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Abstract
In designing a Phase III randomized trial, care must be taken in selecting the target population. Advantages of enrolling from a larger population include wider generalizability of
results and faster recruitment. However, since earlier trials (e.g. Phase II trials) may only have
enrolled participants from a relatively narrow population, little data may be available on the
larger population. This makes a Phase III trial that enrolls from the larger population more
risky. We propose new adaptive, group sequential designs aimed at gaining the advantages of
wider generalizability and faster recruitment, while mitigating the risks of including a population for which there is little prior data. These designs use preplanned rules for changing the
enrollment criteria if the participants from predefined subpopulations are not benefiting from
the new treatment. We demonstrate these adaptive designs in the context of a Phase III trial of
a new treatment for stroke, and compare them to standard designs in terms of expected sample
size and trial duration. In this context, we investigate the tradeoff between sample size and
trial duration that arises in designs with preplanned rules for changing the enrollment criteria.

Keywords: adaptive design; enrichment design; group sequential design; optimal sample size.
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Introduction

This work is motivated by the challenges that arose in planning a Phase III trial of a new surgical
technique for treating stroke. However, we expect similar challenges to occur in other domains.
Our goal in designing the Phase III trial was to evaluate a new surgical treatment for intracerebral
hemorrhage (ICH), a common type of stroke with mortality exceeding 40% (Dennis, 2003). The
new surgical treatment for ICH is called Minimally-Invasive Surgery Plus rt-PA for Intracerebral
Hemorrhage Evacuation, abbreviated as MISTIE, and described in (Morgan et al., 2008). This
treatment showed promise in a completed Phase II trial. However, this trial only enrolled those with
ICH who had small or no intraventricular hemorrhage (IVH) at baseline. We call these participants
“small IVH” participants.
The study investigators debated whether to expand the inclusion criteria of the proposed Phase
III trial to additionally enroll “large IVH” participants, i.e., those with ICH whose IVH at baseline
1

has volume greater than 10 ml or requires a catheter for intracranial pressure monitoring. There
were several reasons for this. First, current medical understanding of intracerebral hemorrhage
suggests that the new treatment has potential to substantially benefit large IVH participants. Second, since the prevalence of large IVH participants is estimated to be approximately twice that of
small IVH participants, a trial enrolling from both populations would answer a question relevant
to a much larger population. Third, the expected recruitment rate could be approximately tripled
by enrolling from both populations, which could dramatically reduce the duration of the trial.
However, since there were few participants with large IVH enrolled in prior trials, to include
this population in the Phase III trial would pose a substantial risk. For example, if the new treatment
did not benefit this group, then a trial targeting the combined population of small IVH participants
and large IVH participants may have low power, even if the treatment strongly benefited small IVH
participants. To address the issue of how to simultaneously learn about the impact of the MISTIE
treatment on participants with different sized IVH, we propose and compare different designs for
the Phase III MISTIE trial. We examine the operating characteristics of designs with prespecified rules for changing the enrollment criteria if the participants from predefined subpopulations
are not benefiting from the new treatment. We also allow switching to only enrolling small IVH
participants if the large IVH participants are experiencing a high rate of adverse events. We determine the optimal design, in terms of minimizing expected sample size and trial duration, among a
class of adaptive, group sequential designs that satisfy certain power and familywise Type I error
constraints.
In the next section, we specify the goals of the MISTIE Phase III trial, and explain why standard
randomized trial designs are inefficient at meeting these goals. In Section 3 we present related
work. We formally define our statistical problem in Section 4. In Section 5 we present standard
(non-adaptive) designs that achieve subsets of the MISTIE trial goals, and then give an adaptive,
group sequential design that achieves all of these goals. We compare the expected sample sizes
and trial durations of these designs in Section 6. We explore the expected sample size versus trial
duration tradeoff in Section 7. In Section 8 we describe directions for future research.
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Design Goals of the MISTIE Phase III Trial

