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Summary:

This article proposes methodology for assessing goodness of fit in Bayesian hierarchical models. The

methodology is based on comparisons of the posterior distributions of pivotal discrepancy measures to known reference
distributions at various levels of model hierarchies. Because resulting diagnostics can be calculated from the standard
output of Markov chain Monte Carlo algorithms, their computational costs are minimal. Several simulation studies are
provided, each of which suggests that diagnostics based on pivotal discrepancy measures have higher statistical power
than comparable posterior-predictive diagnostic checks in detecting model departures. The proposed methodology is
illustrated in a clinical applications.
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In this article, we propose a class of model diagnostics that can be conveniently applied
to assess model adequacy in Bayesian hierarchical models. Our method is based on the
evaluation of pivotal discrepancy measures (PDMs), which are defined as functions of the
data and model parameters that have an invariant distribution when evaluated at the datagenerating (true) parameter value. A key result of this article is that the distribution of
a PDM has the same invariant distribution when evaluated at a parameter value drawn
from the posterior distribution. This result holds if the PDM is a function of both data and
parameters (Johnson, 2007), or parameters alone.
Diagnostics based on PDMs offer three important advantages over other commonly used
model diagnostics. First, these diagnostics can be computed directly from the standard
output of Markov chain Monte Carlo (MCMC) algorithms. Thus, posterior-predictive or
prior-predictive sampling computations are not required for their use. Second, because PDMs
can be defined as functions of model parameters only, they can be applied to diagnose model
inadequacy at any level of a hierarchical model. Other model diagnostics, like those based
on posterior-predictive sampling, do not share this property. Finally, because the marginal
distribution of PDMs is known a priori, it is possible to calibrate their values exactly to
obtain either uniformly distributed p-values or exact probabilistic bounds on distributions
of order statistics of posterior samples of PDMs. This fact simplifies the interpretation of
PDMs in evaluating model fit.
In current practice, most Bayesian model diagnostics are based on posterior-predictive
methodology (e.g., Guttman, 1967; Rubin, 1984; Gelman, Meng and Stern, 1996; and Meng
1994). Like PDM diagnostics, posterior-predictive model diagnostics are based on the evaluation of discrepancy measures, which are chosen to detect specific departures from model
assumptions. Under this approach, the adequacy of a model is assessed by comparing the
value of the discrepancy measure evaluated at observed data to values of the discrep-
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ancy measure evaluated at data simulated from the posterior-predictive density. Although
conceptually simple to implement, this approach suffers from a number of practical and
theoretical shortcomings. From a practical perspective, posterior-predictive model assessment
sacrifices statistical power to detect model inadequacy because observed data tend to be more
consistent with the posterior distribution (which they have been used to define) than are
simulated data drawn from that posterior. This deficiency is related to another deficiency
of posterior-predictive model diagnostics; namely, that posterior predictive p-values are not
uniformly distributed under the assumed model. This makes the interpretation of posteriorpredictive p-values difficult (e.g., Robins, van der Vaart, and Ventura, 2000).
Posterior-predictive model diagnostics are, by definition, also of limited value in their ability to detect model departures in hierarchical models. The evaluation of posterior-predictive
model diagnostics implicitly depends on comparisons of the value of the discrepancy function
evaluated at observed data to values of the discrepancy function evaluated at data simulated
from the posterior distribution. As a consequence, posterior-predictive calibration of discrepancy measures can only occur at the data-generating level of a hierarchical model. This
restriction severely limits the application of posterior-predictive methods for assessing the
suitability of the assumptions made at higher levels in a model hierarchy where there is no
functional dependence on data.
As an alternative to posterior-predictive model checks, Dey et al. (1998) proposed what
might be called prior-predictive model diagnostics. These diagnostics are based on comparisons of posterior distributions of a discrepancy measure evaluated at observed data
to posterior distributions of data simulated from the prior-predictive density. Such priorpredictive assessment typically provides better statistical power than the posterior-predictive
method, and p-values based on this method are uniformly distributed under the assumed
model. However, prior-predictive model diagnostics are extremely expensive to compute–
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generally increasing computation by a factor of 1,000 compared to that required to fit the
original model–and so are of limited value for exploratory model analyses and model selection.
In addition, this methodology cannot be used in models that incorporate improper priors.
Other approaches to Bayesian model assessment include those of Bayarri and Berger
(2000), Robins, van der Vaart, and Ventura (2000), and Hjort, Dahl and Steinbakk (2006),
who proposed model diagnostics that can be calibrated to produce uniformly distributed
p-values. Unfortunately, these approaches can be analytically challenging to apply in realistically complex models. Like prior predictive approaches, they can also be computationally expensive to implement. Marshall and Spiegelhalter (2007) investigated a diagnostic
test based on measuring the conflict between prior and likelihood replicates using crossvalidation. Based on a measure of the local conflict between the prior and likelihood, Scheel,
Green and Rougier (2010) proposed a graphical diagnostic for identifying influential model
choices in Bayesian hierarchical models. Other methods for hierarchical model assessment
include those of Chaloner and Brant (1988), Chaloner (1994), Hodges (1998), Bayarri and
Castellanos(2007), and Dahl, Gåsemyr and Natvig (2007), among others.
The remainder of this article is organized as follows. In Section 2, we introduce a motivating
example and describe PDM-based model assessment for hierarchical models. In Section 3,
we evaluate the performance of our method using simulation studies and compare it to other
model diagnostics. In Section 4, we illustrate the proposed methodology in two applications.
We conclude with a brief discussion of findings in Section 5.

