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Abstract

The receiver operating characteristic (ROC) curve, the positive predictive value (PPV) curve and
the negative predictive value (NPV) curve are three common measures of performance for a diagnostic
biomarker. The independent increments covariance structure assumption is common in the group se-
quential study design literature. Showing that summary measures of the ROC, PPV and NPV curves
have an independent increments covariance structure will provide the theoretical foundation for design-
ing group sequential diagnostic biomarker studies. The ROC, PPV and NPV curves are often estimated
empirically to avoid assumptions about the distributional form of the biomarkers. In this paper we derive
asymptotic theory for the sequential empirical ROC, PPV and NPV curves. These results are used to
show that the independent increments assumption holds for some summary measures of the ROC, PPV

and NPV curves when estimated empirically.
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1 Introduction

Diagnostic biomarkers are used to classify a patient as a case or a control. Two common approaches for
evaluating a diagnostic biomarker are to summarize the markers classification and predictive accuracy. Clas-
sification accuracy refers to the biomarker’s ability to, conditional on the subjects true case/control status,
correctly classify the subject as a case or control. Predictive accuracy refers to the biomarker’s ability to,

conditional on the biomarker value, predict if a subject is truly a case or control.

A dichotomous biomarker can only take the values positive or negative and therefore it is straightforward
to summarize its classification and predictive accuracy. In contrast, a threshold must be defined in order
to translate a continuous biomarker into a positive or negative test result. In the setting of case-control
sampling, where disease status is known before sampling, let Xp be a biomarker value for a case with cumu-
lative distribution function Fp(z) and Xp be a biomarker value for a control with cumulative distribution
function F5(z). In the setting of cohort sampling, where disease status is unknown before sampling from
a well defined cohort, let D be a Bernoulli random variable indicating disease status with prevalence p and
let X be a biomarker value with conditional distribution F(z|D = 1) = Fp(x) and F(x|D = 0) = Fp(z).
The marginal distribution of X is therefore F'(z) = pFp(x) + (1 — p) Fp(x). In both cases, we assume that
larger biomarker values are more indicative of disease. Therefore, for a threshold ¢, a biomarker value Xp,
Xp or X is translated into a positive test result if it is greater than ¢ and a negative test result if it is less

than or equal to c.

The receiver operating characteristic (ROC) curve summarizes the classification accuracy of a continu-
ous marker (Pepe, 2003). The classification accuracy of a dichotomous biomarker is summarized by the
sensitivity and specificity. This can be extended to continuous markers by defining a threshold and report-
ing the sensitivity and specificity of the dichotomous marker derived from this threshold. For a given
threshold ¢, the classification accuracy of the biomarker can be summarized by the true positive frac-
tion (TPF), TPF(c) = P[X > ¢|D =1] = P[Xp > c|, and the false positive fraction (FPF), FPF(c) =

P[X > ¢|D =0] = P[Xp > c|. The entire set of possible true and false positive fractions can be summarized
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by the (ROC) curve
ROC(c) = {(TPF(c),FPF(c)),c € (—00,00)}.

The ROC curve can alternately be expressed as
ROC(t) = 5p (S5' (1), t€(0,1), (1)

where Sp(z) =1 — Fp(x) and Sp(x) =1 — Fp(z). ROC(t) can be interpreted as the TPF corresponding

to a FPF of t. Alternately, one might be interested in the inverse of the ROC curve,
ROC™'(v) = Sp (Sp* (v)), ve(0,1). (2)

ROC~1(v) is indexed by the TPF and can be interpreted as the FPF corresponding to a TPF of v.

The predictive accuracy of a dichotomous biomarker can be summarized by the positive predictive value
(PPV) and negative predictive value (NPV). The PPV and NPV curves were proposed as an extension
of PPV and NPV to continuous markers (Moskowitz and Pepe, 2004; Zheng et al., 2008). For a given
threshold ¢, the predictive accuracy of the biomarker can be summarized by the positive predictive value,
PPV(c) = P[D =1|X > ¢], and the negative predictive value, NPV (c) = P[D = 0|X < ¢|]. The PPV and
NPV curves are defined as PPV (¢) and NPV (c) for all ¢ € (—o0, 00). In practice, the PPV and NPV curves
are indexed by a summary of the marker distribution rather than a generic threshold. In this paper, we

consider the PPV and NPV curves indexed by the TPF, FPF and the percentile value in the entire population.

The ROC, PPV and NPV curves are commonly estimated nonparametrically using the empirical ROC
curve, the empirical PPV curve and the empirical NPV curve, respectively. Nonparametric estimation al-
lows us to avoid making assumptions about the form of Fp(x) and Fp(z). This is particularly important
in the case of the ROC, PPV and NPV curves because our interest often lies in regions of the curve that
correspond to the tails of the distributions. For example, a biomarker must possess a high specificity in order

to be clinically useful in a low disease risk population screening setting, which corresponds to the upper tail

Hosted by The Berkeley Electronic Press



of the distribution of the biomarker in the controls.

Our understanding of the empirical ROC curve is enhanced by knowledge of it’s asymptotic properties.
Hsieh and Turnbull (1996) showed that the empirical ROC curve converges to the sum of two independent
Brownian bridges. The asymptotic normality of summary measures of the empirical ROC curve, such as the
area under the ROC curve or a point on the ROC curve, can be derived as a result of their work. Currently,

no asymptotic theory is available for the empirical PPV and NPV curves.

Group sequential study designs provide an opportunity to improve the efficiency of diagnostic biomarker
studies. Many group sequential methods assume an independent increments covariance structure (Jennison
and Turnbull, 2000). These methods could be applied to any summary of the ROC, PPV or NPV curve for
which this assumption holds. Tang et al. (2008) recently showed that a family of weighted area under the
ROC curve (wAUC) statistics has an independent increments covariance structure and illustrate how this
family of statistics can be used to design group sequential diagnostic biomarker studies. Showing that a wide
array of summaries of the ROC, PPV and NPV curves have an independent increment covariance structure

will allow more flexibility when designing group sequential diagnostic biomarker studies.

In this paper we investigate the asymptotic properties of the sequential empirical ROC, PPV and NPV
curves. We first define the sequential empirical estimates of the underlying distribution and quantile func-
tions under case-control and cohort sampling. Under case-control sampling, let Xp 1, Xp2,...,Xpn, be
the marker values for the cases with distribution function, Fp(z), and Xp 1, Xp o,..., Xp ,,, be the marker
values for the controls with distribution function, Fp(z). Furthermore, we let rp and rp refer to the pro-
portion of case and controls, respectively, that are observed at a given time point. The sequential empirical

estimate of Fp(x) is defined as

; 0, 0<rp <k,
FDJ“D(‘r) 3

1 ZET:Dl"D] HXp: <z}, —oco<z<oo, % <rp <1,

[rpnp]
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and the sequential empirical estimate of F; L(t) is defined as

XD,I,[TDTLD] lf t = 07 0 S TD S 1?

FD_,er (t) = XD,k,[anD] Zf k=1 <t<

[rpnp] = [rpnp]?

1Sk§[anDLOSt§1

where Xp 1 (rpnpls XD,2,[ronpls - - -3 XD, [ronpl,[ronp] ar€ the sequential order statistics of the biomarker val-
ues for the cases. The sequential empirical estimates of Sp(x) and Sp;'(t) are defined as Sp.,,(z) =
1—Fp,,(z) and SB}TD (t) = FB,ITD (1 —t). The sequential empirical estimates for the control population are
defined analagously. The sequential empirical estimates of Fp(z) and Fp(z) lead to a natural definition of

the sequential empirical estimates of F/(x) and F~!(¢) under case-control sampling,

Frpirp (@) = pFp oy (2) + (1= p) Fp ., (2)

and

E7l(t) = inf{x : Fro,rg (z) > t},

TD,"H

where p is assumed to be known.

Under cohort sampling, let Dy, Ds, ..., D, bei.i.d. Bernoulli random variables indicating disease status with
prevalence p, let X7, Xo, ..., X,, be biomarker values with conditional distribution F'(x|D = 1) = Fp(z) and
F(z|D = 0) = Fp(z) and let r refer to the proportion of subjects observed at a given time point. The
marginal distribution of the X/s is F'(z) = pFp(x) 4+ (1 — p) Fp(x). The sequential empirical estimate of

Fp(z) under cohort sampling is defined as

\
8
A
8
A
3

Si=
IA
5
IA
\.H
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where

. 0, 0<r<i
X <seD=1)= 1 ) 1
szzll{X1§I,DZ:1}, 7OO<1'<OO7 ES'I"Sl,

and

The sequential empirical estimate of Fgl(t) under cohort sampling is defined as
Fpl(t) =inf{z: Fp,(z) > t}.

Again, the sequential empirical estimates of Sp(z) and Sp,'(t) are defined as Spr(x) =1 — Fp(z) and
S’B )lr (t) = F E,}T(l—t) and the sequential empirical estimates for the control population are defined analagously.

The sequential empirical estimate of F(z) is

N 0, 0<r< %,
F.(z)=
[rln] Zglnlll{Xigx}, —00 < T < 00, % <r<i,
and the sequential empirical estimate of F~1(t) is
Xl,[rn] Zf t=0, 0<r<1,
Fr_l(t) = Xk,[rn] Zf ][cr_rj <t g ﬁ?
1<k<[rn],0 <t <1,

where Xy [yn], X2 [rn]s - - - s X[rn],[rn] are the sequential order statistics of the biomarker values in the entire

population.

Throughout this paper we let 0 < a < b < 1,0<c¢<1,0<d<1 0<e < 1and make the follow-

ing assumptions:

Al Fp(x) and Fp(z) are continuous distribution functions with continuous densities fp(z) and fp(z),
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respectively,
A2 fp(x) >0 for x € (sup{z: Fp(x) = 0},inf{z : Fp(z) = 1}),
A3 fp(x) >0 for z € (sup{z : Fp(x) =0}, inf{z : Fp(x) =1}),
and under case-control sampling we also assume
A4 Z—g—>)\>0asn0—>ooandn5—>oo.

In section 2 we extend the work of Hsieh and Turnbull (1996) to the sequential empirical ROC curve and
use this result to show that the sequential empirical estimate of ROC(t), a point on the ROC curve, has an
independent increments covariance structure. In Sections 3, 4 and 5 we consider the PPV and NPV curves
indexed by the true positive fraction, false positive fraction and the percentile value in the entire population,
respectively. Distribution theory is developed for the sequential empirical PPV and NPV curves along with
some of their summary measures. Distribution theory for the fixed-sample empirical PPV and NPV curves

is developed as a special case.

2 ROC curve

2.1 Under Case-Control Sampling

We first consider the sequential empirical estimate of the ROC curve. In most instances the ROC curve
is estimated from case-control sampling and therefore we assume case-control sampling at this point. The
sequential empirical estimate of the ROC curve, ﬁ)\CmmD (t), is defined by substituting the sequential

empirical estimates of Sp(z) and Sp(x) into (1)
O _ & G—1
ROC, 0, (t) = Sp.p (S5, (1)

The sequential empirical estimate of ROC~!(v) is defined similarly. Theorem 2.1 establishes the convergence

in distribution of the sequential empirical ROC' curve and the inverse of the ROC curve to the sum of two
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independent Kiefer processes.

Theorem 2.1. Assume A1-A4 hold.

A. Let w be bounded on [a,b]. Asnp — oo and np — oo

e
Fo(S5t(®)

e v]

—1
n5 2 nprp)(ROC, 1y (1) — ROC(H) —p K1 (ROC(1), rp) + A2 72 (fD(SD )

f,j(sgla))) Raltrp)

"D

uniformly for t € [a,b], rp € [¢,1] and rp € [d, 1] where K1 and Ko are independent Kiefer Processes.

f5(Sp'(v) _
B. Let Fo(5T(0)) be bounded on [a,b]. As np — 0o and np — oo

_ S 1 1T - f5(Sp' ()
nDl/Z[nDTD](RocTD’TD(v)7ROC (v)) —=pA /2£K2(ROC 1(“)’“5”(,;(3721@)0 Ki(v,rp)

uniformly for v € [a,b], rp € [¢,1] and v € [d, 1] where K1 and K are independent Kiefer Processes.
Proof. We present the proof of A and note that the proof of B is nearly identical. First, note that

np A norp)(ROC .y (1) = ROC() =np *noro] (Sp.r, (S5, (1) = Sn(S5' (1))

() = Sp(S5., (1))

:n51/2[nDrD} (S’D,TD (S’B}T

o]

n ngl/z[nDTD] (SD(SE,ITD ) — SD(SBl(t))) .