The aim of the MISTIE Phase III trial is to assess whether the MISTIE surgical treatment is superior to the standard of care, which consists of aggressive medical, as opposed to surgical, treatment.
The primary outcome is a participant’s degree of disability at 180 days after enrollment, as measured by the modified Rankin Scale (mRS). A mRS score of 3 or less is considered a successful
outcome. We define the average effect of the MISTIE treatment to be the difference between the
probability of having a mRS of 3 or less after 180 days, under assignment to MISTIE treatment
and under assignment to standard of care. The average effect may be positive (indicating a benefit
of MISTIE versus standard of care), zero (indicating equivalence), or negative (indicating MISTIE
leads to fewer successes, on average, compared to standard of care). Based on the completed
MISTIE Phase II randomized trial, which enrolled 115 small IVH participants and no large IVH
participants, the estimated average treatment effect for the small IVH population is 12.1% [95%
CI: (-2.7%, 26.9%)].
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Concern about the possibility of different effects for small and large IVH participants was
motivated by results from prior studies of other treatments for ICH. For example, Mayer et al.
(2008, 2009) found a stronger effect of treatment on hematoma growth in a small IVH subgroup
in post-hoc analyses in two trials of a different treatment for ICH. Though this is only suggestive
of effect modification by IVH volume, it raises the concern that this could occur in the MISTIE
Phase III trial being planned.
The clinical investigators decided the following potential scenarios were of particular interest
to consider in planning the MISTIE Phase III trial: the average treatment effect is
(a) 12.5% for both small and large IVH populations;
(b) 12.5% for the small IVH population and 0% for the large IVH population;
(c) 0% for both small and large IVH populations.
We set the design goals for the MISTIE Phase III trial to be all of the following:
(i) at least 80% power to detect an average treatment benefit for the combined population consisting of both small and large IVH populations, in scenario (a);
(ii) at least 80% power to detect an average treatment benefit for the small IVH population, in
scenario (b);
(iii) strong control of the familywise Type I error rate at level 2.5%.
A design that achieves the above goals would ensure that when the MISTIE treatment benefits both
populations at clinically meaningful levels, there is 80% power to detect a benefit for the combined
population. Also, there is 80% power to detect a strong treatment benefit in the small IVH population if it’s the only population that benefits from treatment. We require the familywise Type I error
rate to be at most 2.5% rather than at most 5%, because we consider one-sided hypotheses in what
follows.
We construct a class of designs that satisfy the power and Type I error constraints (i)-(iii).
Among this class of designs, we determine the one that minimizes the sum of the expected sample
sizes over scenarios (a)-(c). Similarly, we consider the goal of minimizing expected trial duration;
this leads to a different set of optimal designs than when minimizing expected sample size, as we
describe in Section 7.
The design goals above are asymmetric, in that there is a power requirement for detecting a
benefit only in the small IVH population, while there is no analogous requirement for the large
IVH population. This asymmetry is due to the stronger prior evidence, from the MISTIE Phase II
trial described above, for potential benefit in the small IVH population. Our general method can
also be applied to achieve alternative design goals, as we discuss briefly in Section 8.
The motivation for considering adaptive designs for the MISTIE trial is that standard randomized trial designs do not allow early stopping of subpopulations for futility. Such standard designs
could end up continuing to enroll large IVH participants despite strong evidence of no benefit to
them, leading to inefficiency, as well as unnecessarily exposing large IVH participants to a nonefficacious treatment. Our main contribution is a class of new adaptive, group sequential designs
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for determining treatment effects in two populations, and a comparison of these adaptive designs
to standard designs in terms of expected sample size and trial duration.