1. Methodology
1.1 A motivating example
To motivate our method, we consider an example that stems from a clinical trial conducted
at M.D. Anderson Cancer Center, which concerns radiation therapy in the treatment of
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cancer of the esophagus. Radiation therapy anywhere in the thorax potentially damages lung
tissue, resulting in an inflammatory lung response known as radiation pneumonitis. Although
common among patients who are treated with thoracic radiation, radiation pneumonitis
can be extremely serious and even lethal in a subset of patients. Radiation oncologists can
estimate the level of radiation injury to the lungs by measuring the uptake of fluorescenttagged glucose analogs in lung tissue following treatment. The goal of the clinical trial was
to evaluate the relationship between the uptake of the glucose analogs in lung tissue shortly
after radiation therapy and the subsequent onset of radiation pneumonitis. A preliminary
statistical analysis of the uptake data collected at various locations in the patients’ lung
images suggested a linear relationship with the radiation dose delivered to the same locations.
The slope and intercept of the line observed for each patient was further hypothesized to be
related to the occurrence of radiation pneumonitis (Guerrero et al. 2007). The goal of our
analysis is to evaluate the adequacy of a hierarchical linear model for describing the relation
between the standardized uptake values (SUVs) of the glucose analog and the radiation dose.
A total of I = 36 patients with esophageal cancer were treated and subsequently underwent
positron emission tomography (PET) imaging to measure the uptake of the glucose analog.
SUVs derived from the PET images were then measured at various voxels within the affected
anatomy and were matched to the radiation dose level delivered at those locations. We
considered eight models to describe the relation between SUVs and radiation dose. The
simplest was a three-level linear hierarchical model of the following form:
yij ∼ N(αi + βi xj , σij2 ),
!

"

αi
∼ N
βi
!
"
α
∼ N
β
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j = 1, . . . , Ji ,

σij2 ≡ σ 2 ∼ IG(γ, γ),

τ12 , τ22 ∼ IG(ν, ν).

(1)
(2)
(3)

Here, yij denotes an SUV measured in patient i at radiation dose level xj , and αi and βi
are patient-specific intercept and slope parameters. For these data, the same 50 dose levels
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were measured for each patient, so that Ji ≡ 50. Vague priors were assumed for (α, β)′ and
σ 2 by assuming a large value for δ and small values for γ, and for τ1 and τ2 by setting
ν = 10−6 . We chose a value of ν = 10−6 to reflect vague prior information regarding the
parameters in the second stage variance matrix; we note that the empirical variances of
the least squares estimates of the intercept and slope parameters were 0.026 and 0.552,
respectively. For convenience, we refer to equations (1-3) as the first, second, and third
levels of the model hierarchy, respectively. Seven other models were defined to have a similar
structure in the first level of the model structure, but differed in their assumptions for the
second and third levels. In the simplest of these models depicted above, σ 2 was assumed
to be constant across all observations. In the more complicated models, the observational
variance was allowed to differ according to dose or subject, which is why σij2 appears with
an index in equations (1-2). A summary of all eight models is provided in Table 2 (discussed
further in Section 3).

1.2 Pivotal discrepancy measures
Central to our methodology is the concept of a pivotal discrepancy measure, which is defined
as a function of the data and model parameters, say d(y, θ), that has a known and invariant
sampling distribution when data y are generated from the model indexed by θ. For the
purpose of this article, it is critical to distinguish between the values of the data-generating
parameters and parameters sampled from the posterior distribution. We will denote the
data-generating parameters with a 0 superscript, i.e., θ0 , and use θ̃ to indicate parameter
values drawn from the posterior distribution.
Under a hierarchical model specification, we assume that a single value of the parameter
defined at the highest level of a model hierarchy is generated first, then based on this value,
a model parameter is generated at the second highest level of a model, and so on until the
data in the first-stage model are generated. In the hierarchical model described in equations
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(1-3), the quantity (yij − αi0 − βi0 xj )/σij0 is a pivotal quantity, being distributed as a N(0, 1)
random variable. Johnson (2007) described the use of pivotal quantities that were functions
of data y and θ for model assessment. Put simply, he showed that the sampling distribution
of d(y, θ0 ) was the same as the sampling distribution of d(y, θ̃) for arbitrary pivotal quantities
derived from proper statistical models. His proof, however, required that the pivotal quantity
be a function of the observed data y. Although not technically difficult to obtain, a more
general result is required for the application of that methodology to hierarchical models,
because many assumptions made in hierarchical models do not involve data. For example,
Johnson’s results do not immediately extend to the definition of pivotal quantities in the
second level of the model, defined in equation (2). For this reason, we generalize the notion
of a pivotal quantity and define a pivotal discrepancy measure (PDM) as a function of either
data and parameters or of parameters alone, that has an invariant sampling distribution
when evaluated at data and parameter values drawn from the assumed model. We denote a
general PDM by d(y, θ). In the hierarchical model of Section 2.1 and according to the data
generation scheme described above, (αi0 − α0 )/τ10 is a PDM following a N(0, 1) distribution.
The generalization of pivotal quantities to PDMs is important because it allows us to define
model diagnostics at all levels within a hierarchical model. We note that diagnosing the
fit of higher levels of a hierarchical model can be critical for model assessment when the
hierarchical structure is important in, for example, predictive inference.
If the value of the data generation parameter were available, we could assess the adequacy
of a model by simply treating d(y, θ0) as a test statistic. In practice, of course, θ0 is not
observed. Fortunately, when θ̃ is a value drawn from the posterior distribution on θ given
y, Johnson (2007) showed that the distribution of d(y, θ0 ) is identical to the distribution of
d(y, θ̃) when the PDM depends on both y and θ. The following lemma extends this result
to arbitrary PDMs.
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Suppose that d(y, θ0 ) is a PDM distributed according to F . If θ̃ is drawn