The first term converges to a Kiefer process. We note that

= 3 np [npd] A1
N e t>7t‘: D sup sup sup — |Fp | F 5 t)) —t
3 < b.rp () [npd] e<rp<ia<ra<te<t<s np | 0\ D7D @

np npTH .
<P sup sup sup @ ‘FD (Fglw (t)) — t‘ .
[npd] c<rp<ia<rp<ia<i<t  7Tp D

sup sup sup
c<rp<1d<rp<1a<t<b

Therefore
sup  sup sup ‘FD (F51 i (t)) - t‘ —a.. 0 (3)
e<rp<1d<rp<la<t<b D

np 1

by the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorgé and Szyszkowicz (1998)) and because mod — @
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Furthermore, F5 L(t) will be continuous by A1-A3 and will be uniformly continuous on [a, b]. Therefore,

Alq .
sup sup  sup L )= FZ1(t)] =4 0. A
c<rp<1d<rp<1a<t<b D,rp ( ) D ( ) a.s ( )

We note that due to the continuity of Fp(x), SBI (t) = Fgl (1 —t) and therefore (4) also applies to SE)I (t).
From corollary 1.A in Csorg6 and Szyszkowicz (1998), (4) and the uniform continuity of the Kiefer process,

we have
np 2 noro] (80,5 (S5L, (1) = Sp(S5L (1)) —p Ki(ROC(),7p). (5)
The second term can be re-written as

np'2inprpl (Sz;(s’,g}rbu)) - SD<sgl<t>>)

=n52mprpl (SD (551 (SD (Szj),lrf, (t)))) - Sp (sgl(m))

a—1 —1
“pirp (t)))) ~ 50 (55 (”)) —1/ 1 f—1
nZ [nDr—](sD (Sbri(t)>—SD - (SDri(t))>
n (nprpl S5 (églrb (t)) —t b b
—1 a—1 —1
. "p2inprp) ( L <Sf7 (SD <S ’D(t))>> ~sp (% (t))> “z (s (e=t
= n tnprpl (5p,rp (S50 )~
nprpl S5 (sgl ) -t D
5]

By the mean value theorem, there exists a Sp (5‘51 ) (t)) between Sp (5‘5}7_5 (t)) and ¢ such that
Sp (551 (SD (é:}m (t)))) — Sp (S5'(®)) L (551 (SD (5‘5}”3 (t))))
) io(se (30 Gt @)

_(&-1

From (3), we know that Sp (SD,TD
therefore, Sp (551% (t)) —q.s. b, uniformly for t € [a,b], rp € [¢,1] and rp € [d,1]. This, along with the
. q Io(S5'®)
uniform continuity of 7o (5.70)

(t)) —q.s. t, uniformly for ¢ € [a,b], rp € [¢,1] and rp € [d, 1], and,

, allows us to conclude that

sup sup sup Io (SBI (SD (?B,lrp (t)>)) f[_) (Sél (t))
a1y o (50 ) o5
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which implies,

D
sup sup sup N -
e<rp<1d<rp<la<t<b Sh (5* - (t)) —t fr (551 (t))
TD

—a.s. 0. (6)

For all rp € [d, 1],

N A 1
sup |S ,(Sfl t)—t’<
agtgb Do D’T’j( ) “* [nprp]
Therefore,
—1/2 & a—1
sup sup sup n='"[nprpl|SpH (S— ) t)—t’< . ,
e<rp<ld<rp<la<t<b » | ] o D”D() L2
and
swp supsup np *lnprp) S5, (S51 (1) ~ 1] —as 0 7)

c<rp<1d<rp<1a<t<b
From corollary 1.A in Csorg6 and Szyszkowicz (1998), (4) and the uniform continuity of the Kiefer process,

we have
wp! ol (55 (355,0) = 951, (354, 0)) =0 Kaltoro). ©

—1/2
By (6), (7), (8) and noting that W — )\1/2:—2, we conclude that

5 “Inprpl

-1/2 &—1 -1 1/2TD fD(SE)I(t)) -
np'*looro] (Sp(Sp), (6) = Sp(Sp' (1)) —p X212 (usu») frltro) Y

Summing (5) and (9) gives the desired result. O

Theorem 2.1 extends the work of Hsieh and Turnbull to the sequential empirical ROC curve. We see
that the result is nearly identical to Hsieh and Turnbull’s result with Kiefer Processes replacing Brownian

Bridges. In fact, we are able to recover Hsieh and Turnbull’s result as a corollary.
Corollary 2.2. Assume A1-A4 hold.

—1
085 O) be bounded on [a,b]. As np — 00 and np — o0

D
A Let TSty

n}D/Q(R/OzHJ(t) — ROC(t)) —pB1(ROC(t)) + A2 <m> Bs(t)
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uniformly for t € [a,b] where By and By are independent Brownian Bridges.

Ip(Sp' (v)) _
B. Let m be bounded on [a,b]. Asnp — oo and np — 00

nY?(ROC, 1 (v) — ROC™}(v)) —pA~Y2By(ROC™ (v)) + <D(S+
D

uniformly for v € [a,b] where By and By are independent Brownian Bridges

Proof. Immediate from Theorem 2.1 and by noting that K (¢,1) =p B(¢).

O

Our ability to implement group sequential methodology for diagnostic biomarker studies will be enhanced

by showing that summary measures of the ROC curve have an independent increments covariance structure

when estimated sequentially. From Theorem 2.1 we are able to derive distribution theory for the sequential

empirical estimates of summary measures of the ROC' curve. Corollary 2.3 shows that the sequential empir-

ical estimate of ROC(t), a point on the ROC curve, has an independent increments covariance structure.

Corollary 2.3. Assume A1-A/ hold.

-1
A. Let In(Sp ()

D= be bounded on [a,b]. Fort € (0,1) and J stopping times,
fp(S5 (1)

(ﬁO\C}DMR1 (t),ﬁ)\cm‘z,w2 (t),... ,R/O\C’TD,JyrD’J(t)), is approximately multivariate normal with,

—_— 9 -
ROCTD,inf)’i (t) ~ N (ROCV(I‘;)7 O-R/O\CTDJV,TDJ (t)) 1= 1, 2, ey J
and
Cov [WTDJ’TDJ (t)7EéETD,jv7‘D,j (t)} =Var {WTD,]"TD,J' (t)} = U?WTD Srp @) ry <1
5J° J
where
2
2 _ROC() (1 - ROC(t)) , fo(S5M)\ t(1—1)
ROGrp ;urp,4 (™ nDTD,;j fo(S51®) ) noroy

R
B. Let M be bounded on [a,b]. Forv € (0,1) and J stopping times,
fD(SD (U))

10
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—1

1 1 —
(ROCrD,l,rDJ (v), ROC,, .y, (v),..., ROC,,, vy, (v)), is approzimately multivariate normal with,
1 . ) o
ROCTD,i,rB,i(U) N (ROC (’u),aEbETDllND ® 1=1,2,...,J
and
Cov [W;Dl.ivﬁj i(v),ﬁ)\c;; Py ('u)] =Var [EO\CT_; D (v)} = a%o\c_l ()’ riy <rj
e R R "D.JTD.j
where
_ROC7!(v) (1= ROCT'(v)) (fD<sD1<v>>>2 v(1-v)
Roc;;j,,ﬁ’j (v) npTH. fo(Spt(v) npTp,;
Proof. Immediate from Theorem 2.1. O

2.2 Under Cohort Sampling

We conclude this section by considering the behavior of the sequential empirical estimates of ROC(t) and
ROC (v)~! under cohort sampling. These results are not of primary interest because the ROC curve and
inverse ROC' curve are usually estimated from case-control sampling. We will, though, need these results
in the remainder of this chapter. Briefly, the sequential empirical estimates of the ROC' curve under cohort
sampling is found by substituting the sequential empirical estimates of Sp(z) and SBl(t) under cohort
sampling into (1)
ROC,(t) = $p,, (851, (1)) -

The sequential empirical estimate of ROC~!(v) is defined in an analagous fashion. We begin by con-
sidering the joint asymptotic behavior of n=1/2[nr] (FD’T(CE) - FD(x)>, n=12[nr] (FD,T(QU) - FD(x)> and
n_1/2[nr] (pr — p) under cohort sampling.

Lemma 2.4 provides the basis for all remaining asymptotic results that assume cohort sampling.

11
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Lemma 2.4. Assume A1-A8 hold,

w 2] (g () = Fol)) = K (Fo(e). 1),

uniformly for x € (—oo0,00) and r € [0,1],

2] (Fp (@) - Fp(@)) =

uniformly for x € (—oo,00) and r € [0, 1] and
02 [nr] (pr — p) —p Vo (L= p)W (r),

uniformly for r € [0,1], where K3 and K4 are independent Kiefer processes and W is a Wiener process that
is independent of both K3 and Ky.

Proof. Let P, = 23" | 0x, p, be the empirical measure and consider the following class F of real-valued
functions defined on R x {0,1} U {oo}:

F ={lix<)D,1jx<4) (1 = D) : x € R}.

Therefore, for f € F, P, f = %Z?zl f(X;,D;). Fis a VC class of functions by Lemma 2.6.17 of van der
Vaart and Wellner (1996). By combining this with van der Vaart and Wellner (1996), Theorem 2.4.6, page
136 and Theorem 2.5.2, page 127, and noting that ||f||lc < 1 = F for all f € F, we conclude that F is
P—Donsker.. Furthermore, by Theorem 2.12.1 of van der Vaart and Wellner (1996),

[n7]

%Z(f(xz,Dz)—Pf) —>DK(f7T)

in {°°(F x [0,1]) where K is a P—Kiefer process. That is, a mean-zero Gaussian process with covariance

Cov (K (f1,71),K (f2,7r2)) = (r1 Ar2) (P (fif2) — P (f1) P(f2)),

12
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for f1, fo € F and r1,79 € [0,1]. Therefore,
n 2] (P (X < 0,D=1) = P(X <2,D=1)) —p K (Dljx<y,7),

n=Y2[nr] (PT (X<2,D=0)—P(X<z,D= 0)) —p K (1= D) Ipx<ar),

and

n_1/2[m”] (ﬁT’ - p) —p K (DJ’) ;

where K is a P—Kiefer process with

Cov (K (Dlix<ay);m1) K (1= D) lix<ay),72)) = (r1 A7) (0= p (1= p) Fp (1) Fp(2))

=—(riAr2)p(1—p) Fp(x1)Fp(z2),

Cov (K (Dlx<g,],m1), K (D,r2)) = (r1 Arg) (pFp(x1) — p>Fp(z1))

=(ri1 Ar2)p(1—p) Fp(z1),

and

Cov (K ((1 = D) lix<z]s71) s K (D, lix<a,])) = (11 Ar2) (0= p (1 = p) Fp(z1))

=—(r1 Ara) p(1—p) Fp(z1).

13
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Now, note that

n*1/2[nr] (FD,T(JZ) — Fp(z)) :n—l/Q[nr] <Pr( _ﬁr

YET. (PT(X<:C,D—1) B P(X<fc,D_1)>

Pr Pr
< = < =
+n_1/2[m‘}<P(X7Ax,D 1) P(X<aD 1))
Pr P
=L 12, (Br(X<2.D=1)~ P(X <2,D=1))
Pr
= EE 2] 3 ).

From above we conclude

A ]_ F
n= 2 nr] (FDJ,(x) — FD(x)> —D ;K (Dlix<a,r) — D(x)K (D,r),
Similarly,
n=/2[nr] <FD,T(I) - FD(I)> =n"12[nr] <PT (Xlg—x/;rD =0 PX ?fpr = 0))
“1/2 P (X<2,D=0) P(X<z,D=0)
=n [nr] T _ T
(P ez
1 _ N
== 20} (B (X < 2,D =0) ~ P(X <2,D=0))
+ 28240 5, — p),
1 — Pr
and
i A 1 Fp(x
n=2[nr] (Fp,. () - Fp(@)) = TR (= D)l 7) + 1D_( p)K (D,r).

To show that the limiting processes of n~1/2[nr] (FD,r(x) - FD(:c)) and

n=12[nr] (FD,T(x) - FD(.’E)> are independent we must show that %K (D1x<a,7) — FDT(I)K(DJ) and

14
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ilpK ((1 — D) 1ix<qs 7’) + Fl%(;f)K (D, r) have covariance 0. Without loss of generality, assume r; < ra,

Fpl) —Ff(“)mmg))
- P

1 1
Cov (;K (Dlix<geqy5m1) — K (D,r), EK (1= D)lix<ayysm2) +

:p(%_p)cou (K (Dlix<ay)m1) s K (1= D) lix<ag)s72)) + pi?(fz,j) Cov (K (Dlix<z,),m1), K (D,72))
- pF(L1>(_r1p)) Cov (K (D,r1),K (1 = D) 1{x<qy,72)) — WCOU (K (D,r1), K (D,r2))

=—r1Fp(z1)Fp(z2) + riFp(z1)Fp(xz2) + r1Fp(z1)Fp(z2) — ri Fp(z1) Fp(z2)

=0, (10)

and we conclude that the limiting processes of n='/2[nr] (FD,T(.%) —Fp (x)) and
n=Y2[nr] (F pr(x)—Fp (x)) are independent. A similar calculation shows that the limiting processes of

n=Y2[nr] (FD,T(J:) —Fp (m)) and n=/2[nr] (p, — p) are independent. Again, assume 1 < 73,

Fp () Fp(x)

1 1
Cow <7K(D1[Xsm],'r~1) - K(D,rl),K(D,v-z)) :;Cov (K (DI[XSm],T'l),K(D,T'Q))f Cov (K (D, 1), K (D, r5))

B
:irl (pFp (@) = P Fp(21)) = FDT(I)Tl (p=6%)

=Fp(z)r1 (1 = p) — Fp(z)r1 (1 — p)

=o. (11)

Finally, we can show that the limiting processes of n~/2[nr] (FD,T.(.T) - Fj (m))and n=12nr] (p, — p) are

independent. Again, assuming r; < 79,

Fp(z1)

1
Cow(17PK((1—D)1[X§:L_],7‘1> + K(D,rl)‘K(D,rz))

= i ~Cou (K (1= D) 1ix<qpr 1) K (D, r2)) + %(Z)COU (K (D, ), K (D,ry))

= —ripFp(x) + r1pFp(x)

=0, (12)

and we conclude that the limiting processes of n~/2[nr] (FD,T () — Fp (a:)) and

n~Y2[nr] (p, — p) are independent.

We next show that %K (DI[XSE],T) — FDT(‘T)K (D, r) is equal in distribution to an (ordinary) Kiefer process

indexed by [0, 1] x [0,1], \%Kg (Fp(x),r). %K (Dlix<q,7) — FDT(I)K (D,r) is a mean 0 Gaussian process

and will be equal in distribution to %Kg (Fp(z),r) if they have the same covariance structure. Without

15
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loss of generality assume r; < 19 and 7 < 9,

1 F 1 F
Cov (;K (Dl[xgxl],m) —*Df()ml)K(DJ’l) ) ;K (Dl[XSavz]vT’z) - D(IZ)K(DJ?))
1 Fp(z1)
:p—2Cov (K (Dl[ngl]aTl) , K (Dl[XS12]77‘2)) — TCOU (K (D,r), K (Dl[ngg]77'2))

_ Fp(x2)
02
_r1(pFp(z1) = p*Fp(¢1)Fp(x2))  Fp(w)ri (pFp(z2) — p*Fp(z2))
- = s
Fp(z2)r1 (pFp(z1) — p*Fp(z1))  Fp(x1)Fp(z2)rip (1 — p)

_ = + =

_r1 (Fp(z1) = Fp(z1) Fp(z2))
p

=Cov <%K3 (Fp(z1),71), %Ks (Fp(z2), 7“2)) .

