(1 + δ)2 + 4εn(δ)

2


2

= f1(r̃(n)2, r1(n), r2(n), log(K(n)), np,M1,M2,M3(log(K(n)), δ).

Define

f1(n, k) ≡
f1(B0(εn(k)), r

∗
1(n(1− p)), r∗2(n(1− p)), log(N(εn(k))), n(1− p)p∗,M1,M2,M3(N(εn(k)), δ).

We have that
r̃(n)2 ≤ r̃(n)u2 ≡ min

k∈{1,...,K(n)}
f1(n, k).

If ηn = η0 is known, then this finite sample bound reduces to (set p∗ = 1)):

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤

(1 + 2δ) min
k

{
(1 + 2δ)B0(εn(k)) + 2C(M1,M2, δ)

1 + log(N(εn(k)))

n(1− p)

}

+2C(M1,M2, δ)
1 + log(K(n))

np
.

Asymptotic Implication. For any δ > 0

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤ (1 + 2δ)Edn(1−p)(ψk̃(· | Pn), ψ0) +O(H(n)),

where

H(n) ≡ max

(
log(K(n))

np
,
log(K(n))r2(n)

(np)0.5
, r2

1(n), r1(n)r̃(n), r1(n)1.5r̃(n)0.5,√
log(K(n))r1(n)

(np)0.5
,

√
log(K(n)r2(n)0.5r1(n)

(np)0.25

 .
Consequently, we have the following scenarios.
Optimal rate: If max

(
log(K(n))

np
, r1(n)2, log(K(n))r2(n)2

)
= O(r̃(n)2), then

H(n) = O(r̃(n)2), and thus

Edn(1−p)(ψk̂(· | Pn), ψ0) = O(r̃(n)u2)
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Asymptotic equivalence: If either max
(

log(K(n))
np

, r1(n)2, log(K(n))r2(n)2
)

=

o(r̃(n)2) or max
(

log(K(n))2

np
, r1(n)2, r2(n)2

)
= o(r̃(n)2), then

H(n) = o(r̃(n)2).

Consequently, under these two possible scenarios under which H(n) = o(r̃(n)2),
we have

Edn(1−p)(ψk̂(· | Pn), ψ0)

Edn(1−p)(ψk̃(· | Pn), ψ0)
→ 1 for n→∞. (40)

Finally, if these two possible scenarios hold with r̃(n) replaced by the random
quantaty dn(1−p)(ψk̃(· | Pn), ψ0), then

dn(1−p)(ψk̂(· | Pn), ψ0)

dn(1−p)(ψk̃(· | Pn), ψ0)
→ 1 in probability for n→∞. (41)

If p = pn → 0 for n→∞, max
(

log(K(n))2

np
, r1(n)2, r2(n)2

)
= o(r̃(n)2), and

Emink∈{1,...,K(n)}
∫
L(O,ψk(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

Emink∈{1,...,K(n)}ESn

∫
L(O,ψk(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1,

then

E
∫
L(O,ψk̂(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

Emink∈{1,...,K(n)}
∫
L(O,ψk(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1 for n→∞.

(42)
That is, the cross-validation selector ck̂ for selecting the constant performs
asymptotically exactly as well as the selector ck̃n

which for each given data
set selects the optimal constant.

Proof. We apply Theorem 1 to the candidate estimators ψk(· | Pn), k =
1, . . . , K(n). This shows that the above theorem is a direct application of
Theorem 1. Regarding the finite sample bound, we note that

r̃2(n) = E
∫
L(O,ψk̃(· | P

0
n,Sn

) | η0)− L(O,ψ0 | η0)dP0(O)

= E min
k∈{1,...,K(n)}

∫
L(O,ψk(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

≤ min
k∈{1,...,K(n)}

E
∫
L(O,ψk(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O).
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By the finite sample result for ψεn(k)(· | Pn) established in the previous sec-
tion, we can bound the expectation, conditional on Sn, as follows: for any
δ > 0

E
∫
L(O,ψk(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O) ≤ (1 + 2δ)×

f1(B(εn(k)), r
∗
1(n(1− p)), r∗2(n(1− p)), log(N(εn(k))), n(1− p)p∗,M1,M2,M3(N(εn(k)), δ).

Since this bound does not depend on Sn, it also holds unconditionally. This
proves the reported finite sample bound. 2

15.2 General loss function.

Similarly, we obtain this theorem for loss functions not satisfying property
A3.

Theorem 8 Assumptions.
A1. The limit η0 of ηn for n→∞ needs to be an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 ,

where the supremum is taken over the support of the distribution P0 of O.