from the posterior distribution on θ given y, then d(y, θ̃) is also distributed according to F .
In particular, this lemma applies even if d(y, θ0 ) ≡ d(θ0 ); its proof appears in the Appendix.
With this result, our general strategy for hierarchical model assessment can be described
in two steps. First, we identify a pivotal discrepancy measure d(y, θ) with a known sampling
distribution F that targets a specific departure from the model assumptions. Second, we
assess the adequacy of the model by determining if d(y, θ̃) can be regarded as a draw from
F . That is, we treat d(y, θ̃) as a standard test statistic. If d(y, θ̃) represents an extreme
value under F , we conclude that there is evidence of model inadequacy. We now examine
this diagnostic strategy in more detail.
1.3 Construction of pivotal discrepancy measures
In the general process of model assessment, it is useful to examine both global goodness-of-fit
diagnostics, as well as diagnostics targeted at specific features of a model. An advantage of
our method is that it accommodates the construction of both types of diagnostics using only
standard output from MCMC algorithms.
Targeted diagnostics are useful when a particular aspect of a model is questioned. This is
especially important when the number of parameters involved in the model assumption under
question is small. For example, in a standard three-level random-effects model, there often is
a comparatively small number of exchangeable random intercepts in the second-level model.
In such circumstances, an omnibus model diagnostic based on data collected at the first level
of the model hierarchy may lack power to detect model inadequacy regarding the assumed
distribution of intercepts. If the normality assumption on the values of the intercepts is in
question, then greater power in detecting model departures can usually be obtained by, for
example, subjecting posterior samples of their values to a Shapiro-Wilks test.
In contrast to targeted PDMs, omnibus tests are useful for examining overall model fit
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and can be used to screen models to determine if more specific assumptions need to be
tested. One omnibus PDM that we find useful is based on standardized residuals. For ease
of exposition, we define this statistic for residuals obtained in the first level of a normal
hierarchical model, although the extension to other exponential family models and other
levels within a model hierarchy is straightforward. We assume throughout that observations
are conditionally independent, given the value of the model parameter, in the first stage of
the model. The idea behind this discrepancy measure is illustrated in Figure 1 and can be
described as follows.
[Figure 1 about here.]
(1) Let µi (θ̃) and Vi (θ̃) denote the mean and variance of observation yi based on a value
of θ̃ drawn from the posterior distribution. Define standardized residuals according to
1

wi = Vi (θ̃)− 2 [yi − µi (θ̃)].
(2) Partition {wi } into K groups according to the values of µi (θ̃). The motivation for this
partitioning procedure is that the residuals in the same group tend to deviate from 0 in
the same direction when the mean structure is not correctly specified. Consequently,
grouping residuals according to their expectations yields higher power for detecting
model misspecification. Typically, the partition is defined so that each group contains
approximately the same number of residuals. In Figure 1, the thick vertical lines indicate
a partition of hypothetical residuals from a simple linear regression model into three
groups.
(3) Within the kth group of residuals, k = 1, . . . , K, construct a PDM dk (y, θ) that has a χ2
distribution under the assumed model. Such a PDM can be constructed by first binning
residuals into L cells based on the value of their cumulative distribution function at the
sampled parameter θ̃, using predetermined bin boundaries 0 = b0 < · · · < bL = 1. For
example, in the first-level model, equation (1), residuals are placed into bin l if the value
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of Φ[(yij − αi0 − βi0 xj )/σij0 ] falls in the interval (bl−1 , bl ], where Φ(·) denotes the standard
normal distribution function. Cell boundaries determined in this way are indicated by
the horizontal lines in Figure 1. Let nk denote the total number of residuals in group
k, Ol the observed number of residuals in bin l and pl = Φ(bl ) − Φ(bl−1 ). Then the χ2
statistic dk (y, θ) is defined by
dk (y, θ) =

L
X
l=1

"

Ol − nk pl
√
nk pl

#2

.

(4)

It is important to note that the degree of freedom of this χ2 statistic is L − 1, because
the distribution of the PDM evaluated at a posterior sample is the same as it is under
the data-generating value of the parameter. Thus, no degree-of-freedom adjustments for
model complexity are required. Kallenberg, Oosterhoff and Schriever (1985) provided
guidance on how the bins should be partitioned, and Mann and Wald (1942) investigated
how many bins should be used when constructing Pearson’s χ2 statistic.
(4) Sum the χ2 statistics defined for each of the K groups to obtain a global PDM. The
resulting discrepancy measure takes the form
d(y, θ) =

K
X

dk (y, θ).