3

Related Work

Prior work on designs that change enrollment criteria based on interim analyses includes, e.g., Follman et al. (1994), Follmann (1997), Russek-Cohen and Simon (1997), Freidlin and Simon (2005),
Jennison and Turnbull (2007), Wang et al. (2007), Song and Chi (2007), Stallard and Friede (2008),
Liu and Anderson (2008), Alosh and Huque (2009), Wang et al. (2009), Rosenblum and van der
Laan (2011). The methods in this related work are not tailored to the design goals in Section 2.
In particular, none of them incorporates, as our designs do, all of the following: prespecified rules
for early stopping of different populations, a group sequential framework allowing an arbitrary
number of preplanned stages, strong control of the familywise Type I error rate, and optimization
of expected sample size and trial duration. We explain the relationship between our methods and
those in each of the references above, in Web Appendix A.

4
4.1

Hypotheses, Assumptions, and Test Statistics
Data Structure and Hypotheses to be Tested

Let p1 denote the proportion of the combined population with small IVH at baseline. Let p0 =
1 − p1 denote the proportion of the combined population with large IVH at baseline. We assume
the ratio of participants enrolled with small IVH to participants enrolled with large IVH equals the
ratio of the corresponding population sizes, at each stage in which both populations are enrolled.
The trial designs we consider below are group sequential designs, that is, designs where enrollment over time is divided into K stages. Consider a fixed vector (r1 , . . . , rK ) of positive values
that sum to one. For n the maximum sample size of the trial, i.e., the total sample size if there is no
early stopping, define the vector (n1 , . . . , nK ) = (nr1 , . . . , nrK ) representing the per-stage sample
sizes. We assume each value nrk is an integer (otherwise we implicitly round up to the nearest
integer). At the end of each stage, a prespecified interim analysis is conducted that determines the
enrollment criteria and sample size for the subsequent stage.
Each participant i in stage k contributes data (Si,k , Ai,k , Yi,k ), where Si,k is a binary-valued
indicator of being in subpopulation 1, defined to be those with small IVH at baseline; Ai,k is an
indicator of being randomized to MISTIE treatment; and Yi,k is an indicator of having a successful
outcome, i.e., a mRS of 3 or less after 180 days. Each participant is randomly assigned to MISTIE
treatment or to standard of care with equal probability, independent of baseline variables and subpopulation. For simplicity, we assume at each stage of the trial, for each subpopulation, exactly
half of the participants are assigned to MISTIE treatment; this can be approximately guaranteed
by using block randomization stratified by subpopulation.
Below, we consider designs with prespecified rules to modify the enrollment criteria at a given
stage, based on data from prior stages. This means the subpopulation membership of the stage
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k participants may depend on data from participants enrolled in earlier stages. We assume that
k
conditioned on the subpopulation membership and treatment arm assignments {Si,k , Ai,k }ni=1
of
all participants in stage k, the outcome Yi,k for the ith participant in stage k is a random draw
from an unknown distribution Qsa , for s = Si,k , a = Ai,k , independent of the data on all other
participants in stages 1 through k. Denote the vector of data generating distributions for each
subpopulation and treatment arm by Q = (Q00 , Q01 , Q10 , Q11 ). Let µ(Qsa ) and σ 2 (Qsa ) denote
the mean and variance, respectively, of the distribution Qsa .
We do not make any assumptions on each Qsa , except for the requirement that under Qsa ,
the probability of Y = 1 is uniformly bounded away from 0 and 1 by some constant δ > 0, for
each s ∈ {0, 1}, a ∈ {0, 1}. This requirement guarantees that the joint distribution of z-statistics
for each population, given in Section 4.3 below, converges uniformly to a multivariate normal
distribution; we later use this to prove strong control of the familywise Type I error rate for our
designs. The above requirement is realistic for the MISTIE trial, since based on prior data we
expect the probability of Y = 1 to be somewhere in the range [0.1, 0.5] for each subpopulation and
treatment condition. Consider a fixed δ > 0, and denote the class of Q for which each component
Qsa satisfies the above requirement by Q.
For each subpopulation s ∈ {0, 1}, for each Q ∈ Q, define the average treatment effect on the
risk difference scale as ∆s (Q) = µ(Qs1 ) − µ(Qs0 ); this is the difference between the probability
of Y = 1 under the MISTIE treatment versus under control, for subpopulation s. For each Q ∈ Q,
define the average treatment effect for the combined population as ∆∗ (Q) = p0 ∆0 (Q) + p1 ∆1 (Q).
Define the null hypotheses for the small IVH population and for the combined population, respectively, as
H0S = {Q ∈ Q : ∆1 (Q) ≤ 0}

and

H0C = {Q ∈ Q : p0 ∆0 (Q) + p1 ∆1 (Q) ≤ 0}.