Definitions. We define the following constants: We define the following
sequences in n:

f(M∗
1 , K(n), np) ≡ 4M∗2

1

√
logK(n)

np

r1(n) ≡ max
k̄∈{k̂,k̃}

E
∫
(L∗0n,Sn

− L∗)(O,ψk̄(· | P 0
n,Sn

), ψ0)dP0(O)√
E
∫
L∗(O,ψk̄(· | P 0

n,Sn
), ψ0)dP0(O)

r̃(n)2 ≡ Edn(1−p)(ψk̃(· | Pn), ψ0).

We also define

ε1n ≡ r̃2(n) + f(M∗
1 , K(n), np) + r1(n)r̃(n).

Finite Sample Result. We have

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤

r1(n) +
√
r1(n)2 + 4ε1n

2


2

= f2(r̃(n)2, r1(n), log(K(n)), np,M∗
1 ).

90

http://biostats.bepress.com/ucbbiostat/paper130



Here r̃(n)2 is bounded by:

r̃2(n) ≤ r̃(n)u2

≡ min
k∈{1,...,K(n)}

f2(B0(εn(k)), r
∗
1(n(1− p)), log(N(εn(k))), n(1− p)p∗,M∗

1 ).

If η0 is known, then this finite sample bound reduces to:

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤ min
k
{B0(εn(k)) + f(M∗

1 , N(εn(k)), n(1− p))}

+f(M∗
1 , K(n), np).

Asymptotic Implication. We have

Edn(1−p)(ψk̂(· | Pn), ψ0) ≤ Edn(1−p)(ψk̃(· | Pn), ψ0) +O(H(n)),

where

H(n) ≡ max

(
log0.5(K(n))

(np)0.5
, r1(n)r̃(n), r1(n)2, r1(n)

log0.25(K(n))

(np)0.25
, r1(n)1.5r̃(n)0.5

)
.

Optimal rate: If max
(
r1(n)2, log0.5(K(n))

(np)0.5

)
= O(r̃(n)2), then H(n) = O(r̃(n)2),

and thus
Edn(1−p)(ψk̂(· | Pn), ψ0) = O

(
r̃(n)u2

)
.

Asymptotic Equivalence. If max(r1(n), log0.5(K(n))/(np)0.5) = o(r̃(n)),
then then

Edn(1−p)(ψk̂(· | Pn), ψ0)

Edn(1−p)(ψk̃(· | Pn), ψ0)
→ 1 for n→∞. (43)

Finally, if max(r1(n), log0.5(K(n))/(np)0.5 = oP (dn(1−p)(ψk̃(· | Pn), ψ0)), then

dn(1−p)(ψk̂(· | Pn), ψ0)

dn(1−p)(ψk̃(· | Pn), ψ0)
→ 1 in probability for n→∞.

If p = pn → 0 for n→∞, (43) holds, and

Emink∈{1,...,K(n)}
∫
L(O,ψk(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

Emink∈{1,...,K(n)}ESn

∫
L(O,ψk(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1,

then

E
∫
L(O,ψk̂(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

Emink∈{1,...,K(n)}
∫
L(O,ψk(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1 for n→∞.
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15.3 Asymptotic implications for cross-validated epsilon-
net estimator.

Thus, we have now shown that the estimator ψk̂(· | Pn) is asymptotically
equivalent with the estimator which for each given data set chooses the es-
timator among {ψεn(k)(· | Pn), k = 1, . . . , K(n)}, which is closest to the
true parameter ψ0, where we know that each of the candidate estimators
ψεn(k)(· | Pn) itself converges to ψ0 at a rate smaller than or equal to the non-
adaptive optimal rate r∗opt(n). Consequently, our estimator does not only
achieve at minimal the optimal rate of convergence, but it also selects the
smoothing parameter ε so that it is optimal for the actual parameter value
ψ0. That is, the ε-selector adapts to underlying properties of ψ0.

16 Finite sample result for adaptive cross-

validated epsilon-net estimator.

We define the benchmark selector

(ε̃, s̃) = argmin(s,ε)∈An
ESn

∫
L(O,ψs,ε(· | P 0

n,Sn
) | η0

n,Sn
)dP0(O).

We also define

B0(ε, s) = min
j

∫
L(O,ψs,εj | η0)− L(O,ψ0 | η0)dP0(O).

16.1 Quadratic loss function

An application of Theorem 1 yields the following finite sample and asymptotic
results for this estimator.

Theorem 9 Assumptions.
A1. The limit η0 of the nuisance parameter estimator ηn = η(Pn) for n→∞
is an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 ,
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where the supremum is taken over a support of the distribution P0 of O.
A3. There exist a M2 <∞ so that for all ψ ∈ Ψ

sup
ψ∈Ψ

VARP0L
∗(O,ψ, ψ0)

EP0L
∗(O,ψ, ψ0)

≤M2.