(5)

k=1

When the assumed model is correct and the sample size is large, d(y, θ̃) approximately
follows a χ2K(L−1) distribution.
For discrete data, it is often useful to define discrepancy measures by randomizing probabilitytransformed values to bins. Letting g and G denote the probability mass function and
cumulative density function of a discrete random variable y, uniform deviates can be obtained
according to
zi = G(yi− |θ) + ug(yi|θ),

(6)

where u is a random uniform deviate and yi− denotes the largest value in the sample space
that is smaller than yi. At both the true parameter and a parameter value drawn from the
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posterior distribution given y, {zi } are independent and follow a uniform distribution. The
vector z = {zi } can thus be used to define discrepancy measures similar to those described
above for continuous data.
We note, of course, that our purpose in performing this randomization is not the same as
that used in performing a randomized test in the Neyman-Pearson framework. Our randomization procedure is performed over many draws from an MCMC sampling algorithm; thus,
no single value of u dominates the procedure. Nonetheless, the requirement to randomize
to obtain a continuous PDM will generally result in a loss of statistical power in detecting
model departures.

1.4 Assessing the joint distribution of pivotal discrepancy measures
We assess model adequacy by treating d(y, θ̃) as a test statistic drawn from the reference
distribution F . Let {θ̃j , j = 1, . . . , J} denote samples from the posterior distribution of θ
given y obtained from the output of an MCMC algorithm. Although the marginal distribution of each element of {d(y, θ̃j )} is known (i.e., F ), the values of the PDM evaluated at
draws from the same posterior are not independent because they are based on the same value
of y (Johnson, 2004). This dependence makes summarizing evidence against a model based
on a posterior sample {θ̃j } more complicated. Johnson (2007) proposed several schemes for
circumventing this difficulty for pivotal quantities dependent on data.
The simplest way to evaluate the distribution of the d(y, θ̃j ) values is to graphically
compare a histogram of their values to the reference distribution F . If model fit is reasonable,
then the histogram should fall within the central region of F . On the other hand, model
inadequacy is suggested when the histogram and F are discordant.
A more formal comparison between the posterior distribution of d(y, θ̃) and F can be
based on bounds on order statistics of dependent samples of random variables (Caraux and
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Gascuel, 1992; Rychlik, 1992). Let d(r) denote the rth order statistic of the {d(y, θ̃j )} values.
Then it follows that
P (d(r)

(

)

J[1 − F (t)]
> t) ≤ min 1,
,
J −r+1

(7)

where J is the posterior sample size. For example, if t equals the 0.99 quantile of F , then
for large J the probability that d(0.8J) > t is less than or equal to 0.05. In other words, a
finding that 20% of d(y, θ̃) values exceeds the .99 quantile from the nominal distribution
implies a p-value less than or equal to 0.05. To eliminate the necessity of choosing r, we
extend Johnson’s approach (2007) and perform a numerical search over the order statistics
to identify the minimum value of the resulting p-value, say pmin. The numerical search of
pmin is computationally trivial, involving only simple evaluation of the right side of equation
(7) at the marginal distribution of each order statistic.
Several points should be noted with regard to identifying pmin . First, in order to avoid
defining a value of pmin that is dependent on the particular posterior sample {d(y, θ̃)}
obtained from the MCMC algorithm, J should be chosen large enough so that uncertainty
in the r/Jth quantile of the distribution of d(y, θ̃) is small. Extreme order statistics should
not be used if the uncertainty in the expected quantile is high. Second, in the case in which
the distribution of d(y, θ̃) is not exact, the extreme tails of the distribution of d(y, θ̃) should
be excluded from the search. In our simulation and examples, we excluded the upper 0.5%
percentile of the PDMs. Finally, the bounds determined by equation (7) are typically quite
conservative. With these comments in mind, we propose the following rule of thumb for
evaluating model adequacy based on pmin .

(1) If pmin < 0.05, there is strong evidence of model inadequacy.
(2) If 0.05 < pmin < 0.25, there is some evidence of inadequacy, and the posterior distribution
of PDMs warrants more precise evaluation using prior predictive posterior simulations
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(Dey et al 1998; Johnson 2007), or other PDMs should be considered to examine specific
aspects of model fit.
(3) If pmin > 0.25, the diagnostic does not provide evidence of lack of fit.
For case 2, the use of prior-predictive assessment of the PDM essentially makes our proposal
equivalent to the method of Dey et al. (1998). The computational burden associated with
obtaining a formal p-vaue in this case will often be prohibitive, and so we do not generally
recommend formal calibration of the PDM’s p-value with prior-predictive methods. Instead,
we recommend that values of pmin < 0.25 simply be regarded as suggesting evidence of model
lack of fit.
Finally, we note that this rule of thumb can be applied for PDMs defined at any level of
the model hierarchy, including PDMs that do not depend on first-level data. While PDMs
based on data are useful for determining the adequacy of the sampling distribution, PDMs
defined at higher levels of the model are useful for evaluating the adequacy of the structure
imposed by the hierarchical prior.