As explained in Section 2, we do not focus on the null hypothesis corresponding to the large IVH
population. However, we discuss testing this additional null hypothesis in Section 8.
The design goals (i)-(iii) from Section 2 can be restated in terms of the above null hypotheses,
as follows:
(i’) at least 80% power to reject H0C when the average treatment effect is 12.5% for both the
small IVH population and the large IVH population;
(ii’) at least 80% power to reject H0S when the average treatment effect is 12.5% for the small
IVH population and is zero for the large IVH population;
(iii’) strong control of the familywise Type I error rate at level 2.5%.
Define H0 to be the global null hypothesis that the average treatment effect is 0 for both the
small IVH population and the combined population; that is, H0 = {Q ∈ Q : ∆1 = ∆∗ = 0}.

4.2

Strong Control of the Familywise Type I Error Rate

The familywise Type I error rate for a given trial design is the probability of rejecting at least
one true null hypothesis. Which, if any, of the null hypotheses H0C , H0S are true depends on the
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unknown data generating distribution Q. Strong control of the familywise Type I error rate at level
α means that no matter what the unknown data generating distribution Q ∈ Q is, the familywise
Type I error rate is at most α.
Define a trial design D to be a decision rule that determines, at the end of each stage, which
null hypotheses (if any) to reject, and which population (if any) to enroll in the next stage. We say
a trial design D strongly controls the familywise Type I error rate over Q at level α if
sup PQ,D,n1 ,...,nK (at least one true null hypothesis is rejected) ≤ α,

(1)

Q∈Q

where PQ,D,n1 ,...,nK represents the probability under data generating distribution Q, design D, and
per-stage sample sizes n1 , . . . , nK . We say a design D strongly controls the asymptotic, familywise
Type I error rate over Q at level α if the lim sup as n → ∞ of the left side of (1) is at most α. We
prove our fixed and adaptive designs have this property at level α = 0.025.
Strong control of the familywise Type I error rate is generally required by the U.S. Food and
Drug Administration for confirmatory Phase III adaptive trial designs, as described in their draft
guidance (FDA, 2010). Though control of the familywise Type I error rate at a fixed sample size,
as opposed to asymptotically, would be ideal, this is generally not achievable even for standard
(non-adaptive) group sequential designs involving a single population when outcomes are binary;
this is due to reliance on the central limit theorem, in which convergence to a normal distribution
only holds in the limit as sample size grows to infinity. Throughout the paper, we refer to “strong
control of the asymptotic, familywise Type I error rate over Q at level α = 0.025” more concisely
as “strong control of the familywise Type I error rate,” with the implicit understanding that all our
results are asymptotic, hold uniformly over the class Q, and correspond to level α = 0.025.

4.3

Statistics

At each interim analysis k, cumulative statistics for the combined population and the small IVH
population are computed. Consider the case where no early stopping is allowed and the combined
population is enrolled through the final stage K of the trial. Define the z-statistic for the combined
population ZC,k to be the standardized difference between sample means comparing treatment to
control in all participants who have been on study for 180 days (at which time their outcome is
measured) by the end of stage k:
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quantity in curly braces above. The z-statistics ZS,k for the small IVH population are defined
analogously, except restricted to small IVH participants.
The joint distribution of the combined population z-statistics {ZC,k }K
k=1 has the canonical covariance structure of a standard group sequential design, as described in Chapter 3 of (Jennison and
Turnbull, 1999). The same holds for the small IVH z-statistics {ZS,k }K
k=1 . The asymptotic joint
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distribution of {(ZC,k , ZS,k )}K
k=1 is multivariate normal, with the following covariance structure:
for any k1 , k2 ,