Fp(z1)Fp(z2)
2

Cov (K (Dl[Xle]7T1) ,K(D,rg)) + Cov (K (D,r1),K (D,r32))

This implies,

1
~K (Dlx<a)7) =
p

where K3 is a Kiefer process, and

= 2[r] (Fo, (@) = Fo(@)) —p \}ﬁKg (Fp(a),7). (13)

A nearly identical argument shows that %pK (1= D) 1x<q,m) + Fl%(px)K (D, r) is equal in distribution to
an (ordinary) Kiefer process indexed by [0,1] x [0, 1],

L_ [, (Fp(z),r), and we conclude

= 2[nr] (Fp,. (@) = Fp(a)) =

Finally, we know that

K(D,r)=p /p(1—p)W(r) (15)

where W is a Wiener process. Combining (10) - (15) gives the desired result. O

Lemma 2.4 provides the joint asymptotic behavior of n='/2[nr] (FD,T (x) — Fp (:E))7 n=2[nr] (FD,T(x) - Fp (x))

and n_y j2[n7] (pr — p) under cohort sampling. This result will be used when developing asymptotic theory

16
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for the ROC, PPV and NPV curves under cohort sampling. We next provide three lemmas that deal directly
with the behavior of the sequentail empirical ROC curve under cohort sampling. We begin by showing that

the sequential empirical ROC curve is consistent under cohort sampling.
Lemma 2.5. Assume A1-A3 hold and that p € (0,1).

A. Asn — oo

ROC,(t) —4.s ROC(1)
uniformly for ¢ € [a,b] and r € [e, 1].
B. Asn —
ROC, ' (v) =0 ROC~1(v)
uniformly for v € [a,b] and r € [e, 1].
Proof. We begin by showing that FDvr(x) converges uniformly to Fp(z) for x € ® and r € (e, 1]. Note that,

P.(X<z,D=1) P(X<z,D=1)

sup sup.FDw(oc)—FD(x) = sup sup

e<r<lzeR e<r<lzeR ﬁr
P (X<zD=1) P (X<z,D=1
SSUP sup T( 7A7 )7 T( — )
e<r<lzeR Pr
p.(X <D= P(X<az,D=
+ o sup| X SR D=1)  PX<aD=1)
e<r<1lzeR P P
The first term can be written as
P.(X<z,D=1) P.(X<z D=1) n [ne] | - 11
sup sup — — =—— sup sup — [P, (X <z,D=1)( — — —
e<r<izeR Pr P [ne] e<r<izem n pr P
[nr] | 1 1‘
< sup sup —_———
[ne] e<r<izem n [pr P
[nr] ] 1 1‘
= 5 -z
[ne] e<r<y n | hr p

—a.s. 0,

where the last line is a result of the Glivenko-Cantelli theorems (Theorem 1.52 of Csoérgé and Szyszkowicz

17
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(1998)), e — 1. The second term can be written as
P(X<z,D=1) PX<z,D=1)| 1 n
sup sup — - sup sup—P(X<xD_1) P(X<xD_1)|
e<r<lzeR P P T plnel e<r<icen n
1 n
<= sup sup " P (x <ap=1)— P(X<acD_1)‘
p[ne] e<r<izer n
—a.s 0.

Again, the last line is a result of the Glivenko-Cantelli theorems and [7?7] —

gives us

Furthermore, we have

sup sup
e<r<1a<t<b

We know that,

by (16) and

1. Combining these two results

sup sup |Fp,,(z) —

FD(J?)‘ —a.s. 0. (16)
e<r<lzeR

’FD (F;,l (t)) - t’ < sup sup ’FD (F,gl (t)) —Fp (13“51 (t))’

e<r<1a<t<b
+ sup sup ‘FD (FB (t)) —t‘.
e<r<1a<t<b

sup sup ’FD <F51
e<r<1la<t<b

sup sup
e<r<1a<t<b

Fp (F;,l (t)) - t‘ <g.s ——— — 0.

Combining these two results gives us

sup sup ’FD (FD_I (t)) — t‘ —q.s. 0. (17)

e<r<1a<t<b

18
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Returning to the ROC' curve under cohort sampling, we have

sup  sup ‘SA'D,T (5'5’17 (t)) — Sp (Sgl (t))’ < sup sup )S'Dm (9517 (t)) —Sp (5'5’17 (t))’

e<r<1la<t<b e<r<la<t<b

+ s s[5 (S5L.0) = S0 (55" )|

= supsup [Sp., (35 (0) = 5p (851 )|

e<r<1a<t<b

+ sup sup ’sD (55" (55 (355 ®))) = sp (85" (t))’

e<r<1a<t<b

The first term coverges to 0 uniformly as a result of (16), while the second term converges uniformly to 0 as

a result of (17) and the uniform continuity of Sp (SB1 (t)). Combining these two results gives us

S0 (S35 1)) =S (55" ()] s 0

\T

sup sup
e<r<1la<t<bdb

The proof of part B is nearly identical. O

The consistency of the sequential empirical ROC curve under cohort sampling will be used in the re-
maining sections of this chapter when developing asymptotic theory for the sequential empirical PPV and
NPV curves. The following lemma provides asymptotic theory for the sequential empirical ROC curve under

cohort sampling.

Lemma 2.6. Assume A1-A3 hold.

fo(S5 (@)
A. Let Fo5oTo) be bounded on [a,b]. Asn — o0

fD(Sgl(t))> L
foSptn ) vi—p "

n"Y2[nr)(ROC,-(t) — ROC(t)) HDLKS(ROC(t), r) + ( (t, )
N

uniformly for t € [a,b] and r € [e, 1] where K3 and K4 are independent Kiefer Processes.

f5(Sp" (v))
B. Let 55T be bounded on [a,b]. Asn — o0

n~ Y2 [nr)(ROC,. ' (v) — ROC™ (v)) —p ! pK4(Roc*1(v),r)+(

f(Sp )\ 1
Vi—p

— K3(v,r
oSy ) voreton)

uniformly for v € [a,b] and r € [e, 1] where K3 and K4 are independent Kiefer Processes.
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Proof. We provide a proof for part A and note that the proof of part B is nearly identical. First,

We know that Sp (Sglr(t)) converges uniformly to ¢ by (17). This, combined with the uniform continuity

of 551 (t), allows us to conclude,

sup sup 5’51 (t) — 551 (t)| —a.s. 0.
e<r<1a<t<b

Lemma 2.4, the uniform convergence of 5’51 (t) to S7L(t) for t € [a,b] and r € [e,1] and the uniform

continuity of the Kiefer process gives us,

02 pr] (8,0 (351 (1)) — Sp(S5' (1)) —n \}ﬁKg(ROC(t), ", (18)
uniformly for t € [a, b] and r € [e, 1].

The second term can be re-written as,

20
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By the mean value theorem, there exists a Sp (Sglr(t)) between Sp (SBlr(t)) and ¢ such that,

From (17), we know that Sp (S’Blr(t)) —a.s. t, uniformly for ¢ € [a,b] and r € [e, 1], and, therefore,

Sp (STlr(t)) —a.s. t, uniformly for ¢ € [a,b] and r € [e,1]. This, along with the uniform continuity of

D
%583, allows us to conclude that,
. . fp 551 (SD (5‘5717@)))> o (Sjl (t))
B (5 (5o (b)) PS5 0)

which implies,

|52 055" (50 (5510))) = S0 (55'®)  fo (55 @)| ”
e<r<1a<t<b Sp (ﬁglr(t ) —t o (551 (t))
Furthermore,
—1/2 G- (g1 n'/?
2, S0, (3540) =] Sue s
and
sup sup n~Y/2[nr] ‘S‘D’T <§Blr(t)) - t‘ —a.s. 0. (20)

e<r<1la<t<b

By Lemma 2.4, the uniform convergence of S‘Bl (t) to S7L(t) for t € [a,b] and r € [e,1] and the uniform

continuity of the Kiefer process we conclude,

n= Y2 [y (SD (S’g}r(t)) ~Spr (S’E)}T(t)» —b ﬂ%ipm(t,r), (21)

uniformly for ¢ € [a,b] and r € [e, 1]. Combining (19), (20) and (21) allows us to conclude,

—-1/2 a—1 -1 fD(Stl(t)) 1
n [nr] (SD(SD,T(t)) - Sp(Sp (t))) —p <f[)(szl(t)) mlﬂ;(t,r), (22)
uniformly for ¢ € [a,b] and r € [e, 1]. Summing (18) and (22) gives the desired result. O
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Lemma 2.6 will be used in the next three sections to develop asymptotic theory for the empirical PPV
and NPV curves under cohort sampling. The final Lemma of this section provides asymptotic theory for the

sequential empirical estimate of a point on the ROC curve under cohort sampling.

Lemma 2.7. Assume A1-A3 hold.

-1
M be bounded on [a,b]. Fort € (0,1) and J stopping times,
fo(S57(1)

(W” (1), EO\C',.2 (t),... ,@,.J (t)) , is approzimately multivariate normal with,

A. Let

o —

ROC,.(t) ~ N (ROC(t),U%O\CT‘(t)) i=1,2,...,J

and
Cov ﬁO\Cn (t),R/O?rj (t)} =Var {ﬁO\er (t)} = U%Ofm(t), ri <rj
where
-1 2
o2 _ROC(t) (1 — ROC(t)) N (S5 (1)) t(1—1t) _
ROCr; ® pnr; fo(85'(#) ) (L= p)nr;

a1
B. Let 12850 M) be pounded on [a,b]. Forv € (0,1) and J stopping times,
fo(Sp (v)

———1 ——1 1
(ROC,,1 (v), ROC,, (v),...,ROC, (v)) , is approzimately multivariate normal with,

——1
ROC,. (v) ~N<ROC'1(U),02 S > i=1,2,...,J
i ROC,. (v)

and
1, 1 1
Cov [ROC” (v), ROC,, (v)} =Var {ROC” (v)} = 0%0671( )y i <71
where
2 _ROC7!(v) (1- ROC™'(v)) (fD<SD1<v>>>2 v(1-v)
ROCE W (1= p)nr; fo(Sp () /) pnr;
Proof. Immediate from Lemma 2.6. O
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3 PPV and NPV curve indexed by the False Positive Fraction

We first consider the PPV and NPV curves indexed by the false positive fraction, t. In this case, the PPV
and NPV curves are defined as PPV (t) = P[D = 1|X > Sgl(t)} and NPV (t) = P[D =0|X < Sgl(t)] for

all £ € (0,1). Under this indexing, the PPV and NPV curves can be written as functions of the ROC curve

PPV (t) =P[D = 1|X > S5 (t)]
PD=1,X > S;'(t)]
T PX >SN0
P[X > S;Mt)|D =1]P[D = 1]
" PIX >S5 (O)|D=1P[D =1]+ P[X > §;(t)|D = 0]P[D = 0]
_ ROC (1) p
ROC (t)p+t(1—p)

(23)

and

B 1-00-—p)
NPV = T RoCc @) p+ -0 —p) (24)

The sequential empirical estimates of PPV (t) and N PV (t) can be found be plugging the sequential empirical
estimate of ROC(t) into (23) and (24). It is straight-forward to derive asymptotic theory for PPV (t) and

NPV (t) using the results from Section 2.

3.1 Under Case-Control Sampling

Consider estimation of PPV (t) and NPV (t) under case-control sampling. In case-control sampling, we
sample a pre-specified number of cases and controls and assume that the prevalence is known. The sequential
empirical estimates of PPV (t) and NPV (t) can be found by substituting the sequential empirical estimate
of ROC(t) into (23) and (24). The sequential empirical estimates of PPV (t) and NPV (t) are therefore

defined as -
ROC,, . (t)p

ROC,, s () p+t(1—p)

PPV erp g (t) =
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and
(1-t)(1-p) .
(1-ROCrpry 1) p+ (1 =) (1= p)

NPV eerprp (t) =

We see that ﬁcc,rn,rﬁ (t) and ch,m,rb (t) are functions of R/O\C’TDJ«D (t) and therefore we can use the
results from Section 2 to derive asymptotic theory for P/PT/CC,TDWD (t) and mmmyrf} (t). Theorem 3.1
establishes that P/P\VccymmD (t) and ]VPT/CC,TD,TD (t) both converge to the sum of two independent Kiefer
Proccesses.

fp(S5'(®)
Theorem 3.1. Assume A1-A4 hold and let =—2r— be bounded on [a,b].

fe(S5 ()

A. Asnp — o0 and np — o0

t(l—p)p
(ROC(t)p 4+t (1 — p))?

( (- p)p )AW rp (FDGSE @)
(ROC(t)p +t (1 — p))2 fp(S5t N

25 2 nprpl PPV ee,rp 1 (1) — PPV(1) —p ( ) K1 (ROC(#), 7p)

) Ka(t,rp)

"D
uniformly fort € [a,b], rp € [¢,1] and rj € [d, 1] where K1 and Ko are independent Kiefer Processes.
B. Asnp — 00 and np — o0

Q=11 =p)p
(1= ROC() p+ (1 —1t)(1—p)?

( a-v@a=-pp ),\1/22 fp(SET @)
(1= ROC(t)) p+ (1 —t) (1 — p))2 5 \ Fp(S5 @)

n51/2[nDrD]<zﬁT/CCmD,TD(t) — NPV (t)) —=p (

)KuRocu), rp)

)KQ(t,TB)

uniformly for t € [a,b], rp € [¢,1] and rj € [d, 1] where K1 and Ko are independent Kiefer Processes.