2. Simulation studies
To evaluate the utility of model diagnostics based on PDMs, we performed a simulation
study to investigate their performance. In this study, we fit simulated data to the three-level
hierarchical model in equations (1-3). In each set of simulated data, I = 30 subjects were
observed at Ji = 50 doses. To test the ability of PDMs and our rule of thumb to detect model
departures, we simulated data under schemes that violated both first- and second-level model
assumptions.
Three types of inadequacy in the first level of the model were considered:
(1) Misspecified mean structure, in which yij ∼ N(αi + βi xj + γx2j , σ 2 ) for γ = 1.6, 2.2, and
3.0 (i.e., a quadratic effect was added).
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(2) Heterogeneous variance, in which yij ∼ N(αi + βi xj , xcj σ 2 ) for c = 0.28, 0.35, and 0.5.
(3) Non-normality of errors, in which yij ∼ tf (αi + βi xj , σ 2 ) where tf (a, b) denotes a tdistribution with a mean a, variance b and degrees of freedom f = 4, 5, and 6.
In addition, we also simulated two types of violations in the second level of the model:
(1) Non-exchangeability of regression parameters, in which βi ∼ N(β, τ22 ) for i = 1, · · · , 15,
and βi ∼ N(β + c, τ22 ) for i = 16, · · · , 30, with c = −2, -2.5, and -3.
(2) Non-normality of the second-level distribution, in which βi ∼ tf (β, τ22 ) for f = 2, 3 and
5.
Other model parameters were simulated from the following prior distributions:
τ12 ∼ IG(10, 11), τ22 ∼ IG(10, 11), σ 2 ∼ IG(10, 11), α ∼ N(2, 52 ) and β ∼ N(2, 52 ). We set
xj = (j − 1)/50 for j = 1, · · · , 50.
Model assessment was based on 10,000 posterior draws of parameters from a Gibbs sampler.
We used the PDM in equation (5) as the first-level pivotal discrepancy measure. To construct
this discrepancy measure, a total of 50 residual groups were formed according to each value
of x. Residuals for each x value were partitioned into 4 equal probability cells according to
the sampled value of the normal variance. To facilitate comparisons with Dey et al. (1998),
we defined the PDM for assessing the second stage model to be dβ =

30
P

i=1

(βi − β)2 /τβ2 .

The rule of thumb described in Section 2.4 was used to determine the adequacy of each
simulated model. We compared our method to the prior-predictive method of Dey et al.
(1998) and the posterior-predictive method of Gelman et al. (1996) using the same discrepancy functions for each method. For all methods, the null hypothesis of model adequacy was
rejected when the p-value was less than 0.05. In the prior-predictive approach, the empirical
distribution of the discrepancy measures was estimated from 1,000 prior-predictive replicates.
Similarly, 1,000 posterior-predictive data values were drawn from each posterior distribution
to perform posterior-predictive diagnosis. The posterior-predictive method could not be
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calibrated for dβ because dβ is not a function of y; thus, posterior-predictive methodology
was not used to assess second-level model assumptions.
Table 1 displays the operating characteristics of the three diagnostics under each of the
five data generation schemes. For the first-level model assessment, the PDM method had
substantially higher power to detect various types of model inadequacy than the posteriorpredictive method, even when based on the conservative bounds in equation (7). These gains
are quite remarkable since they are also accompanied by a drastic reduction in computational
effort.
[Table 1 about here.]
As expected, the PDM method based on the exact probabilistic bounds was less powerful
than exact prior-predictive simulations. Nonetheless, the power of the PDM method was
comparable to or better than that of the prior-predictive method when models were flagged
whenever pmin < 0.25 (i.e., the numbers in parentheses in Table 1). In terms of computational
expense, the PDM method offers an enormous advantage over the prior-predictive method.
The PDM diagnostics were computed directly from standard MCMC output, whereas the
prior-predictive diagnostics required the simulation of 1,000 additional chains for each data
value generated. The prior-predictive diagnostics were thus 1,000 times more expensive to
compute. Similar comments apply to the second-level model assessment. The PDM method
was again slightly less powerful than the prior-predictive method, but was dramatically faster
in terms of the computing time. The posterior-predictive method could not be applied to
assess second-level model assumptions.
It is also interesting to note that the first-level model diagnostics had little power in
detecting second-level model deviations, and that the second-level diagnostics had little
power to detect first-level violations. Clearly, the use of targeted diagnostics is important for
detecting model lack of fit at various stages within hierarchical models.
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3. Applications
3.1 Normal hierarchical linear model for dose-uptake data
We return to the motivating example described in Section 2.1. Eight candidate models
were applied to the dose-uptake data. The models differed according to their assumptions
regarding the variance components in the second and third levels of the model (see Table 2).
In each model, we used noninformative priors for σ 2 (or σi2 ) of the form π(σ 2 ) ∝ 1/σ 2 , and
vague priors for R. (Incorporating a proper, but vague prior on σ 2 leads to numerical results
that are indistinguishable from those reported for the limiting case in which σ 2 ∝ 1/σ 2 .)
When R was assumed to be of the form R = diag(τ12 , τ22 ), we assumed τ12 ∼ IG(10−6, 10−6 )
and τ22 ∼ IG(10−6 , 10−6). When R had the more general structure
τ12 , τ1,2
,
τ1,2 , τ22
!

its prior was assumed to be an inverse-Wishart distribution on two degrees of freedom and
a scale matrix diag(10−6 , 10−6). A noninformative prior was assigned to α and β, i.e., we
assumed π(α, β) ∝ constant.
[Table 2 about here.]
Because the number of observations was large (1,800), we applied the PDM in equation
(4) to assess the adequacy of the first-level model. We formed 50 residual groups according
to the values of the tissue exposure, xj , and within each group we used normal quantiles
to partition the residuals into 4 cells. The resulting pivotal discrepancy measure nominally
follows a χ2150 under the assumed model.
The second-level model was examined by investigating the distribution of PDMs given by
ǫαi = (αi − α)/τ1 and ǫβi = (βi − β)/τ2 . Figure 2 displays a normal scores plot for a posterior
draw of these standardized residuals from the same MCMC iteration under model 1 in
Table 2. According to the lemma, these residuals are marginally distributed as independent
standard normal deviates when evaluated at a single draw from the posterior distribution