, max{k1 ,k2 } 1/2
min{k1 ,k2 }
X
X
rk 0
rk0  ;
Cov(ZC,k1 , ZC,k2 ) = Cov(ZS,k1 , ZS,k2 ) = 
(2)
k0 =1
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Denote the corresponding covariance matrix by Σ.
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Fixed and Adaptive Designs for MISTIE III

We give two standard, group sequential designs that are used as benchmarks to compare our adaptive design to, in Section 5.1. We call these fixed designs, in that the enrollment criteria are fixed
over time, and the only decision at each interim analysis is whether to continue the trial or stop
it entirely. In contrast, the adaptive, group sequential designs we present in Sections 5.2 and 5.3
incorporate rules for switching to enrolling only small IVH participants.
We make the following assumptions, which are based on data from prior studies related to
MISTIE III, as reported by Hanley (2012):
(1) The enrollment rate for small IVH participants is four per site per year, and the study has
35 sites. We assume there will be an 11 month ramp-up period to this enrollment rate, in
which very few participants are enrolled. To be conservative, we assume zero participants
are enrolled during the ramp-up period.
(2) The proportion of the combined population with small IVH at baseline, i.e., p1 , is 1/3. In
Section 6, in order to examine the impact of the relative proportions of subpopulations on
our results, we repeat our design comparisons for the case of p1 = 2/3.
(3) The probability that a small IVH participant has outcome Y = 1 if assigned to control is
0.25; the corresponding probability for a large IVH participant is slightly lower: 0.2.
All of our designs have K = 5 interim analyses, and use 1:1 randomization of participants to
treatment versus control. We incorporate nonbinding futility boundaries, that is, boundaries the
data safety monitoring board may elect to ignore if the maximum prespecified sample size for a
subpopulation has not yet been reached. As described by Liu and Anderson (2008), nonbinding
futility boundaries are typically preferred by the Food and Drug Administration, who require familywise Type I error guarantees to hold regardless of whether the futility boundaries are ignored or
not. Our designs have this property.
In all our designs, we set nonbinding futility boundaries to be proportional to the boundaries
of O’Brien and Fleming (1979), i.e., equal to c{(K − 1)/k}1/2 at each interim analysis k < K, on
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the z-statistic scale, for a constant c. We also consider versions of our designs without any futility
stopping boundaries, which correspond to setting c = −∞. We select c to be the nonpositive value
that approximately minimizes the expected sample size and trial duration, as we describe below.
Throughout the paper we compute power, expected sample sizes, and trial durations assuming all
futility boundaries are adhered to; however, we describe the impact of futility boundaries being
ignored in Section 8.
Since each participant’s outcome occurs 180 days after enrollment, there may be participants in
the pipeline, i.e., who have not been on trial at least 180 days, at interim analyses. If enrollment is
stopped early, the final decision of which hypotheses to reject is made immediately, that is, before
pipeline participant outcomes are observed. Alternatively, a design that waited for all outcomes of
the pipeline participants generally would increase power, at the cost of longer duration of the trial;
it is an area of future work to explore this alternative approach.