Proof. Again, we present a proof for part A and note the proof of B is nearly identical. First, note that

15" ?(prp] (PPVec,rprp (1) = PPV(2))

-1/ ROCrp,rp (H)p ROC(t)p
=np '“[nprp] | == -
ROCyp v (p+t(1—p)  ROC®p+t(1-p)
ROC,p.rs(Mp  ROC()p
ROC,p rp (Dptt(1—p)  ROCHp+t(1-p)

—1/2 —
e r— n npr ROC,, r~(t) — ROC(t) ) .
ROCprp (1) = ROC(1) 5" Inorp] (ROCrpr, (1 ®)
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We begin by showing that WTD,TD (t) —q.s. ROC(t) uniformly for t € [a,b], rp € [¢,1] and rp € [d, 1],

sup sup sup R/O\C‘TD,TB (t) — ROC(t)|
e<rp<ld<rp<la<t<b

S,y (Sgﬁ (t)) - sp (s5" (t))‘

= sup sup sup
e<rp<ld<rp<1a<t<b

< sup sup sup

e<rp<1d<rp<1a<t<b

Sp0p (85, ©) =50 (854, )]

Sp (Sg}rﬁ <t)) - sp (85" (t))'

np sup  sup P2 g, (Sg;ﬁ (t)) - Sp (S‘E,;D (t))‘

8 s, B o 55 (5 (5, ) - 5 o 5 )|

= up
[npc] c<rp<id<rp<ia<t<t mD
np [np

T A A— A
< sup sup  sup [noro) ‘SDJ-D (SDI _ (t)> - Sp (Sfjl _ (ﬂ)’
[npc] e<rp<id<rp<ta<t<t 7D ' o "D

it e 2200 s (s (50 (57, ))) 50 55" (o 55" )

np

+ sup sup sup
c<rp<1d<rz<1a<t<b

The Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorg6 and Szyszkowicz (1998)), along with the fact that

[:gc] — % and ﬁ — é as np — oo and npy — oo, respectively, allow us to conclude that,
D

np [nprp]
sup sup sup
nDC] c<rp<id<rp<ia<t<t TD

Spry (515,1r,5 (t)) — Sp (551D (t))( —ras 0,

and

g 2w e P s (51 (55 (S5, ) =0 (55" (55 (55" )| a0

where the second statement also relies on the uniform continuity of Sp (SBl (t)) Combining the two previous

results gives us

sup  sup sup ‘%\CTDJ‘D (t) — ROC’(t)) —a.s 0. (25)

c<rp<1d<rp<1a<t<b

By the Mean Value Theorem, there exists a ROC(t),, r, between ﬁO\CTD’T]j (t) and ROC(t) such that

ROCrp,rp®e ROC(£)p
ROC,, .y ()p+t(1—p) ~ ROC(H)p+t(1-p) - t(1—p)p
—_— - o~ 2 .
ROC, vy, (t) = ROC() (ROC(t)TD’TDp +t(1- p))

From (25) we know that @E(t)rn,rﬁ —a.s. ROC(t). This, combined with the uniform continuity of
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t(1—p)p
(ROC(t)p+t(1-p))

>, allows us to conclude

- tL—p)p 3 td—p)p 0
p sup  sup — 3 ROC(t ‘(1 5| “as. YU,
c<rp<1d<rp<1la<t<b (ROC(t)rD,rDP‘Ft(l —P)> ( ( )P+ ( —,0))
which implies
ROC.p..p(Mp  ROC(t)p
ROC,p, .y (ptt(1—p)  ROCOp+H1-p) t(l—p)p (26)
—_— _)(1.8. )
ROC,, ., (t) — ROC(t) (ROC(t)p+1t(1 - p))?

uniformly for ¢ € [a,b], rp € [¢,1] and rp € [d,1]. Combining (26) with the results from Theorem 2.1 gives

the desired result. O

Theorem 3.1 establishes the convergence of PPV, ,,, ,(t) and NPV, .}, ,,(t) to the sum of two inde-
pendent Kiefer Processes. An analagous result is not currently available for fixed-sample empirical estimates
of PPV (t) and NPV (t) under case-control sampling. Corollary 3.2 provides such a result as a special case
of Theorem 3.1.

fo(S5'(®)

Corollary 3.2. Assume A1-A/ hold and let To5T0)

be bounded on [a,b].

A. Asnp — o and np — o0

t(l—p)p
(ROC(t)p+t(1—p))?

t(1—p)p 12 [ fp(SpH(®)
+((Rocu)p+t<1—p))2>A <fﬁ(351(t)) B2

nt/2(PPV.e1,1(t) — PPV(t)) —p ( ) B1(ROC(t))

uniformly for t € [a,b] where By and By are independent Brownian Bridges.
B. Asnp — o0 and np — o0

(1—t)(1—p)p
((1 = ROC(t) p+ (1 —t) (1 — p))?

_ _ sz
N ( (1—t)(1—p)p ))\1/2 fp( E,l( )) Ba(t)
((1 = ROC(#)) p+ (1 — t) (1 — p))? fp (S (t)

nY2(NPVee1,1() - NPV(1) —p ( ) B1(ROC(1))

uniformly for t € [a,b] where By and By are independent Brownian Bridges.
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Proof. Immediate from Theorem 3.1 and by noting that K (¢,1) =p B(t). O

We are able to develop distribution theory for summary measures of the PPV and NPV curves using the
results from Theorem 3.1 and Corollary 3.2. The PPV curve is usually summarized by PPV (t), a point on
the positive predictive value curve, which can be interpreted as the positive predictive value corresponding
to a specificity of 1 — ¢. Similarly, the NPV curve is typically summarized by NPV (t), a point on the NPV
curve. In Corollary 3.3 we show that the sequential empirical estimate of a point on the PPV or NPV curve is
asymptotically normal with an independent increments covariance structure, while Corollary 3.4 establishes
the asymptotic normality of the fixed-sample empirical estimate of a point on the PPV or NPV curve as a

special case.

fo(S5 (¢

Corollary 3.3. Assume A1-AJj hold and let f—(S‘l(t;; be bounded on [a,b]. Fort € (0,1) and J stopping
b(Sp

times,

A. (?‘P\VCC,TD,I,TD . (t)7ﬁP\VCC’TD12,TB (), ... 7?P\VCC’TD”,,TE) , (t)) , 15 approzimately multivariate normal
with,

PPVCCer,ivTD,i (t) ~ N (PPV(t)’ U%ﬁcuﬂ"D,iv’FD,i(t)> Z N 17 27 Y J

and

B DU B DI B D7 2
Cov [PPVeeirpy sirpy ;) PPV eoirpy sorp (0] = Var [PPVecorp g (8] = 0y " ; <
DD

where )
o2 _ ta=p)p o2
PPVeerp jirp ; (1) (ROC(t)p +t(1—p))? ROCrp jirp ;1)
2 . .
and Uﬁo\cm,j,rﬁ,j ® is defined as in Corollary 2.3.

B. (N/\WCWDJ,,.DI (1), ch,m,z,rﬁ,z (t),... ,ﬁccﬂ.a”ﬁ,‘] (t)) , 15 approzimately multivariate nor-
mal with,

—_— 2 .
NPVCC77‘D,i7TD,i (t)~N (NPV(t)v UN/PT/CC,TDJ,TD 7_(t)) i=1,2,...,J

27

http://biostats.bepress.com/uwbiostat/paper345



and

Cov []TPT/'CCYTDJmfm(t)7 N/PT/“C:TD,J'WDJ (t)] = Var []TP\VCCYTD‘J,TDJ (t)] = UﬁP\VCCWD,_,wTD RO% ri <1y
where )
o _ A1) (1-p)p o
NPV eerp prn, @~ \ (L= ROC() p+ (L—1) (L= p))° ) TFOCep 15,0
2 . .
and Uﬁo\cm,jnﬂj @ defined as in Corollary 2.3.
Proof. Immediate from Theorem 3.1. O

—1
Corollary 3.4. Assume Al - A4 hold and let % be bounded on [a,b]. Fort € (0,1), the empirical
(S5

estimates of PPV(t) and NPV(t) under case-control sampling are approxzimately normally distributed with

PPViea1(t) ~ N (PPV(t)’J%ﬁVCC,m(t))

and

NPV ena(t) ~ N (N PV(t%ff%ﬁw,l,m)

where 02— and

2 .
BVt 1(t) o-mcc‘l,l(t) are defined as in Corollary 3.5.

Proof. Immediate from Corollary 3.3. O

3.2 Under Cohort Sampling

We now turn our attention to estimation of PPV (¢) and N PV (¢) under cohort sampling. In cohort sampling,
disease status is unknown at the time of sampling. Therefore, the number of cases and controls is random at
a given time point and we must estimate the prevalence. The sequential empirical estimates of PPV (t) and
NPV (t) under cohort sampling can be found by substituting the sequential empirical estimates of ROC(t)

and p under cohort sampling into (23) and (24). Therefore, the sequential empirical estimates of PPV (t)
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and NPV (t) under cohort sampling are defined as

and

T ROC, (1) pr+t(1— )]
(1-1)(1-py)

mcor = — .
" (1 — ROC, (t)) pr+ (1 —t)(1=pr)

Again, we can use the results from Section 2 to develop asymptotic theory for ﬁcw(t) and NPV cor(t)-

We begin by showing that fP\VCO,T(t) and NPV co,r(t) converge to the sum of independent Kiefer Processes.

Theorem 3.5. Assume A1-A3 hold, p € (0,1) and let jiD

A. Asn— oo

B. Asn — o

"2 (PPV eon(t) — PPV (1)) —p (

"2 (NPV o r(t) — NPV (1)) —p (

(551 (1)
RERIO) be bounded on [a,b].

t(1—p)p ) LKB(ROC(I‘/)W)

(ROC(Hp+t(1—p)2) Vb

t(l—p)p fD(Sgl(t)) 1
* <(ROC(t)p +t(l— f’))z) (ff)(sgl(t))) Vi1-— pK4(t:T)

) b (L= W (1)

. < tROC(t)
(ROC(t)p + t (1 - p))?

uniformly for t € [a,b] and r € [e,1] where K3 and K4 are independent Kiefer Processes and W is a

Wiener Process independent of K3 and K.

(1-t)(1-p)p 1
(1—ROCHt)p+(1—t)(1— p))2> ﬁKS(ROC(t),T)
1-t)(@-p)p fo(S5' (1) 1 )
(@mocw oot onr) (fﬁwgl(t))) i

B < (1—t) (1 — ROC(t))
((

1—ROC(t)p+ (1—1t)(1— p))2> p(l—p)W(r)

uniformly for t € [a,b] and r € [e,1] where K3 and K4 are independent Kiefer Processes and W is a

Wiener Process independent of K3 and K.

29

http://biostats.bepress.com/uwbiostat/paper345



Proof. We provide a proof of A but the proof of B is omitted as it is nearly identical. First, note that,

Y — . Y ROC.(t)pr - ROC () p
n 20| (PPV o, (t) — PPV (1)) =n~'/2[nr] (1%\Cr(t)m =5 FOC®ptii=h
=12y ( ROC, (1)p: _ ROC (t) pr >
ROC,()pr +t(1—py) ROC(t)pr +t(1—pr)
2] ( ROC (t) pr B ROC () p )
ROC (t) pr +t(1 —pr) ROC(t)p+t(1—p)/)"

We begin with the second term, which can be re-written as,

n=1/2[nr] ( ROC (t) pr N ROC (t) p )
ROC (t) pr +t(1 = pr)  ROC(t)p+1t(1—p)
( ROC(t)pr _ ROC(t)p )
_ \FOCWs+t0=pr) ~ FOCWrH =01\ ~1/2 (0,01 (5, — p)

(Pr = p)

It is straight-forward to show the p, —,. . p uniformly for r € [e, 1],

sup 15— ol = [ne] o
D |pr—pl= sup |pr — pl
e<r<1 [ne]egrgl n
n o]
< sup 1pr — pl
[ne] e<r<1 n
_)(l.S. 0'

The last step is a result of 5 — % and the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csérgd and

[ne]

Szyszkowicz (1998)). To see this, note that p is equal to the cumulative distribution function for a Bernoulli

random variable for any € (0,1). By the Mean Value Theorem, there exists p, between p, and p such that,

ROC(t)pr B ROC(t)p
ROC(D)pr+t(1—pr)  ROC(H)p+t(1—p) tROC((t) )
5 -

(pr —p) - ((ROC(t)p+t(1 = pr))

(27)

The uniform convergence of p, to p implies that that p, —,.s. p uniformly for r € [e,1]. This, along with
tROC(t)

the uniform continuity of (W

), allows us to conclude that,

sup  sup
e<r<1a<t<b

( tROC(t) ) _ ( tROC(t) )\ e
(ROC(t)p +t (1 = pr))? (ROC(t)p + t (1 — p))? a9 O
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This result combined with (27) shows that,

ROC(t)pr _ ROC(t)p
ROC(Dp, +t(1—=pr) ~ ROC()p+t(i=p) ( tROC(t) )

(pr —p) (ROC(t)p +t (1 —p))°

uniformly for r € [e, 1] and ¢ € [a,b]. Combining (28) with Lemma 2.4 gives us,

nil/z[nr] ( ROC (t) pr -~ ROC (t) p )
ROC (t) pr +t(1—pr)  ROC (t)p+t(1—p)
( tROC(t)
P \(RoC()p +t(1 - p))?

) o=, (29)
uniformly for r € [e, 1] and ¢ € [a, ]].

The first term can be re-written as,

n_l/z[m]</\ﬁc/o\cr(t)m - ROC (1)pr )
ROC, (t)pr +t(1—pr) ROC(t)pr+t(1—pr)
( ROC, (0pr  _ ROC(t)pr )
_ \ROGr ®pr+eli—pr) OO A0 n=1/2[nr] (1%\07-@)—300(::)).

(R/O\Cr(t) - ROC(t))

By the Mean Value Theorem, there exists @Er(t) between EO\CT(t) and ROC(t) such that,

( ROC,.(t)jr B ROC(t) b, ) o

ROC, ()pr+t(1—p,)  BOC@H)pr+t(1=p,) ) t(1=pr)pr
— - —~— 2
(ROC, (1) - ROC()) (ROC.(t)pr +1(1- )

From Lemma 2.5 we know that R/O\C’r(t) —a.s. ROC(t) uniformly for r € [e, 1] and ¢ € [a,b]. This, combined

with the uniform convergence of 5, to p and the uniform continuity of ( %) Czt()lp_f t)(pl—p))2 ), gives us,
.. t(1—pr)pr 7( t(l—p)p ) 0
e<r<las<i<h (Wr(t)ﬁr+t(1—ﬁr))2 (ROC(t)p +t (1 - p))* o
which implies that,
WTD,TD(t)ﬁT _ ROC()py
ROCrp, rp ()prtt(1—pr)  ROCWpr+i(1=pr) ( t(l1—p)p ) (30)
(ROCyp.rp (1) - ROC(1)) “T\mocp+t-p)*)’

uniformly for r € [e, 1] and ¢ € [a,b]. Combining (30) with the results of Lemma 2.6 allows us to conclude
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that,

ROC,(t)jr _ ROC(t)pr
ROC, (1) pr+t(1—pr) ROC(t)pr+t(1—pr)

(ﬂ)\cr(t) - ROC(1))

) n~Y?nr] (R/O\Cr(t) - ROC(t))

t(l—p)p 1
P ((ROC(t)p+ t(1— p))2> V5 retroco.n
1= p)p RO )
+(Gocwsria—mr) (ff)(s,gl(t») it Gy
Summing (29) and (31) gives the desired result. O

We are able to derive distribution theory for the fixed-sample estimates of PPV (¢) and NPV (t) under
cohort sampling as a special case of Theorem 3.5. Corollary 3.6 establishes that the fixed-sample empirical

estimates of PPV (t) and NPV (¢t) converge to the sum of two independent Brownian Bridges.