16
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when the second-level model is correct. Figure 2 does not suggest a lack of fit based on the
residuals ǫαi . However, it is clear that the residuals ǫβi are not normally distributed. Similar
patterns were observed for the residuals obtained under all the other models listed in Table 2.
[Figure 2 about here.]
These observations prompted us to use the Shapiro-Wilks test statistic as the PDM to
conduct a more formal assessment of the second-level model. We assessed the adequacy of
the model specification of αi and βi separately. Specifically, we applied the Shapiro-Wilks
test to {α̃i } and {β̃i } to obtain bounds on the p-values.
Table 2 summarizes the diagnostics for eight models using our method, each based on
10,000 posterior draws of the parameters. Within the three rows dedicated to the first-level
model assessment, the first row provides the probability that the PDM exceeded the 95%
quantile of its reference distribution. The second row provides the upper bound on p-values
obtained from equation (7). For comparison, the third row shows the p-values obtained from
the posterior-predictive method. Similar summary statistics are displayed for the secondlevel model assessment, except that posterior-predictive p-values have been omitted from
this section of the table since they cannot be applied at this model level.
From these model diagnostics, we see that models 1-6 clearly failed to provide an adequate
fit to the data in the first level of the hierarchy. Under each of these models, all 10,000 sampled
values of the PDM exceeded the 0.95 quantile of the reference χ2150 distribution, and pmin
was always less than 10−4 . A lack of fit was also detected by the posterior-predictive method
(p-value < 10−4 ). Model 7 provided a better fit than models 1 to 6; however, it still led
to 56.8% of sampled PDM values exceeding the 0.95 quantile of the χ2150 distribution; pmin
was 0.02, suggesting a significant lack of fit for this model as well. The posterior-predictive
diagnostic failed to detect this lack of fit; its p-value was 0.07. For model 8, only 9% of the
PDM values from model 8 were larger than the 0.95 quantile of χ2150 , and pmin was 0.43,
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suggesting an adequate model fit. This finding was consistent with the posterior-predictive
method (p-value = 0.26).
In the second-level model assessment, no model lack of fit was detected for the intercept
terms. Except for Model 5, the percentage of PDM values that exceeded the 95% quantile of
the reference distribution was less than 7%, and pmin > 0.5. Although model 5 demonstrated
more evidence of lack of fit, it was not decisive based on our rule of thumb. Our diagnostic
did indicate a strong lack of fit for the distribution of the βi parameters in all models; pmin
was always less than 10−4 .
The distribution of the discrepancy measures can also be explored graphically. Figure
3 shows a plot of the distribution of the first-level model discrepancy values based on
10,000 posterior samples of θ under each model. To facilitate interpretation, the empirical
distributions of d(y, θ̃) for models 1 to 7 are smoothed, and only the empirical distribution
of model 8 discrepancy values is presented as a histogram. As before, this plot clearly reveals
a lack of fit of the first-level hierarchy in models 1 to 7, and suggests adequate fit of the
first-level assumptions for model 8.
[Figure 3 about here.]
3.2 A hierarchical logistic model for transplant data
Finally, we apply our diagnostics to the analysis of a hierarchical model for binary data.
These data, previously analyzed by Dey et al. (1998), involve data abstracted from the United
Network for Organ Sharing public-use database. The data consist of 961 organ transplants
performed at 10 transplant centers. Transplant recipients were classified into 5 age groups,
centered at 25, 35, 45, 55, and 65 years of age. Transplant outcomes were coded as 1 or 0
according to whether or not the patient experienced organ rejection or death (1), or not (0).
Let yij denote the number of patients who were coded as 1 among the nij patients in the jth
age group at the ith center.
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Assuming that yij follows a binomial distribution, Bin(nij , pij ), with i = 1, . . . , 10 and
j = 1, . . . , 5, and xj denotes the age of the jth age group, Dey et al. (1998) proposed the
following hierarchical model for these clustered data:
yij ∼ Bin(nij , pij ),

(8)

logit(pij ) = αi + βi xj ,
αi
βi

!

α ∼ N(−0.9, 0.22 ),
τα ∼ IG(2.16, 0.464),

∼ N

(9)

τ2 0
α
, α 2
0 τβ
β
!

!!

,

(10)

β ∼ N(0.17, 0.052),

(11)

τβ ∼ IG(2.0069, 0.0025).