5.1

Fixed Designs

The first fixed design is optimized to achieve goals (i) and (iii) with minimum expected sample
size, among a class of fixed designs described below. The second fixed design is similar, except
optimized to achieve goals (ii) and (iii) with minimum expected sample size. We also consider the
goal of minimizing expected trial duration rather than expected sample size. We use these fixed
designs as benchmarks to compare against adaptive designs that simultaneously achieve goals (i),
(ii), and (iii). Some price, in terms of expected sample size and duration, must be paid in order for
a single design to simultaneously achieve all three goals, compared to the fixed designs below that
achieve only two of these goals. The aim of this paper is to investigate what this price is, and to
minimize it over a class of designs.
The first fixed design is constructed to test H0C . It enrolls both large and small IVH participants. We use efficacy boundaries proportional to one-sided O’Brien-Fleming boundaries, with
proportionality constant denoted by eC . Denote the proportionality constant for the combined population futility boundaries by fC . We next describe how we selected fC , eC , and the per-stage
sample size for the first fixed design.
We considered values of fC between −5 and 0 in increments of 0.1. For each value of fC ,
we computed the minimum per-stage sample size such that goals (i) and (iii) are simultaneously
achievable; this uniquely determines a corresponding value of eC . For each such design, we computed the sum of the expected sample sizes under scenarios (a) and (c) from Section 2. We then
selected the design that minimizes the sum of these expected sample sizes. The selected design is
given in the top half of Table 1.
The second fixed design is constructed to test H0S and to achieve design goals (ii) and (iii).
We use an analogous construction as given above for the first fixed design, with the differences
being that now only small IVH participants are enrolled and we minimize the sum of the expected
sample sizes under scenarios (b) and (c). The resulting design is similar to the first fixed design
and is given in the bottom half of Table 1. The main difference is that the per-stage sample size for
the second fixed design is 96 participants instead of 83 participants, which reflects the difference
in the assumed success probability under control for the two subpopulations.
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Table 1: Fixed Designs. All boundaries on z-statistic scale.
Fixed Design for Testing H0C
Interim Analysis (k)
Cumulative Sample Size Small IVH
Cumulative Sample Size Large IVH
Cumulative Sample Size Total
H0C Efficacy boundary
H0C Futility boundary

1

2

3

4

5

28
55
83

55
111
166

83
166
249

111
221
332

138
277
415

4.56 3.23 2.64 2.28 2.04
-0.80 -0.57 -0.46 -0.40 2.04

Fixed Design for Testing H0S
Interim Analysis (k)
Cumulative Sample Size Small IVH
H0S Efficacy boundary
H0S Futility boundary

1

2

3

4

5

96

192

288

384

480

4.57 3.23 2.64 2.29 2.05
-0.20 -0.14 -0.12 -0.10 2.05
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If we replace the criterion of minimizing expected sample size by the criterion of minimizing
expected trial duration, slightly different designs than those given above are optimal over the class
of fixed designs we considered; these are given in Web Appendix B, along with an explanation
of why different designs are optimal for these different criteria. The differences between fixed
designs minimizing expected sample size versus expected trial duration are quite small, with the
tradeoff being an overall increase of 5% in expected sample size for a 3% decrease in expected trial
duration for the first fixed design; the tradeoff is of even smaller magnitude for the second fixed
design. The sample size versus trial duration tradeoff is more pronounced for the adaptive designs
we consider, as we show in Section 7.