Definitions. We define the following constants:

M1 = 2M∗
1

c(M1,M2, δ) = 2(1 + δ)2
(
M1

3
+
M2

δ

)
a0 ≡ 2M1/3

M3(log(K(n))) = 3a0 +
√

2

√
log(2)

log(K(n))
+

√
2√

log(K(n))
+ b0 +

∫ ∞

b0
2K(n)1−m(x)dx,

where b0 is the smallest constant larger than the solution of 1 − m(x) = 0
with m(x) = 0.5 x2

1/ log(K(n))+a0x
. We note that M3(log(K(n)) ↓ in n.

We also define the following sequences in n:

r1(n) ≡ max
(s̄,ε̄)∈{(ŝ,ε̂),(s̃,ε̃)}

E
∫
(L∗0n,Sn

− L∗)(O,ψs̄,ε̄(· | P 0
n,Sn

), ψ0)dP0(O)√
E
∫
L∗(O,ψs̄,ε̄(· | P 0

n,Sn
), ψ0)dP0(O)

r2(n) ≡ E max
(s,ε)∈An

√∫
(L∗0n,Sn

− L∗)2(O,ψs,ε(· | P 0
n,Sn

), ψ0)dP0(O)

r̃(n)2 ≡ Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0).

Finally, for any δ > 0 we define

εn(δ) ≡ (1 + 2δ)r̃2(n) + 2c(M1,M2, δ)
1 + log(K(n))

np
+

(1 + δ)r1(n)r̃(n) +
2M3(1 + δ) log(K(n))

(np)0.5
max(r2(n), (np)−0.5I(r2(n) > 0)).

Finite Sample Result. For any δ > 0, we have

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤

r1(n)(1 + δ) +
√
r1(n)2(1 + δ)2 + 4εn(δ)

2


2

≡ f1(r̃(n)2, r1(n), r2(n), log(K(n)), np,M1,M2,M3(log(K(n)), δ).
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Let

f1n(s, ε) ≡
f1(B0(s, ε), r

∗
1(n(1− p)), r∗2(n(1− p)), log(Ns(ε)), n(1− p)p∗,M1,M2,M3(Ns(ε)), δ).

We have

r̃(n)2 ≤ r̃(n)u2

≡ min
(s,ε)∈An

f1n(s, ε).

If η0 is known, then this finite sample bound reduces to (set p∗ = 1):

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤

(1 + 2δ) min
(s,ε)∈An

{
(1 + 2δ)B0(s, ε) + 2C(M1,M2, δ)

1 + log(Ns(ε))

n(1− p)

}

+2C(M1,M2, δ)
1 + log(K(n))

np
.

Asymptotic Implication. For any δ > 0

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤ (1 + 2δ)Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0) +O(H(n)),

where

H(n) ≡ max

(
log(K(n))

np
,
log(K(n))r2(n)

(np)0.5
, r2

1(n), r1(n)r̃(n), r1(n)1.5r̃(n)0.5,√
log(K(n))r1(n)

(np)0.5
,

√
log(K(n)r2(n)0.5r1(n)

(np)0.25

 .
Consequently, we have the following scenarios.
Optimal rate: If max

(
log(K(n))

np
, r1(n)2, log(K(n))r2(n)2

)
= O(r̃(n)2), then

H(n) = O(r̃(n)2), and thus

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) = O(r̃(n)u2).

Asymptotic equivalence: If either max
(

log(K(n))
np

, r1(n)2, log(K(n))r2(n)2
)

=

o(r̃(n)2) or max
(

log(K(n))2

np
, r1(n)2, r2(n)2

)
= o(r̃(n)2), then

H(n) = o(r̃(n)2).
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Consequently, under these two possible scenarios under which H(n) = o(r̃(n)2),
we have

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0)

Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0)
→ 1 for n→∞.

If these two possible scenarios hold with r̃(n) replaced by the random quantaty
dn(1−p)(ψs̃,ε̃(· | Pn), ψ0), then

dn(1−p)(ψŝ,ε̂(· | Pn), ψ0)

dn(1−p)(ψs̃,ε̃(· | Pn), ψ0)
→ 1 in probability for n→∞.

If p = pn → 0 for n→∞, max
(

log(K(n))2

np
, r1(n)2, r2(n)2

)
= o(r̃(n)2), and

Emin(s,ε)∈An

∫
L(O,ψs,ε(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

Emin(s,ε)∈An ESn

∫
L(O,ψs,ε(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1,

then

E
∫
L(O,ψŝ,ε̂(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

Emin(s,ε)∈An

∫
L(O,ψs,ε(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1 for n→∞.

That is, the final statements says that the cross-validation selector (ŝ, ε̂) for
selecting the (s, ε) performs asymptotically exactly as well as the selector
(s̃, ε̃) which for each given data set selects the optimal (s, ε) making the
estimator ψs,ε(· | Pn) closest to ψ0.