—1
Corollary 3.6. Assume A1-A3 hold, p € (0,1) and let Lffl(t» be bounded on [a,b].
IS5 (1)
A Asn — oo
V2(PPVeo(t) — PPV(1)) — ( td=pp )iB ROC(t
n=( () () —b (ROCOp 1t - ) 77 3( ®))

tL—p)p fo(S5h(®) 1
*(woc@er a—a7) <fD<S,31<t>> izt

tROC(t) —
+ (( ))2> Vel —=p)Z

ROC(t)p+t(l—p

uniformly for t € [a,b] where B3 and By are independent Brownian Bridges and Z is a standard normal
random variable independent of Bz and By.

B. Asn — o0

A-t)d=p)p 1
(RO p (G 7P roc®)

1—8)(1=p)p fo(S5H(®) 1
* (((1 “ROC)p+ (-6 (1 fp»?) (fﬁwgl(t)) Nl

- (1 - 1) (1 — ROC(t)) -
<<(1—ROC<t>>p+<1—t><1—p>>2> Vel =n2

Y2 (NPV o1 (t) — NPV (1)) —p (

uniformly for t € [a,b] where B3 and By are independent Brownian Bridges and Z is a standard normal

random variable independent of Bs and By.
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Proof. Immediate from Theorem 3.5. O

The results of Theorem 3.5 and Corollary 3.6 can be used to develop distribution theory for summary
measures of the PPV and NPV curves. Corollary 3.7 shows that the sequential emprical estimates of a point
on the PPV and NPV curve, ﬁcoﬂ.(t) and NPV co,r(t), respectively, are asymptotically normal with an
independent increments covariance structure, while Corollary 3.8 establishes the asymptotic normality of the

fixed-sample empirical estimates of PPV (t) and NPV (t) under cohort sampling.

o5 ) be bounded on [a,b]. Fort e (0,1) and J

Corollary 3.7. Assume A1-A3 hold, p € (0,1) and let ~—Pr—
fe(S5 ()

stopping times,

A. (ﬁcoﬂ.l (1), fﬁwﬂ.z (t),... ,?P\VCO,T.J (t)) , is approzimately multivariate normal with,

— 2 .
PPVeor ()~ N (PPV(), 0%, () i=12,...J

and
Cov [ﬁco,m (t),ﬂcoﬁ (t)} =Var [ﬁco’” (t)] = J%I—va ) r; <1y
where
2
o2 ta=p)p o2
PEVeor;() \ (ROC(t)p +t (1 — p))* ) BOCH®)
2
.\ tROC (1) p(1=p)
(ROC(t)p+t (1= p))° n
and 02— is defined as in Lemma 2.7.

ROC, (1)

B. (me (1), ﬁﬁ/cm (@) - o 8 WCOM (t)) , 18 approximately multivariate normal with,
il ) o
NPV, (t) ~ N (NPV(1), . W) =Lz

and
Cov [NPVCO,,% (t), NPV go.r, (t)} —Var [NPVCO,,.j (t)} =0 . ST
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where

e (1-0(0-pp T
VPV, 7\ (L= ROCW) p+ (1= ) (1= p))? ) "0 0

+< (1—1)(1 - ROC(1)) >2p<1—p>
(1—ROCH) p+(1—t)(1-p)°) 7

and 02— is defined as in Lemma 2.7.
ROC,, (t)

Proof. Immediate from Theorem 3.5. O

-1
Corollary 3.8. Assume A1-A3 hold, p € (0,1) and let Lﬁfl(t»
(S5 (1)

empirical estimates of PPV(t) and NPV(t) under cohort sampling are approzimately normally distributed

be bounded on [a,b]. Fort € (0,1), the

with

PPV oo, (1) ~ N (PPV(0), 055 )

and

NPV eou(t) ~ N (N PV (t), Ufﬁ\vw,m)

where 02— and are defined as in Corollary 3.7.

ol
PPV eon(t) NPV o (t)

Proof. Immediate from Corollary 3.7. O

4 PPV and NPV curve indexed by the True Positive Fraction

We next consider the PPV and NPV curves indexed by the true positive fraction, v. In this case, the PPV
and NPV curves are defined as PPV (v) = P[D = 1|X > S;'(v)] and NPV (v) = P[D = 0|X < S;'(v)] for

all v € (0,1). Under this indexing, the PPV and NPV curves can be written as functions of the inverse of
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the ROC curve

PPV (v) =P[D =1|X > Sp' (v)]
_ PID=1,X > S;"(v)]
P[X > Sp'(t)]
P[X > S5'(v)|D =1]P[D = 1]
P[X > S5'(v)|D = 1]P[D = 1]+ P[X > S5'(v)|D = 0]P[D = (]

_ vp
= Pt ROC T (o) (1= p)’ (32)

and
N (1-ROC™" (v)) (1 —p)
NPV) = G i ROC T ) (1~ o) (33)

The sequential empirical estimates of PPV (v) and N PV (v) can be found be plugging the sequential empirical
estimate of ROC~!(v) into (32) and (33). It is straight-forward to derive asymptotic theory for PPV (v)

and NPV (v) using the results from Section 2.

4.1 Under Case-Control Sampling

We first consider estimation of PPV (v) and NPV (v) under case-control sampling. The sequential empirical
estimates of PPV (v) and NPV (v) under case-control sampling can be found by substituting the sequential
empirical estimate of ROC~1(v) into (32) and (33) and are therefore defined as

vp

PPVCC,TD,TD (’U) = 1 5

vp+ROC,, ., (v) (1 - p)

and .
4 (1-ROC,,,, )1 -p)
NPV cerprp (V) =

-1

(1-v)p+(1-ROC,,,, ) (1-p)

— — —1
PPV ¢eprprp(v) and NPV e, 7 (v) are functions of ROC, ;. (v) and we can use the results from Section 2

to derive asymptotic for ﬁcc,m,rﬁ (v) and mmmm (v). Theorem 4.1 establishes the convergence of

?P\VCC’,,D,T]j (v) and WCCJ’DWE) (v) to the sum of two independent Kiefer Processes.
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Theorem 4.1. Assume AI1-A4 hold and let % be bounded on [a,b].
D v

A. Asnp — 00 and np — o0

—1/2 5 ve(p—1) —1/2"D -1
n nprpl(PPVec,rpy,re (v) — PPV(0)) — A Dk, (rOCT(v), r5)
b PP ¢eTD D P ((varROC*1 0 a—-n)? 2 b

"D

_ —1
. vp(p—1) . (fD<S,31<v>>> (o)
(vo+ ROCT1 (v) (1 = p)) fp(Sp (@)

uniformly forv € [a,b], rp € [c,1] and rp € [d, 1] where K1 and Ks are independent Kiefer Processes.

B. As Asnp — o0 andnp — o0

n51/2[n,D7‘D](mcc‘rD,TD('”) - NPV(v)) =p (

p(1—p)(v—1) ))\71/2T—DK2(R0071(U),7‘D)

(@a-vp+(1-RrOC-L ()0~ pm)° "5

- 1 =5~ (w
N p(1—p)(v—1) . (fD( ,31< >>> ()
(1=v)p+(1-ROCT1 (@) (1 - p)) fp(Spt ()

uniformly forv € [a,b], rp € [c,1] and rp € [d, 1] where K; and Ks are independent Kiefer Processes.

Proof. We only present the proof of part A as the proof of part B is nearly identical. First, note that

5 2 npro) (PPVee,rp g (v) = PPV (1))

:ng/ [nprp] vp _ vp
vp+ ROC. . (v)(1—p) vP+ROCTI(v)(1~0p)

Drp
< T2 - =
wp+ROC, L (v)(1—p)  vP+ROCTH(v)(1-p) -
- DB np*npro] (ROC, ), (v) = ROCT" (v)).
ROC, . (v) — ROC™1 (v) b

1
We begin by showing that ROC,. . (v) —4.s. ROC™! (v) uniformly for v € [a,b], 7p € [¢,1] and rp € [c,1].
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Consider the following inequality,

—_1 —
sup sup sup |ROC,  _ (v) — ROC ! (v)|
e<rp<ld<rp<la<v<b D°"D

= sup sup  sup ‘SD e (5'517, (U)) - S5 (SB1 (v))‘
c<rp<1ld<rp<1a<v<b "D "D

& a—1 a—1
< sup sup  sup ‘SD»T‘D (SD.TD (U)) - Sp (SD.TD (U)>|
c<rp<1 dgrﬁgl a<t<b ) )

+ sup sup  sup ‘SD (S‘B}TD (v)) - Sph <551 (v))’

e<rp<ld<rp<la<v<b

np [ pd]
s sup sup
[nDd] c<rp<ld<rp<la<v<bt Tp

+ [:;DC] d<s7‘qu<1aililzlib T;L;C] ‘S (S’ ( (SAB}TD (v)))) - Sp (551 (v))’
130, (854 @) =S5 ($54,, )]

& ﬁ PP“’* 56 (55" (50 (S5l ©9))) = 55 (55" )]

5 (555 @) =55 (851, )]

The Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorgd and Szyszkowicz (1998)), along with the fact that

[:gc] E and [n d} — é as np — oo and np — 00, respectively, allow us to conclude that
np [npTp] | & o—1 &—1
sup  sup sup Sp (S v)—S- (S U)‘—>, 0,
[npd] c<rp<iasrp<iacess np | 0" Do (V) = 50 (5p.ry (V)] e
and

b sup  sup norp) ‘SD ( (SD ( Doirp (U))>) —Sp (Sp! (U))‘ —a.s. 0,

[TLDC] d<rp<la<v<b ND

where the second statement also relies on the uniform continuity of Sp (S’Bl (t)) Combining the two previous

results allows us to conclude that

sup  sup sup ROCTD vy (V) — ROC™! (v)’ —a.s 0. (34)

c<rp<1d<rp<la<v<d
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—1 1
By the Mean Value Theorem, there exists a ROC,., . (v) between ROC, , . (v) and ROC™! (v) such that

vp _ vp
(UP"!‘%\CT;J‘D(U)(l_p) ””"‘ROC_I(”)(I_p)) B vp(p—1)
—— 1 B - . 2"
ROC, . (v) — ROC~! (v) <Up +ROC,, . (v)(1- p)>

—1
From (34) we know that ROC (v) —a.s. ROC™1(v) and therefore

TD,"H

sup sup sup Uﬁi(lp - 1) 2 R(/;g(f)l_ 1)(1 ) 5| —a.s. 07
e<rp<1d<rp<1a<t<b (vp L ROC,, ., () (1 p)) (vp + (v) (1 = p))
which allows us to conclude
vp _ vp
vptROC, p ,, ()(1=p)  VPHROCTII=7) vp(p—1) (35)
= —a.s.
ROCr:WD (v) — ROC~! (v) (vp + ROC—1 (v) (1 — p))?

uniformly for v € [a,b], rp € [¢,1] and rp € [d,1]. Combining (35) with the results from Theorem 2.1 gives

the desired result. O

Theorem 4.1 is a powerful result that gives insight into the asymptotic behavior of the sequential empir-
ical PPV and NPV curves under case-control sampling. Asymptotic theory is not currently available for
the fixed-sample empirical PPV and NPV but can be developed as a special case of the previous result.
Corollary 4.2 establishes the convergence of the fixed-sample empirical PPV and NPV curves to the sum

of independent Brownian Bridges.

Corollary 4.2. Assume A1-A4 hold and let %’ZEU;; be bounded on [a,b].
D v

A. Asnp — o0 and np — o0

vp(p—1)
(vp + ROC—1 (v) (1 = p))?

vp(p—1) fD(SBI(v)) v
* <(UP+ROC—1 (v) (1 - P))2> (fD(SBI(v))> Bl

nY2(PPV, o1 ,1(v) — PPV(v)) —p (

)A*l/sz(Roc*l(v))
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uniformly for v € [a,b] where By and By are independent Brownian Bridges.

B. Asnp — 00 and np —

p(l=p)(v—-1)
(@=v)p+ (1 —ROC—(v))(1-p))?

p(1L=p)(w—1) 5(S5" ()
- (((1 “w)p+ (1- ROC(0) (1 p))?) <fD(s,31<v))> B

nt/?(NPVeen1,1(v) — NPV(v)) —p ( ) A"Y2By(ROC™ (v)

uniformly for v € [a,b] where By and By are independent Brownian Bridges.
Proof. Immediate from Theorem 4.1 and by noting that K(v,1) =p B(v). O

Theorem 4.1 and Corollary 4.2 allow us to develop distribution theory for summaries of the PPV and
NPV curves. The most commonly used summary measures of the PPV and NPV curve are PPV (v),
the positive predictive value at a sensitivity equal to v, and NPV (v), the negative predictive value at a
sensitivity of v. Theorem 4.3 establishes that the sequential empirical estimates of PPV (v) and NPV (v) are
asymptotically normal with an independent increments covariance structure, while Corollary 4.4 establishes

the asymptotic normality of the fixed-sample estimate.

a—1
Corollary 4.3. Assume A1-A4 hold and let % be bounded on [a,b]. For v € (0,1) and J stopping
D v

times,
A. (ﬁcc,m,l,rf,,l(”)aﬁcc,m,z,rﬁ,z(v)a~~~vP/PT/cc,rD,J,rD,J(”)) s approzimately multivariate nor-

mal with,

— 9 .
PPVeeirp i, () ~ N <PPV(v), S 1(@)) i=1,2,...,J

and

- (v)

e - _ 5
PP . = PP . o= = PP . — = oi——
£ { Veerp,imp,; (¥): VCC'TDJ’?DJ(U)] ver [ Veerp jrp,; } “PPVee,rp jirp (V)
’ ’ 3]

where
- gl _ vp(p—1) R
PPVeerp jirp,; (V) (vp+ ROC— (v) (1 — p))? ROC, jrp ;)
and 02— is defined as in Corollary 2.3.
ROC

TD,j "D, (U)

B. (mccmhml (v), ch,rn,z,rD,Q (v),..., mcc,mwrjj(vw , is approzimately multivariate nor-
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mal with,

PVt )N (VPV} =12

and
Con [NPVec.rp sorp 0 NPV cerp jurp ;0] = Var [FPVeeirp jrp 0] =Xy e mi<rg
where )
o _ p(—p) (-1 .
NPVeerp jrp () (1 =v)p+ (1 — ROC-1 (v)) (1 — p))2 ROC,, vy ()
and G%O\CTD,J-,TDJ ) is defined as in Corollary 2.3.
Proof. Immediate from Theorem 4.1. O

Corollary 4.4. Assume A1-A4 hold and let %EEU;; be bounded on [a,b]. For v € (0,1), the empirical
D v

estimates of PPV(v) and NPV(v) under case-control sampling are approzimately normally distributed with

vacc,l,l(v) ~N (PPV(U)vJ%P\Vcc,l,l(UQ

and

NPVcc,l,l(U) ~N (NPV(U)’ O.JQTP\VCC 1 1(”))

where 02— and 02— are defined as in Corollary 4.3.