5.2

Adaptive, Group Sequential Algorithm for Testing H0C , H0S

In our adaptive designs, enrollment is initially from the combined population. At each interim analysis, a preplanned rule is used to decide whether to reject H0C , H0S , both, or neither; a preplanned
rule is also used to decide among continuing to enroll from the combined population, switching to
enroll only small IVH participants, or stopping all enrollment. Corresponding to each stage k, we
prespecify a sample size nk , as well as efficacy boundaries for the combined population and small
IVH population, denoted by uC,k and uS,k , respectively. We also prespecify corresponding futility
boundaries lC,k and lS,k . These boundaries are used in the algorithm below.
Adaptive, Group Sequential Algorithm for testing H0C , H0S . At each interim analysis k:
1. (Assess Efficacy for Combined Population) If ZC,k > uC,k , do all of the following: reject
H0C , stop all enrollment, and if ZS,k > uS,k reject H0S as well.
2. (Assess Futility for Combined Population) Else, if ZC,k ≤ lC,k , stop enrollment of large
IVH participants (and give up hope of rejecting H0C ); for the remainder of the trial, at each
interim analysis (including the current one):
• If ZS,k > uS,k , reject H0S and stop all enrollment.
• If ZS,k ≤ lS,k , stop all enrollment and do not reject any null hypothesis.
3. Else, continue enrolling from the combined population until the next interim analysis, unless
the end of the last stage has been reached.
K
For sets of boundaries u = {uC,k , uS,k }K
k=1 and l = {lC,k , lS,k }k=1 , denote the above algorithm
using these by D(u, l). The algorithm depends on the per-stage sample sizes n1 , . . . , nK as well,
but we suppress this dependence in our notation for clarity of exposition.
The above algorithm has some features in common with the two-stage enrichment design template in Section 3.1 of Wang et al. (2009). The main differences are: our designs allow any number
of stages and interim analyses by incorporating the flexibility of group sequential designs; our focus is constructing designs meeting goals (i)-(iii) above that minimize expected sample size and
trial duration; we take full advantage of the covariance of the z-statistics corresponding to different populations, and improve on the Holm and Hochberg multiple testing procedures. Though the
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designs of Wang et al. (2009) do not have the above properties, they do have the advantage of accommodating three nested subpopulations, unlike our designs which focus on two subpopulations.
We now give the intuition behind the above algorithm. In step 1, H0C is tested for efficacy.
In step 2, if the combined population z-statistic is below the corresponding futility threshold, but
the small IVH z-statistic is not below its futility threshold, we switch to enrolling only small IVH
participants; we are giving up hope of demonstrating efficacy for the combined population, and
focusing only on evaluating efficacy for the small IVH population. This is motivated by the belief
that if there is a treatment benefit for any of the populations considered, there will be a benefit for
the small IVH population.
In the next section, we determine sets of sample sizes and upper and lower stopping boundaries
for use in the above algorithm, in order to meet all the design goals in Section 2. In selecting stopping boundaries, it is advantageous to take into account the covariance matrix of the z-statistics for
the two populations, defined in Section 4.3. For clarity of presentation, we assume this covariance
matrix Σ is known in what follows. However, in practice, relevant components of the covariance
will be estimated at the end of each stage. In Web Appendix C, we show how boundaries can be
selected at the end of each stage k using an estimate Σ̂ of Σ; under a condition on the uniform convergence of Σ̂ to Σ given in Web Appendix C, the asymptotic properties of this modified procedure
are identical to the case of Σ being known.
0
0
Define Z0 = {(ZC,k
, ZS,k
)}K
k=1 to have multivariate normal distribution with all components
having zero mean, and covariance Σ. For any efficacy boundaries u = {uC,k , uS,k }K
k=1 , define
0
0
α0 (u, Σ) = P (for at least one k ≤ K, ZC,k
> uC,k or ZS,k
> uS,k ).

In Web Appendix C we prove the following theorem:
Theorem 1: Consider any α ∈ (0, 1), any efficacy boundaries u = {uC,k , uS,k }K
k=1 such that
.
Then
the
adaptive,
group
sequential
α0 (u, Σ) ≤ α, and any futility boundaries l = {lC,k , lS,k }K
k=1
algorithm D(u, l) strongly controls the familywise Type I error rate at level α.
Therefore, to prove strong control of the familywise Type I error rate for the adaptive, group
sequential algorithm D(u, l) at level α, it suffices to compute α0 (u, Σ) and show it is at most α.
We give R code to compute this in the Supplementary Materials.
An additional benefit to using efficacy boundaries satisfying the condition in Theorem 1 is
that one can then allow the data safety monitoring board to deviate from the preplanned rule and
switch to only enrolling small IVH participants, for any reason. This could occur, for example, if
the adverse event rates are high for only the large IVH population. We prove in Web Appendix
C that when using efficacy boundaries satisfying the condition in Theorem 1, strong control of
the familywise Type I error rate holds regardless of such a decision by the data safety monitoring
board.
In the next section, we choose sets of efficacy boundaries u for our designs that satisfy α0 (u, Σ) =
0.025 and meet design goals (i)-(iii).
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5.3