16.2 General loss function

Similarly, we obtain this theorem for loss functions not satisfying property
A3.

Theorem 10 Assumptions.
A1. The limit η0 of ηn = η(Pn) for n→∞ is an element of Γ(P0).
A2. There exist a M∗

1 <∞ so that

sup
ψ∈Ψ

sup
O
L∗(O,ψ, ψ0) ≤M∗

1 a.s.,

where the supremum is taken over the support of the distribution P0 of O.
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Definitions. Let B ≡ {(ŝ, ε̂), (s̃, ε̃)} be the collection of these two estimators.
We define the following sequences in n:

f(M∗
1 , K(n), np) ≡ 4M∗2

1

√
logK(n)

np

r1(n) ≡ max
(s̄,ε̄)∈B

E
∫
(L∗0n,Sn

− L∗)(O,ψs̄,ε̄(· | P 0
n,Sn

), ψ0)dP0(O)√
E
∫
L∗(O,ψs̄,ε̄(· | P 0

n,Sn
), ψ0)dP0(O)

r̃(n)2 ≡ Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0).

We also define

ε1n ≡ r̃2(n) + f(M∗
1 , K(n), np) + r1(n)r̃(n).

Finite Sample Result. We have

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤

r1(n) +
√
r1(n)2 + 4ε1n

2


2

= f2(r̃(n)2, r1(n), log(K(n)), np,M∗
1 ).

Here r̃(n)2 can be bounded as follows:

r̃2(n) ≤ r̃(n)u2

≡ min
(s,ε)∈An

f2(B0(ε, s), r
∗
1(n(1− p)), log(Ns(ε)), n(1− p)p∗,M∗

1 ).

If η0 is known, then this finite sample bound reduces to:

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤ min
(s,ε)∈An

{B0(ε, s) + f(M∗
1 , Ns(ε), n(1− p))}

+f(M∗
1 , K(n), np).

Asymptotic Implication. We have

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) ≤ Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0) +O(H(n)),

where

H(n) ≡ max

(
log0.5(K(n))

(np)0.5
, r1(n)r̃(n), r1(n)2, r1(n)

log0.25(K(n))

(np)0.25
, r1(n)1.5r̃(n)0.5

)
.
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Optimal rate: If max
(
r1(n)2, log0.5(K(n))

(np)0.5

)
= O(r̃(n)2), then H(n) = O(r̃(n)2)

and thus
Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0) = O(r̃(n)u2).

Asymptotic Equivalence. If max(r1(n), log0.5(K(n))/(np)0.5) = o(r̃(n)),
then then

Edn(1−p)(ψŝ,ε̂(· | Pn), ψ0)

Edn(1−p)(ψs̃,ε̃(· | Pn), ψ0)
→ 1 for n→∞. (44)

If max(r1(n), log0.5(K(n))/(np)0.5) = oP (dn(1−p)(ψs̃,ε̃(· | Pn), ψ0)), then

dn(1−p)(ψŝ,ε̃(· | Pn), ψ0)

dn(1−p)(ψs̃,ε̃(· | Pn), ψ0)
→ 1 in probability for n→∞.

If p = pn → 0 for n→∞, (44) holds, and

Emin(s,ε)∈An

∫
L(O,ψs,ε(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

Emin(s,ε)∈An ESn

∫
L(O,ψs,ε(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1,

then

E
∫
L(O,ψŝ,ε̂(· | P 0

n,Sn
) | η0)− L(O,ψ0 | η0)dP0(O)

Emin(s,ε)∈An

∫
L(O,ψs,ε(· | Pn) | η0)− L(O,ψ0 | η0)dP0(O)

→ 1 for n→∞.

16.3 Asymptotic adaptivity.

Thus, if we control the number of tried values (ε, s) and the nuisance param-
eter η0 can be estimated at a fast enough rate, then dn(1−p)(ψ̂(· | Pn), ψ0)
converges to zero at the same rate as mins,ε dn(1−p)(ψs,ε(· | Pn), ψ0). Suppose
that, for each s, we choose values εn(k, s) = ckε

∗
s,opt(n), k = 1, . . . , K1(n, s),

which achieve the non-adaptive optimal rate of convergence for ψs,εn(k,s) for
the subspace Ψs. That is, if ψ0 happens to be an element of Ψs, then the
estimator ψs,εn(k,s) would converge to ψ0 at the optimal rate for the parame-
ter space Ψs. It follows that with this choice of ε-values, the cross-validated
adaptive epsilon-net estimator ψ̂ is minimax adaptive in the sense that it con-
verges (w.r.t. dn(1−p)(·, ·)) to ψ0 at the rate which is optimal for the smallest
of the parameter spaces which still contains ψ0.
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