PPVcc,l‘l(’U) NPVCC,Ll(’U)

Proof. Immediate from Corollary 4.3. O

4.2 Under Cohort Sampling

We next consider estimation of PPV (v) and NPV (v) under cohort sampling. Both p and ROC~!(v) must
be estimated under cohort sampling. The sequential empirical estimates of PPV (v) and NPV (v) can be
found by substituting the sequential empirical estimate of p and ROC~!(v) into (32) and (33), respectively,
and are defined as

ﬁco,r(v) = /\EI;T P
vp+FOC, ' (v) (1 - )
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and

o () = (2 FOC W) (1= )

(1=v)pr+ (1-ROC, () (1=p,)

Again, the results from Section 2 can be used to develop asymptotic theory for P/P>Vco7,«(v) and NPV cor (V).

Theorem 4.5 establishes that P/P>V007r(v) and NPV cor (V) both converge to the sum of two independent

Kiefer Processes.

a—1
Theorem 4.5. Assume A1-A3 hold, p € (0,1) and let % be bounded on [a,b].
D v

A. Asn— o

1”201 (PPV eo.r(v) — PPV(v)) —p ((UP - R;g(flzvl))(l — p))z) J%K4(ROC_1(U), )

vp(p—1) fp(Sp (@) 1 o

* ((vP+ROC‘1(v)(1—p))2> (.fD(SBI(v))> \/ﬁKg( )
vROC™1 (v)

(vp + ROC™1 (v) (1 - p))?

> p(L—=p)W(r)

uniformly for v € [a,b] and r € [e,1] where K3 and K4 are independent Kiefer Processes and W is a

Wiener Process independent of K3 and Ky.

B. Asn — o0

p(1—p)(v—1)
(A-vp+(1-RrROCL ()1~ p)°

n—1/2

(nr](NPV co,r(v) — NPV (v)) —p ( ) 11 K4(ROC™ 1 (v), r)
—p

_s=1(y
. Pl=p)(v=1) . (fD(s5,1< >>) et
((lfv)p#»(lfROC’I(u)) (1—p)) fp(Sp () ) VP

( (- (1-RrROCT (1)) )\/ﬁw()
_ o (l— W (r

(a=v)p+ (1-ROC™L W) O - p))2

uniformly for v € [a,b] and r € [e,1] where K3 and K4 are independent Kiefer Processes and W is a
Wiener Process independent of K3 and K.

Proof. Again, we only present a proof of A because the proof of B is nearly identical. First, note that

n~ 2y /\mr v) — v)) =n " ?[nr vpr — vp
[nr](PPVco,r(v) = PPV (v)) [ ]<vﬁ7,+ﬁ0\0:1(v)(17ﬁ7.) DP+ROC,1(U)(17P))

=7L71/2[7l7'] ( VPr _ VP )
vpr + ROC. (v) (1 — pn)  vPr +ROCT1(v) (1 = py)

Y2 VP - vp
o0 (G ree R T RGO )
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We begin with the second term, which can be re-written as

w2 e - o )
vhr + ROC () (1~ ) vp+ ROC-1(0) (1)

( vpr _ vp >
_ \W5FROCTW)(1=p,) ~ wp¥ROC—'W)(=p)) 1/

- T r] (s — ).

It is straight-forward to show the p, —4.s. p uniformly for r € [e, 1],

R n [ne] | .
sup [pr — p|l =t— sup — |p, — p|
e<r<1 [7’1,6] e<r<1 TN
n [nr] .
<— sup — [pr — p|
[ne] e<r<1 m
—a.s. 0.

The last step is a result of - — 1 and the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorgé and

[ne]

Szyszkowicz (1998)). To see this, note that p is equal to the cumulative distribution function for a Bernoulli

random variable for any « € (0,1). By the Mean Value Theorem, there exists 5, between p, and p such that

(vﬁr-l-ROC}}*pI(v)(l—ﬁr) - 1)p+ROC3p1(U)(1—p)) B vROC™ (v) (36)

(hr — p) (vpr + ROC1 () (1 — fy))?

The uniform convergence of p, to p implies that that p, —,.s. p uniformly for r € [e,1]. This, along with

vROC ™1 (v)
(vp+ROC—1(v)(1—p))*

the uniform continuity of ( ), allows us to conclude that

vROC™! (v) vROC ™! (v)
sup sup - — — 5| —a.s. 0.
e<r<1a<v<b [ (vpr + ROC—T (v) (1 = pr)) (vp+ ROC—1 (v) (1 —p))
This result combined with (36) shows that
L VP - _ vp 1
v, FROC W) (1=p:) — wp¥ROCIW)0=p) ) vROC™ (v) (37)
(5r— 1) “* (up+ ROC—1 () (1 - p))°
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uniformly for r € [e, 1] and v € [a,b]. Combining (37) and Lemma 2.4 gives us

7171/2[717’] ( vhr — op >
vpr + ROC—1(v) (1 — pr) wvp+ ROC—1(v)(1—p)

vROC™! (v)
—D <(vp T ROC-1 () (1 — p))2> \/mw (r), (38)

uniformly for r € [e, 1] and v € [a,b]. The first term can be re-written as

2~/ 2 vor _ ver )
vpr + ROC, L(v) (1 — pr)  vhr + ROC—L(v) (1 — pr)

vpr _ vpy
vpr+ROC, L (v)(1—pr)  vPr+ROCTI(v)(1-pr)

(rROC; ' (v) — ROC=1(w))

) n~ 12 (ROC; ! (v) — ROCT ()

1 1
By the Mean Value Theorem, there exists ROC,. (v) between ROC, (v) and ROC~!(v) such that

VP _ VP

(vﬁwﬁéﬁf ") (1-p,) UPrFROC 1(”)(1’3")) _ vpr (pr — 1)
— 1 ~ - 1 2"
(ROCT (v) — ROC 1(v)) <U[)r + ROC, (v)(1— ﬁ,.))

—1
From Lemma 2.5 we know that ROC, (v) —,s. ROC~1(v) uniformly for r € [e,1] and v € [a,b]. This,

combined with the uniform convergence of j, to p and the uniform continuity of (7)p+ROvCp'(*p17(i;(1_p))2 gives
us
Ar Ar —1 —1
wp sup vp (p1 ) - Rgpc (p1 )1 N —
r<la b o B -
ST (m +ROC, (v)(1 —p%)) ot =)
which implies that
(w 0T i) ”ﬁT+ROC7JfI(“)(1‘57‘)> velp—1)
T/\il —a.s. 1 2 (39)
(ROOT (v) — ROC*%W)) (vp+ ROC—1(v) (1= p))

uniformly for r € [e, 1] and ¢ € [a,b]. Combining (39) with the results of Lemma 2.6 allows us to conclude
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that

VP — vpr
vpr+ROC, L (v)(1—pp)  vhr+ROCTI(v)(1=57)

(ﬁo\c;l(v) - ROC—1(v))

) n= /20 (ﬁé\c;lm - ROCT ()

- vele = 1) L kyroc—l(w), )
P (1)p+ROC_1('u)(l—p))2 Vi—p ’

a—1
+ vele = D) 3 (fD(Sf_)l(U))) Ky m) (40)
(vo+ ROCT1(v) (1 = p)) fp(Sp () ) VP

Summing (38) and (40) gives the desired result. O

Theorem 4.5 establishes that the sequential empirical estimates of PPV (v) and NPV (v) converge to
the sum of two independent Kiefer Processes. We are able to develop an analagous result for the fixed-
sample empirical estimates of PPV (v) and NPV (v) as a special case. Corollary 4.6 establishes that the
fixed-sample empirical estimates of PPV (v) and NPV (v) converge to the sum of two independent Brownian

Bridges under cohort sampling.

Corollary 4.6. Assume A1-A3 hold, p € (0,1) and let IpGp ) po pounded on [a, b].

p(Sp(v)
A. Asn — o
—— v -1 1
n!/2(PPV o1 (v) — PPV(v)) —p <(Up - Rog(f’l (U))(l — p))2> = Ba(ROCT )

vp(p—1) fD(S;f(v))) RN
* ((vp+Roc—1<v><1—p>>2> (fD<551<v>> v )

v 1y
+< ROO—(v) >\/p(1p)Z

(vp+ ROC~1 (v) (1 - p))°

uniformly for v € [a, b] where Bs and By are independent Brownian Bridges and Z is a standard normal
random variable independent of Bs and By.

B. Asn — oo

1/2 7P '3 _ 1 p(L—p)(v-1) -1
n/2(NPV o1 (v) = NPV () =y 7= (((1 — o) s+ (1-ROC1 (o)) (1 —p))z) BalROC ()
1 p(1—p)(v—1) f5(S5' (v)) .
* ﬁ<<(1 ~ 0+ (- ROCT (W) ( —p>>2> (fD<s;,1<v>>> Balv)

B (1—v)(1—ROC™*(v)) —
<<<1—v)p+<1—Roc*(v))(l—p))?) Vel =z
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uniformly for v € [a,b] where Bs and By are independent Brownian Bridges and Z is a standard normal

random variable independent of Bz and By.
Proof. Immediate from Theorem 4.5 and by noting that K (v,1) =p B(v). O

Again, we are able to develop distribution theory for summary measures of PPV (v) and NPV (v) using
the results of Theorem 4.5 and Corollary 4.6. Corollary 4.7 establishes that the sequential empirical estimate
of a point on the PPV or NPV curve is asymptotically normal with an independent increments covariance
structure, while Corollary 4.8 establishes the asymptotic normality of the fixed-sample empirical estimates

of PPV (v) and NPV (v).

a—1
Corollary 4.7. Assume A1-A8 hold, p € (0,1) and let % be bounded on [a,b]. Forv € (0,1) and J
D v

stopping times,

A. (Wwﬁ (v),P/PT/CO“ (v),... ,ﬁco,w (v)), 18 approzimately multivariate normal with,

PPV o, (v) ~ N (PPV(U),O’%P\VCO’W(U)) i=1,2,...,J

and
Cov Fﬁcom (U),Fﬁcoﬂ (v)} =Var [ﬁcoﬂ (v)} = O'%P\V (o) ri <71
where
2
2 _ vp(p—1) 2
TPPV oy (0) — 1 2 | “Roc;!
ey~ \ (vp+ ROC— (0) (1= p))? ) “FOC. [
2
) vROC~! (v) p(1=p)
(vp+ ROCT (0) (1—p))  n
and 02— is defined as in Lemma 2.7.

ROC,, (v)

B. (]7}?/6(“1 (v), WCOM (v),..., Wcom, (v)), is approximately multivariate normal with,
i ) o
NPVeor(v) ~ N (NPV(), 0%, ) i=12...,0
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and

Cov WCOT.UJWCOT.U =Var Wcor.v =02 , ri <r;
i (©) ") NPV, 0)] =0 ) )
where

2
e p(—p) (1) e
WPVeers® =\ (1= 0) p+ (1= RO () (1 = p)* ) "7
2
N (1-v) (1 - ROC™! (v)) p(1-p)
(1—v)p+(1-ROCL(@)(1-p)P) =
2 - .
and Gﬁj\crj ) 8 defined as in Lemma 2.7.
Proof. Immediate from Theorem 4.5. O

Corollary 4.8. Assume A1-A3 hold, p € (0,1) and let %:Ev;; be bounded on [a,b]. For v € (0,1), the
D v

empirical estimates of PPV(v) and NPV(v) under cohort sampling are approxzimately normally distributed

with

PPV eo1(v) ~ N (PPV(0), 025 )

and

NPV o1 (v) ~ N (NPV(U), o (1,))

where O'%\ and 02— are defined as in Corollary 4.7.

PVCD’l(’U) NPVCOJ(U)

Proof. Immediate from Corollary 4.7. O

5 PPV and NPV curve indexed by the Percentile Value

Finally, we consider the PPV and NPV curves indexed by the proportion of the population that are classified
as negative, u, and positive, 1 — u. In this case, the PPV and NPV curves are defined as PPV (u) = P[D =
1|1X > F~Y(u)] and NPV (u) = P[D = 0|X < F~!(u)] for all u € (0,1). Under this indexing, the PPV
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curve can be written as

PPV(u)=P[D=1X > F ' (u)]
P[D=1,X>F'(u)]
P[X > F~1(u)]

_ P[X>F'uw)|D=1]*P[D=1]
N 1—F(F~Y(u)
Sp (F~Y(uw)) p

B T “h)

and
Fp (P @) (1= p)

u

NPV (u) =
It should also be noted that the NPV curve can be expressed as a function of the PPV curve

u—p+1—u

NPV (u) = PPV (u), (42)

and, therefore, it suffices to study the PPV curve when considering estimation of the PPV and NPV curves.

5.1 Case-Control Sampling

In this section, we consider the sequential empirical estimates of PPV (u) and NPV (u) under case-control
sampling. The sequential empirical estimate of PPV (u) under case-control sampling can be found by
substituting the sequential empirical estimates of Sp(z) and F(z), along with the known value of p, into

(41),
SD,TD (Fr},{rf, (U)) P

1—u

P/]D\VCC,T’D,TD (U) == (43)

NPV (u) can be expressed as a function of PPV (u) and, therefore, the sequential empirical estimate of
NPV (u) is found by substituting the sequential empirical estimate of PPV (u) into (42),
u—p l—u

NPVCC,TD,TD ('LL) - w + ”

PPV ey (10). (44)
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We begin by showing that fﬁce,m,rﬁ (u) converges to the sum of two independent Kiefer process in

Theorem 5.1. The proof of Theorem 5.1 follows the proofs found in Pyke and Shorack (1968).