(12)

We assessed the first-level model using the discrepancy measure d(y, θ) described in Section
2.2. Specifically, we applied the randomization scheme in equation (6) to convert the residuals
to continuous uniform deviates, and then grouped the transformed observations according
to age group. Within each age group, four equiprobable cells were used to construct the χ2
statistic.
To assess the adequacy of the second-level model, we examined plots of the standardized
q

q

residuals ǫαi = (αi + 0.9)/ τα2 + 0.22 and ǫβi = (βi − 0.17)/ τβ2 + 0.052 , which are nominally
distributed as standard normal deviates. Normal score plots for these residuals are displayed
in Figure 4. Clearly, the normality assumption of αi and βi seems reasonable, but the
mean structures are misspecified. To further investigate deviations from the assumed mean
structure, we defined the following discrepancy measures:
dα = 10(ᾱ + 0.9)2 /(τα2 + 0.22 ),
dβ = 10(β̄ − 0.17)2 /(τβ2 + 0.052 ).
Here ᾱ =

P10

i=1

αi /10 and β̄ =

P10

i=1

βi /10. These PDMs are marginally distributed as χ21

random variables when evaluated at a set of posterior draws of (αi , τα ) and (βi , τβ ) under
the assumed model.
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[Figure 4 about here.]
Figure 5 depicts histograms of these discrepancy measures based on 10,000 posterior draws
of the parameter vectors. In the first level of the model, about 3% of the associated discrepancy values exceeded the .95 quantile of their nominal χ215 distribution. The corresponding
value of pmin was 0.85. In the second level of the model, about 82.2% of the dα values
and 42.1% of the dβ values exceeded the .95 quantile of their nominal χ21 distributions.
Corresponding probabilistic upper bounds on the p-values for model lack of fit were less than
10−5 for both dα and dβ . These results suggest that the first level of the model in equation
(10) provides an adequate fit, but the second-level model does not fit the data well. Dey et
al. (1998) obtained similar results based on their discrepancy function and prior-predictive
model checks. Their diagnosis supports a reasonable fit of the first-level model, but certain
inadequacy of the second-level model. However, their results require considerably more effort
to obtain (via prior-predictive simulation), whereas our diagnostics were constructed directly
from standard MCMC output.
[Figure 5 about here.]

4. Discussion
This article proposes a simple Bayesian diagnostic method to assess the adequacy of hierarchical models. Our method is based on comparisons of the posterior distribution of pivotal
discrepancy measures to their known reference distribution. Large discrepancies between
these distributions indicate model inadequacy. Techniques for combining information across
posterior samples of discrepancy measures have been presented. Compared to other Bayesian
diagnostic methods, which are often simulation-intensive, our diagnostics are defined using
only posterior samples of parameters obtained as part of standard MCMC output. Implementation of these diagnostics is thus straightforward, making them especially well suited
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for the early phases of model building when many complex hierarchical models need to be
examined and screened.
Although this article has focused on hierarchical models, and indeed hierarchical models
for conditionally independent observations, the principles behind our proposal can often be
extended to more complicated models in a straightforward way. Taking spatial models as
an example, many Bayesian models for spatial data are specified using Gaussian processes
in which the modeling effort focuses on the specification of covariance functions. Letting
z(s), µ(s, θ) and C(s, θ) denote a realization, the mean function, and the covariance function
for a Gaussian process indexed by s, PDMs of the type described in this article might be
constructed by partitioning elements of the χ2 random variable [z(s)−µ(s, θ̃)]′ C −1 (s, θ̃)[z(s)−
µ(s, θ̃)] according to the spatial region. Such an approach is potentially useful in detecting,
for example, process non-stationarity. Similar extensions seem plausible for a wide range of
longitudinal and spatio-temporal models.
One limitation of the proposed PDM diagnostics is that informal assessment of the joint
distribution of PDMs is based on a general bound on the order statistics of the dependent
variables, which applies to any form of dependency between deviates. Consequently, the pvalue obtained from this bound can be quite conservative and may lead to a substantial loss
of power. Further research regarding the joint distribution of PDMs defined from the same
data vector is clearly warranted.
Another limitation of our method is that the proofs of Lemma 1 and Theorem 1 that
we borrow from Johnson (2007) require the use of proper prior distributions on all model
parameters. Although limiting arguments can be used to extend this result for particular
cases and stages of hierarchical models, a more general formulation in which guidelines for
defining the extent of permissible impropriety would be useful.
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Appendix

Appendix: Proof of lemma
Proof: When the PDM depends on y, a proof of this lemma follows from Theorem 1 in
Johnson (2007). We focus here on the case in which the PDM depends only on θ. Let π(θ)
denote the prior distribution on θ, f (y|θ) denote the sampling distribution of y given θ for
y ∈ Y, and m(y) denote the marginal distribution of y. Let Θ denote the parameter space,
and let A denote any subset of Θ. Then it follows that
Z Z

Z

IA(θ̃) p(θ̃|y)f (y|θ)π(θ)dθdydθ̃

=

Z Z

Z

IA(θ̃)

=

Z Z

Z

IA(θ̃) f (y|θ̃)π(θ̃)p(θ|y)dθdydθ̃

Pr(θ̃ ∈ A) =

Θ Y

Θ

f (y|θ̃)π(θ̃)
f (y|θ)π(θ)dθdydθ̃
m(y)
Θ Y Θ
Z Z Z
f (y|θ)π(θ)
dθdydθ̃
=
IA(θ̃) f (y|θ̃)π(θ̃)
m(y)
Θ Y Θ