Theorem 5.1. Assume A1 - A4 hold and let H be bounded on [a,b]. Asnp — oo and np — oo

n 52 nprp) (meﬁ (u) — PPV (u)) —p— ”g - up) fD(; - (( )))) K1 (Fp(F~Y(uw)),7p)
p(L—p) fo (F~1(u)
)

) 5D )
T Ry VA K (Fp (T (), )

+

uniformly for u € [a,b], rp € [¢,1] and rp € [d, 1] where K1 and Ky are independent Kiefer Processes.
Proof. First, note that,
np!* 7ol (o (Frp oy ) =80 (F7 )) =np!* lnorol (Fo (F7 ) = Fourp (Frp oy )
:ngl/2 [nprp] (FD (F71 (u)) Fp ( DD (u) ))

+ 05" noro)] (Fo (B, @) = Foorp (B, () -

The first term can be rewritten as,

ngl/z [nprp] (FD (F71 (“')) - Fp (FTD TH (u)))
Fp (1 @) = Fp (F71 (B (B5L
S e
o (1 (+ (5 ))) - 70 1 0
F(Fifrp @) —

Fp (Pt (P (Bt 0))) - Fp (F ) - e
s Ot D o (o o) ()
o (51 (¢ (g ) -0 (),
- "D

F (ﬁ;[} . (u)) . [nprp] (u - Frporp ( 7‘D h (u)))

Fp (F¥1 (F (FTJ; TH (u)))) " B (F71 (“)) -1/2

—1/2

=np

[nprD]

1/2

=np

(nprp] (v Frporp (Frprp @)

—-1/2
+nD/ [nprp

LB ) 0D, 1 (45 ) <o (i )
DTH
/2 1 = . _ 1,
" npl/2 {:Z:g - (F (F EF(Ti;i; 323)) uFD e a=pnp?nprp)] (AD’“"D (ﬁfz}ﬂf) (“)) b (F':E}”"D “”))
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We begin by showing that F (F

TD,TH

sup sup  sup
c<rp<1d<rp<la<u<sd

(£t ) o

< sup sup  sup
c<rp<1ld<rp<la<u<bd

+ sup sup  sup
c<rp<ld<rp<la<u<b

We note that,

(u)) converges to u uniformly,

)F( DT H (u)) - FTDaTD

Fop ey (Rt )

-1 . -1
sup sup sup |F(F ) — Frporn ( _ (u))‘
e<rp<ld<rp<la<u<b D» TD "D"D \"TD"p
< sup sup sup

c<rp<ld<rp<la<u<b

+ sup sup sup ‘FD( .

c<rp<ld<rp<la<u<b

np nDc]
= sup sup sup ‘F
" [npe] e<rp<ia<rp<ia<u<s D

np [npd]
sup sup sup
[npd] c<rp<id<rp<ia<u<t Tp

np [nprp]
sup sup sup ——
[npc] c<rp<id<rp<ia<u<s ND

<

np [nprp]

—=—  sup sup sup
[npd] c<rp<id<rp<ia<u<b Mp

—a.s. 0,

P ~ P
)FD ( . (u)) —Fp,rp (FTD,TD u

@) = Fop (B

(i ) ~ P (R )

)FD (F;;TD (u)) o (F;DI’TD (”))|

by the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorgé and Szyszkowicz (1998)), along with the fact

that 22 —>%and L TN

e é. For all rp,rp €

(0,1]

0 Py (B 00)] Sa

Therefore,

sup  sup
c<rp<1d<rp<la<u<b

which implies that,
sup sup  sup ‘F (F;DIT,
c<rp<ld<rp<la<u<bd

49
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<[TDF7)1D] \/ [:LD;Z]

; - P
w0 1= oy (Fly )| <0 (25

http://biostats.bepress.com/uwbiostat/paper345



We note that (45) also implies that Fp F1 (uw))and Fp (F71, (u converge uniformly to Fp (F~! (u
b

TDTH TD,TH

TD,"pH

and F5 (F’1 (u)), respectively, which can be seen by noting that the difference between Fp (ﬁ‘*l (u)) and
Fp (F~! (u)) will always have the same sign as the difference between Fp, (ﬁ'fl (u)) and Fp (F7! (u)).

TD,"pH

By the mean value theorem, there exists F’ ( i (u)) between v and F (F

TD,"pH TDTH

! (u)), such that,

£ (5 (1 (520, ) o ) 1o (57 (# (1, )

F (B () — F(F (F (Fs @)))

£ fo(F~'(w)

The uniform continuity o Ty combined with the fact that F ( ;D{r (u)) —q.s. w uniformly, allows

us to conclude,

sy PO @) gyt )

B T G ) R ) I

For all rp,rp € (0,1] x (0,1],

-1/2 o P P [nprp] 1—p
wguzt P [norp] ’u Frprp (FTD’TD (u))’ S (n,}l/? Vv [nprolng!/? )

Therefore, as np — oo and np — oo,

~1/2 ~ 1
s sy 15 i Fo g (i () .
0<rp<10<rp<l a<u<b

Combining this result with (46) allows us to conclude that,

Fp (F (F By ))) = Fo (F7* ()
F (F‘T_Dlmf) (u)) —u

np'"? nprp) (U ~Frporp (FT_DIWB (u))) —a.s. 0.

Corollary 1.A in Csorgd and Szyszkowicz (1998), (46) and the uniform continuity of the Kiefer process allow
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us to conclude,

o (7 (7 Py ) - P (5 )

F (F—l (u) ) —u pnp? nprop] (FD'TD (F:D "D (u)> (ﬁ‘y:Dl’rD (U))>
T‘D 7‘D
—D %p}(l (FD (F_l (U)>aTD>7 (47)

and,

2 e 70 (7 (7 (£ ) o (7 )

:51/2 ["575] F (B g ) —u =005 o70] (Fo.np (Fprp ) = 70 (Frprp )
. ﬂ:—g%u—p) K5 (Fs (F~ (w) . rp) . (48)
The second term converges in distribution to a Kiefer process,
52 0071 (75 (5 ) ~ 5.0 (b ) == 757 701 (80 (358 0) = (45 )
—p - K1 (FD (F*l(u)),rD), (49)

by Corollary 1.A in Csoérgé and Szyszkowicz (1998). Summing (47), (48) and (49) gives the desired result. [

Theorem 5.1 establishes the convergence of the sequential empirical PPV curve to the sum of two indepen-
dent Kiefer Processes under case-control sampling. From this result we are able to derive distribution theory
for the fixed-sample empirical estimate of PPV (u), as well as the sequential and fixed-sample empirical es-
timates of NPV (u). Corollary 5.2 establishes the convergence in distribution for the fixed-sample empirical
estimate of PPV (u), while Corollary 5.3 provide results analagous to Theorem 5.1 and Corollary 5.2 for the
NPV curve.

Corollary 5.2. Assume A1 - A4 hold and let % be bounded on [a,b]. Asnp — 00 and np — 0o

Wlf? (PP eons (w) = PPV () —p — LA=2 S0 UL g oo

)
)
p(L—p) fo (F~" (u)
)

T Cw FFE )

uniformly for u € [a,b] where By and By are independent Brownian Bridges.

Proof. Immediate from Theorem 5.1 and by noting that K(¢t,1) =p B(t). O
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S
Corollary 5.3. Assume A1 - A4 hold and let % be bounded on [a,b]. Asnp — o0 and np — 0o

p(1—p) fp (F7' (u)
f(F=1(u))

p(1—p) fo (F' (u))
u f(F=1(u))

52 noro] (NPVeeirp g (W) = NPV (u)) —p — Ki(Fp(F~ (), )

ﬁ:—gmwﬁ(rl(u))m)

uniformly for u € [a,b], rp € [¢,1] and rp € [d, 1] where K1 and K5 are independent Kiefer Processes and

nif? (NPVee (w) = NPV () —p —

T TP W

uniformly for u € [a,b] where By and By are independent Brownian Bridges.
Proof. Immediate from Theorem 5.1, Corollary 5.2 and (42). O

Theorem 5.1, Corollary 5.2 and Corollary 5.3 allow us to develop distribution theory for summaries
of the PPV and NPV curves. The most common summaries of the PPV and NPV curves are PPV (u)
and NPV (u), respectively. PPV (u) and NPV (u) are the positive and negative predictive values when
biomarkers values at the uth percentile or above are considered positive. The following corollary provides a

normal approximation for the sequential empirical estimates of PPV (u) and NPV (u).
-1
Corollary 5.4. Assume A1 - Aj hold and let % be bounded on [a,b]. For u € (0,1) and J stopping

times,

A. (P/PT/CC,TD’M«D . (u),P/PT/CQTDQmD’2 (u), ... ,P/PFVcc,rD,J,rDJ(U)) , is approzimately multivariate nor-

mal with,
.
2 .
PPV e (u) ~N | PPV (u),05— 1=1,2,...,J
CC?""D,'UT'D,@'( ) ( )7 PPVCC,TD"L-,TD 1(u) <y I
and
Cov [P/P\V“C”'D,wf; L), ﬁ\VCCn'D,]ﬂ'D o) = Var [FWCCJ,D srp ] = U%P\VN . )y rp <y
s s s s e, TD i TD,
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where

(J‘D(FW (1- p))2 PPV(u) (125 — PPV (w)

FOF=T(w) 1-u
02/\ =

PPVeerp jirp ; (0) nDpTD,j

(frte) - v (s Prvcs)

+

nDTDJ

B. (WCC,TD,LTD 1 (U), ]TP\VCC,T'DQJ’DQ (u)7 e WCC’TD‘J’TD J (u)> ’ s approximatezy multivariate nor-

mal with,
—_—
NPV o (W)~ N|[NPV(u),o2— i=1,2,...,J
CC,T‘D,@,TD,@( ) ( )’ NPVcc,rD'i,rDi(U) » < )
and
Cov [NPVeerp jrp (0 NPVeerp jirp 0] =Var [NPVeerp jop ] =okpy 0 i<
s ’ i ) ’ 2CTD T
where

2 ) (M (1- p)) (NPV(u) + £5%) (1 — NPV (u))

NPVeerp jrp (W) nprp,;

(Wp) NPV(u) (=2 - NPV (u))

+ o
nDTD,j

Proof. Tt immediate from Theorem 5.1 that

(ﬁccﬂ‘D,lﬂ"D (u), ?P\VCC,TD,Q,Q-, L(u),. .. ,ﬁcc,mw,,rﬁ S (u)) is approximately multivariate normal with

mwmi,m(u)wjv(PPV(u),a%D\V N (u)) i=1,2,...,J
€CTD i T 4

and

2

o — ’ i ="
PPVee,rp jorp (4 N ’

Cowv [PPVCC,TDJJ-EJ.(H), PPVee,rp jirp j(u)] =Var |PPVee,rp,
) > D,j

PR RS
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where

1 2
() o (7 ) - o (@)
nprp,;
(A2 ) ) Fo (7 @) (1 Fo (7 )

npTD,j

+

We can write the variance of in terms of PPV (u) by noting that

1— Fp(F Y(u) = - “PPV(u)
and
1— Fp(F'(u) = i :Z (1-PPV(u)),

substituting into the above variance formula and simplifying. The proof of part B is nearly identical with

the only difference being that we write the variance in terms of NPV (u) by noting that
Pb@F%M):%(I*NPVWD

and

O

Corollary 5.4 proves that the sequential empirical estimates of PPV (u) and N PV (u) are asymptotically
normal with an independent increments covariance structure. This is an important result as it confirms that
existing group sequential methodology can be used to design diagnostic trials using PPV (u) and NPV (u)
as the primary outcomes. We are able to derive a normal approximation for the fixed-sample empirical

estimates of PPV (u) and NPV (u) as special case of Corollary 5.4.

10y
Corollary 5.5. Assume A1 - A/ hold and let % be bounded on [a,b]. For u € (0,1), the empirical
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estimates of PPV (u) and NPV (u) are approzimately normally distributed with

PPVcc,l,l(u) ~N (‘PPV(U)7 U%ﬁcc,Ll(u))

and
NPVeena(u) ~ N (NPV(), 0o, )
2 2 ;
where OBV oo 12 () and Umcc,m(u) are defined as in Corollary 5.4.
Proof. Immediate from Corollary 5.4. O

5.2 Cohort Sampling

We now consider estimation of the PPV and NPV curve under cohort sampling. Under cohort sampling we
must estimate p, along with Sp(z) and F(z). The sequential empirical estimate of PPV (u) is defined as
SD,T' (Fr_l(u)) /37'

PPV o (u) = T (50)

where p,., Sp () and 7! (u) are the sequential empirical estimates of p, Sp(z) and F~!(u), respectively. We
again define the sequential empirical estimate of NPV (u) by substituting the sequential empirical estimate

of PPV (u) under cohort sampling into (42),

1—u

NPV oo, (u) = —L 4 PPV o (1), (51)

u u

Theorem 5.6 establishes the convergence in distribution of fﬁcw(u) to the sum of two independent Kiefer

processes. Again, we closely follow the proofs found in Pyke and Shorack (1968).
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i
Theorem 5.6. Assume A1 - A3 hold, p € (0,1) and let % be bounded on [a,b]. Asn — oo

I - fp (F7Lw
n 2 [ (PPVCO‘T (u) — PPV (u)) ~p -t 517 up) %%KS (FD (Ffl (u)) ,7‘)

p(1—p) fD (F_l(u)) 1 - _1 k
A— () mK4 (Fp (F7 ), r)
~ <<1 - fp (F71w)

£ (F=1 (W)

pfp (F~1(w)

1 _ 1 p(1—p) N
Fp (F ('u,)) + f(F—l (w) Fp (F (u))) S W ()

uniformly for u € [a,b] and r € [c,1] where K5 and K4 are independent Kiefer Processes and W is a Wiener
process independent of K3 and K.
Proof. First, note that,

n~1/? [nr] (SD,T (13':1 (u)) pr — SD (F7 ) p) =n~1/2 [nr] (FD F~ 1 (u) ) p—Fp,, (}3‘;1 (u)) ﬁ,,.)

—1/2

=—Fp ( (u))n [nr] (pr — p)

(
(5 (57 9) (5 9)
2 qnr] (Fo, (B (w) = Fo (B (w))
The first term converges to a Wiener Process,
—Fp (F~" (w)n™ " [nr] (pr — p) =p —Fp (F" (0)) V/p (1= p)W (r (52)
by Lemma 2.4. It can also be shown that p,. — s p uniformly for r € [e, 1],

n nel .
=2 s 2D,

sup [pr —p p — |pr—pl
e<r<1 [ne] e<r<1
n [nr] | .
< i sup — |pr —pl
[ne] e<r<1 m

—a.s 0.

This result can be thought of as a special case of the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorg6
and Szyszkowicz (1998)) for a fixed x € (0,1), where F' is the CDF of a Bernoulli random variable. The
second term converges to the sum of two independent Kiefer Proccesses. To see this we rewrite the second
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term as,

ﬁrn71/2 [nr] (FD (F71 (u)) — Fp (ﬁ;l (u)))
Fp (F~' (u)) — Fp (F*l (F (ﬁ;l (u)))) -
e G
Fp (F7 (F(F7'))) = Fo (F~* () o
F (F:l (u)) —u (u — (FT (u)))

Fo (F71 (P (A7 @))) = Fo (P71 ) (B (B @) = F (B )

F(B (w) —u
n=? [nr] (u - F, (F':l (u)))

=prn "% [nr]

-1/2 [nr]

=prn

1/2[

+ prn= nr)

Fp (F’l (F (F;l (u)))) — Fp (F71 (u))
F(E () —u

s Fp (F7 (F (F7 w))) = Fo (F7! (U))n,l/2
" F (F:l (u)) —u

Fp (F’l (F (F;l (u)))) — Fp (F™" (u))
i F(F:l(u)) —u

Fo (F (F(F7"W))) = Fo (F' (), ,

F(F7 ) —u !

Fp (F7 (F(F71@))) = Fo (F7* (w)
' F (F;l (u)) —u

P () o)

F (F;l (u)) —u )

Fp (F‘l (F (F;l (u)))) — Fp (F~! ()
F (F;l (u)) —u

=pr

[nr] (ﬁTFD,TD (F;l (u)) — pFp (FA‘,:I (u)))

+ pr

02 ] (U= p0) By (B0 () = (1= 0) Fp (B ()

=pr

[nr] (u — F, (F:l (u)))

s b2 [nr] (FD,TD (F;l (u)) —Fp (F;l (u)))

+ b ] (P, (B () = Fp (B (W)

+ e (Fo (B (w) = Fp (B (@) n™"? (1) (51 — p)

Fp(F(F(E7(w)))—Fp(F~' ()
F(ﬁ':l(u))fu
u € [a,b]. A simple application of the Glivenko-Cantelli Theorems (1.51 and 1.52 in Csorgé and Szyszkowicz

—1
converges uniformly to % for r € [e,1] and

We must show that
(1998)) allows us to conclude that F (Ff 1 (u)) converges to u uniformly,

sup sup ’F (Ffl (u)) - u‘ - sup sup [ne] ‘F (Fr_l (u)) — u)

e<r<1a<u<b [ne} e<r<ia<u<b T

< — sup sup [nr] ’F (Fr_l (u)) —u‘
[ne} e<r<la<u<b T

—a.s 0. (53)
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We note that (53) also implies that Fp (F’;l (u)) and Fp (F;l (u)) converge uniformly to Fp (F~! (u))
and Fp (F -1 (u)), respectively, which can be seen by noting that the difference between Fp (ﬁ‘*l (u)) and
Fp (F~! (u)) will always have the same sign as the difference between Fp, (Ffl (u)) and Fp (F~! (u)).

r

By the mean value theorem, there exists F (ﬁ'fl (u)) between u and F' ( -1 (u)), such that,
Fp (F*l (F (F;l (u)))) — Fp (F~! (u)) L (F*l (F (F;l (u))))
F (F;l (u)) .y f (F—l (F (ﬁ;l (u)))) '

~ - u
Since F' (F; 1 (u)) —q.s. W uniformly and by the uniform continuity of %,

up sup | (F (5 ) go )
e<rslasusb f(F—1 (F (F;l (u)))) F(FL(u)

_9w5407

which implies,
Fr (F—l (F (F;l (u)))) — Fp (F~ (u)) o (F~1 (u))
P w) —u T FET W)

uniformly for u € [a,b] and r € [e,1]. For all r € [e, 1],

sup n~ Y2 [nr]
a<u<b

Therefore, as n — oo,

sup sup n~ Y2 [nr] ’u —F, (ﬁfl (U)N —a.s. 0.
e<r<1la<u<b

From this result, (54) and the uniform convergence of p, to p we can conclude that,

(e (p (B ) o )
) F (Ffl (u)) —u

uniformly for u € [a,b] and r € [e,1]. From (54), the uniform convergence of j, to p, Lemma 2.4 and the

o8
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uniform continuity of the Kiefer process we can conclude,

Fp (F7' (F (F7 (w) — Fp (F~! () N . .
p ( ( E(ﬁ:l (3))))_ - o prn 2 [nr] (FD,TD (F;1 (u)) - Fp (F;l (u)))

br

Pifp (F~'(w) 1

1
0 Sy v (o () ). 2
(@) o () | -
p P = 20 ) 2 (2 (57 ) = (5 )
A-pfp (FHw
~b % (1—p 17 i3 (Pp (F71 ), ), (56)

and

Fp (1 ( (71 )) - p (P )

F (F;l (u)) —u

br (Fp (B @) = Fp (B @) n =2 [0 (6 = )

14
-b M (FD (F*1 (u)) - Fp (F*l (u))) Ve (1 — p)W(r), (57)

£ (F=1(w)

where K3 and K, are Kiefer processes and W is the same Wiener Process from (52) and is independent of
K3 and K4. The third term converges in distribution to a Kiefer process,

—pen 2 (0] (P (B () = Fo (B (w)) —b —P%Ks (Fo (F7 @) ,r), (58)

by Lemma 2.4, the uniform continuity of the Kiefer process and the uniform convergence of pr to p. Summing

(52), (55), (56), (57),(58) and some algebra gives the desired result. O

Theorem 5.6 establishes distribution theory for the sequential empirical PPV curve indexed by the
percentile value. From this result we can easily develop distribution theory for the fixed-sample empirical
PPV curve, the sequential empirical N PV curve and the fixed-sample empirical N PV curve. Corollary 5.7
considers the fixed-sample empirical PPV curve as a special case, while Corollary 5.8 establishes distribution

theory for the sequential and fixed-sample empirical NPV curve indexed by the percentile value.
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S
Corollary 5.7. Assume Al - A3 hold, p € (0,1) and let % be bounded on [a,b]. Asn — oo

. -1 u
p(1—p) M ! Bg (FD (Fil(”)»

nt/2 (PPVeon (w) = PPV (W) —p — 1—w (P ) vF

p(1—p) D (F_l(u)) 1 - 1,
R— 7 (F=1(w) m34(F (P )

D
~ ((1 - fp (F71 (W)
F(F1w)

pip \F 7 (W) <F71 <u)) Fp (F’l (u)>) Pazrl,

-1
Fp (71 ) + = ()

1—wu

uniformly for u € [a,b] where B3 and Bz are independent Brownian Bridges and Z is a standard normal

random variable independent of Bs and By.

Proof. Immediate from Theorem 5.6 and by noting that K (¢,1) =p B(t). O

-1
Corollary 5.8. Assume A1 - A3 hold, p € (0,1) and let ]}D((FF,il(S;))) be bounded on [a,b]. Asn — oo

e ) (T v P (Fp (P71 ). r)
p(l—p fp (F71 ) 1 B
* u f (F—l (“)) mKAL (FD <F (u)) R r)

~ ((1 -0 fp (F71 (W)
F(F=1(w)

1
Fp (F7hw) + pio (F 7 W) (rtw) G (u))) Vea=o

)
F(F T w) e

uniformly for u € [a,b], r € [e,1] where K3 and K4 are independent Kiefer Processes and W is a Wiener
process independent of K3 and K.

p(1—p) Ip (F_l (u))

1 —1
=00l L (7 )

nl/2 (NPV o1 (w) — PPV () —p —

p(1—p) D (Ffl(u)) 1 B _1
ey e (e (T )

(1-p)fp (F7Hw) _ pfp (F71 (w) _ ST =)
_ (WFD (F 1 (u)) + WFD (F 1 (u))) fz

uniformly for u € [a,b] where Bz and Bs are independent Brownian Bridges and Z is a standard normal

random variable independent of Bz and By.
Proof. Immediate from Theorem 5.6, Corollary 5.7 and (42). O

Theorem 5.6, Corollary 5.7 and Corollary 5.8 establish the convergence of the fixed-sample and sequential

empirical PPV and NPV curve indexed by the percentile value under cohort sampling. These results allow
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us to develop distribution theory for summaries of the PPV and NPV curves. Corollary 5.9 establishes
that the sequential empirical estimates of PPV (u) and NPV (u), a point on the PPV and NPV curve,

respectively, are asymptotically normal with an independent increments covariance structure.

-1
Corollary 5.9. Assume A1 - A3 hold, p € (0,1) and let % be bounded on [a,b]. Foru € (0,1) and

J stopping times,

A. (ﬁwﬂ.l (u), Fﬁwh (u),... ,ﬁwm (u)), is approximately multivariate normal with,

— 2 .
PPV o (u) ~ N (PPV(u).02py ) i=1.2,..J

and
Cov {ﬂw,” (u),P/P>Vcoyrj (u)} =Var [ﬁcoﬂ. (u)] = O’%P\V‘ ()’ r; <1y
where
f5(F~1(w) ? o
] ) (m (1- p)) PPV () (12 = PPV(u))
UITP\VCO,TJ- (w) ™ pnr;
“1gy 2
(%,;) (1= PPV(w) (¥=£ + PPV (u))
" 1= pynr,
o(F7 W) ofp(F @) \?
D u 1 1 D u
(PPV(U) (m - ;) i - m) p(1=p)
+ .

nr

B. (JVPT/CO,T1 (u), JVPT/CO,T2 (u),..., ﬁ/ww (u)) , 18 approzimately multivariate normal with,
NPV o r,(u) ~ N (NPV(u),afTPT/mH(u)) i=1.2....J

and

I
Q
3
AN
3

Cov []VP\VCO’W (u), ]VP\VCO,TJ. (u)} =Var [Ww,” (u)}
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where

2__ _ (% (1- p)) (NPV (u) + £=%) (1 — NPV (u))
O'NPVco,rj (w) — o
+(W’)) NPV(u) (2 = NPV (u))
fD(F*l(“)) 1 1 fD(Ffl(u)) 2
(NPV(u) <m - ;) +1- W) ol p)

+

Proof. 1t immediate from Theorem 5.6 that

(ﬁ?ﬁmﬁm%ﬁﬁvwﬂuowu

nr

,fﬁcoﬂ. S (u)) is approximately multivariate normal with

ﬁﬁvmmmwa(vam%a%W:‘wJ i=1,2,...,J
and
Cov {P/PWCO,H (u),ﬁcoyrj (u)] =Var [ﬁcoﬂ (u)] = J?D/P? ()’ r; <71
co,r;j u
where
() 2
2 (=2 o () (1= P (P )
Umco,‘r'j (w) pnr;
1 u
(A ) o ) 0 (e )
(1 —p)nr;
u “(u 2
(e o (7 )+ R o (@) o)
nr

We can write the variance in terms of PPV (u) by noting that

1— Fp(F~

and

H(u)

1—u

-, (u)
L=uv i ppy
1—p( - (’LL))7
62

Hosted by The Berkeley Electronic Press



substituting into the above variance formula and simplifying. The proof of part B is nearly identical with

the only difference being that we write the variance in terms of NPV (u) by noting that
Fp(F~! () = = (1= NPV(w)

and

O

Finally, Corollary 5.10 establishes a normal approximation for the fixed-sample empirical estimates of

PPV (u) and NPV (u) under cohort sampling as a special case of Corollary 5.9.

—1
Corollary 5.10. Assume A1 - A3 hold, p € (0,1) and let J}D((If_il(g)))

the empirical estimates of PPV (u) and NPV (u) are approximately normally distributed with

be bounded on [a,b]. For u € (0,1),

PPVco,l(u) ~N (PPV(U)’ U%PT/CO 1(“))

and

NPVco,l(u) ~N (NPV(U)’ O—Jzﬁ\vco,l(u))

where 02— and

2 .
BBV, 1 () omm)l(u) are defined as in Corollary 5.4.

Proof. Immediate from Corollary 5.9. O

6 Discussion

We considered the asymptotic properties of the sequential empirical ROC, PPV and NPV curves. We first
extended the work of Hsieh and Turnbull (1996) to the sequential empirical ROC curve. We showed that
the sequential empirical ROC curve converges to the sum of independent Kiefer processes and that the
sequential empirical estimate of a point on the ROC curve is asymptotically normal with an independent

increments covariance structure. Next, distribution theory was developed for the sequential empirical PPV
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and NPV curves indexed by the true positive fraction, false positive fraction and the percentile value in
the entire population. In all cases, the sequential empirical PPV and NPV curves converge to the sum of
independent Kiefer processes and the sequential empirical estimate of a point on the PPV and NPV curve
is asymptotically normal with an independent increments covariance structure. Finally, distribution theory

for the fixed-sample empirical PPV and NPV curves were developed as a special case.

The results in this chapter provide the theoretical basis for applying standard group sequential methods
to diagnostic biomarker studies. The independent increments assumption is common in the group sequential
testing literature. Verifying that the independent increments assumption holds for the sequential empirical
estimate of a point on the ROC, PPV and NPV curves allows us to use standard group sequential methods
with a point a point on the ROC, PPV or NPV curve as our summary of interest. Furthermore, the results
in this chapter apply to the entire process which will allow us to easily develop distribution theory for other

summaries of the ROC, PPV and NPV curves.

We showed that the sequential empirical estimate of a point on the ROC, PPV or NPV curve has an
independent increments covariance structure. This is only one of many summaries of the ROC, PPV or
NPV curve. Future work is needed to show that this assumption holds for other summary measures and to
identify summary measures for which the independent increments assumption does not hold. For example,
the area under the ROC curve (AUC) is a common summary measure of the ROC curve and it would be
beneficial to show that the independent increments assumption holds for the sequential empirical estimate of
the AUC. Also, the results in this chapter only deal with the estimation of the ROC, PPV or NPV curve for
a single marker. In many cases we estimate the ROC, PPV or NPV curve for multiple markers and compare
the performance of these markers by comparing summaries of the ROC, PPV or NPV curve. Future work is
needed to generalize the results in this chapter to the cases with multiple markers and arbitrary correlation

between markers.
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