=
=

Θ Y

Z Z

Θ Y

Z

Θ

Θ

IA(θ̃) f (y|θ̃)π(θ̃)dydθ̃

IA(θ̃) π(θ̃)dθ̃

= Pr(θ0 ∈ A)
Since the distribution of θ̃ is the same as θ0 , so too is the distribution of PDMs based on θ̃.
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Figure 1. Construction of a chi-squared discrepancy measure. Standardized residuals are
first split into three groups using the two thick vertical lines, and then partitioned into chisquared cells according to the two thick horizontal lines. These residuals were obtained from a
simple linear model that failed to incorporate a quadratic effect. Note that by partitioning the
observations into K=3 groups, the deviation from linearity is more clearly detected in each
cell. For example, the two cells marked with “-” and “+” contribute (0 − 3.33)2 /3.33 = 3.33
and (9 − 3.33)2 /3.33 = 9.63, respectively, to the second χ22 deviate, and these large values
would be missed if all 30 residuals in the plot were collapsed to form a single χ22 random
variable based only on the horizontal partitions.
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Figure 2. Quantile-quantile plots of residuals ǫα and ǫβ for a single, randomly selected
parameter drawn from the posterior distribution obtained within one update in the MCMC
algorithm. The dashed lines represent the defaults for the function qqline (from the R
software package), which pass through the upper and lower quartiles of the empirical
distribution function. The 45-degree line through the origin is displayed for reference.
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Figure 3. Histogram estimates of the posterior distribution of the first-level discrepancy
measure d(y, θ) under eight models (M1 to M8). The histogram estimates under models 1
to 7 have been smoothed. The reference χ2150 distribution is displayed as a broken line.
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Figure 4. Quantile-quantile plots of residuals ǫα and ǫβ for randomly selected parameter
values drawn from the posterior distribution under different priors of α. The prior of α
is N(−0.9, 0.22 ) in the top row, and N(−0.9, 0.132 ) in the bottom row. The dashed lines
represent the defaults for the function qqline (from the R software package), which pass
through the upper and lower quartiles of the empirical distribution function. The 45-degree
line through the origin is displayed for reference.
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Figure 5. Histogram of posterior discrepancy measure values for the first-level and secondlevel models for the transplantation data. The reference distribution in the left panel is
displayed by a solid line, and the 95% quantiles of the reference distributions are indicated
by vertical lines.
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Table 1
Percentage of rejection (%) of model adequacy in 1,000 simulations for prior-predictive, posterior-predictive and
PDM methods under a two-level hierarchical model. For the PDM method, the rule of thumb is used to determine
model adequacy; numbers in parentheses are the percentage of simulations in which either strong or some evidence
of inadequacy was detected (i.e., pmin < 0.25).

Inadequacy

Mean

Variance

Distribution

Exchangeability

Distribution
None

Parameter

First-level assessment
Prior
Posterior
Pivotal
predictive predictive

Second-level assessment
Prior
Pivotal
predictive

γ = 1.6
γ = 2.2
γ = 3.0
c = 0.28
c = 0.35
c = 0.50
f =6
f =5
f =4

First level of the model
32.4
9.6
13.9 (39.1)
64.2
35.7
41.3 (69.5)
91.7
77.8
80.7 (93.6)
28.0
5.9
11.5 (36.6)
47.8
16.1
29.6 (58.3)
92.8
67.6
83.2 (96.6)
27.7
6.5
17.3 (42.0)
51.1
20.2
39.5 (67.0)
88.7
65.2
85.0 (94.7)

4.9
4.8
4.8
5.6
5.6
5.6
4.4
5.0
4.8

c = −2
c = −2.5
c = −3
f =5
f =3
f =2

Second level of the model
5.6
1.0
1.4 (7.5)
5.6
0.9
1.3 (7.7)
5.7
0.9
1.3 (7.6)
3.9
0.4
0.8 (5.8)
4.7
0.8
1.4 (6.6)
4.5
0.6
0.9 (6.2)

42.6
77.2
94.7
32.3
57.5
82.5

8.3 (51.1)
24.3 (82.0)
56.9 (96.4)
12.6 (36.4)
34.7 (61.7)
66.4 (84.5)

5.0

5.0

0.4 (7.4)

0.4

1.0 (7.1)

0.4
0.4
0.4
0.4
0.4
0.4
0.4
0.8
0.7

(7.4)
(7.4)
(7.2)
(6.6)
(6.7)
(6.7)
(6.0)
(7.2)
(7.7)
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Table 2
Summaries of assessment of eight models for dose-uptake data. Models differ according to their assumptions
2
regarding σij
and R. For both first-level and second-level assessments, the first row in each section shows the
percentage of discrepancy measure values larger than the 95% quantile of the corresponding reference distributions.
The second row in each section presents the probabilistic upper bound on the p-values. For the first-level model
assessment, the third row shows the posterior-predictive p-values.

Model
σij2
R

M1
σ2 

τ12 ,0
0,τ22

First-level
assessment

100
0
0

αi
Second-level
assessment

βi

5.6
0.67
100
0

M2
M3
M4
M5
M6
M7
M8
2
2
2
2
2
2
σ
σ
σ
x
σ
x
σ
x
σ
x
σ2
 2   2i   2 i   j2   2j   j2 i  2j i 
τ ,τ
τ ,0
τ ,τ
τ ,0
τ ,τ
τ ,0
τ ,τ
1

12

1

1

12

1

1

12

1

1

12

τ12 ,τ22

0,τ22

τ12 ,τ22

0,τ22

τ12 ,τ22

0,τ22

τ12 ,τ22

100
0
0

100
0
0

100
0
0

100
0
0

100
0
0

56.8
0.02
0.07

9.0
0.43
0.26

6.6
0.57
100
0

5.2
0.69
99.9
0

4.4
1.0
99.9
0

12.9
0.20
100
0

9.6
0.38
100
0

5.7
0.85
100
0

5.4
0.91
100
0