Selecting an Efficient Adaptive Design that Achieves All Design Goals

There are many ways to select sample sizes and stopping boundaries for the adaptive, group sequential algorithm in the previous section, such that design goals (i)-(iii) are all achieved. As we
describe below, we generated a list of candidate designs achieving all of these goals. We then
selected the design that minimizes the sum of the expected sample sizes in scenarios (a)-(c). We
also did the same but minimizing trial duration instead of sample size. We explain the details of
our search procedure below, but first give the results.
The design, among all the candidate designs we generated, that minimizes the sum of the
expected sample sizes in scenarios (a)-(c), is given in the top half of Table 2. If there is no early
stopping, then the per-stage sample sizes are 170, 170, 170, 249, and 249, respectively. In stage
one, enrollment is from the combined population. In stages two and three, the adaptive, group
sequential algorithm may trigger a switch to only enrolling small IVH participants, depending on
the observed z-statistics and prespecified boundary values lC,k given in Table 2. The design always
stops enrolling large IVH participants, if it hasn’t already done so, at the end of stage 3. Unless the
trial stops early, it enrolls only small IVH participants during stages 4 and 5. The maximum total
sample size, which occurs if there is no early stopping, is 1008. However, the expected sample
size is considerably lower in each of scenarios (a)-(c), being 616, 822, and 733, respectively. We
describe more features of this design, and compare it to fixed designs, in Section 6.
Consider the alternative goal of minimizing expected trial duration rather than expected sample
size. The design, among all the candidate designs we generated, that minimizes the sum of the
expected trial durations in scenarios (a)-(c), is given in the bottom half of Table 2. We compare its
properties to those of the adaptive, group sequential design above, in Section 7, where we explore
the tradeoff between expected sample size and trial duration.
We next define the class of adaptive, group sequential designs satisfying goals (i)-(iii) that we
generated. Each adaptive, group sequential design following the algorithm in Section 5.2 is determined by a set of per-stage sample sizes n1 , . . . , nK and efficacy and futility boundaries u and l,
respectively. It is neither possible to compute the optimal configuration of sample sizes and boundaries in closed form, nor is it computationally feasible to search over all possible configurations
of sample sizes and boundaries. We therefore restrict to a class of designs that is computationally
feasible to evaluate, which we describe below.
For each k ∗ ∈ {1, 2, 3, 4, 5}, we separately consider the class of adaptive, group sequential designs for which enrollment of large IVH participants stops with probability 1 after interim analysis
k ∗ , that is, for which uC,k∗ = lC,k∗ . For each such k ∗ , we set the per-stage sample size in each of
stages 1 through k ∗ to be equal, and denote this per-stage sample size by n∗1 . Similarly, we set the
per-stage sample size in each stage k : k ∗ < k ≤ K to be equal, and denote this per-stage sample
size by n∗K .
We cap the per-stage sample sizes n∗1 and n∗K to ensure our adaptive designs don’t drastically
increase the maximum sample size for either subpopulation, compared to the fixed designs defined
above. We require the maximum large IVH sample size of our adaptive, group sequential designs
to be at most 1.75 times the maximum number of large IVH participants in the first fixed design
from Section 5.1, i.e, at most 485 large IVH participants. Similarly, we require the maximum small
IVH sample size to be at most 1.75 times the maximum number of small IVH participants in the
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Table 2: Adaptive, group sequential designs minimizing expected sample size and
trial duration, respectively, among those achieving goals (i)-(iii) in the class of designs in Section 5.3. No boundaries are given for H0C at interim analyses 4 and
5, since in these designs k ∗ = 3, i.e., enrollment of large IVH participants always
stops after interim analysis 3. All thresholds are given on the z-statistic scale.

Adaptive, Group Sequential Design Minimizing Expected Sample Size
Interim Analysis (k)
Cum. Sample Size Sm. IVH
Cum. Sample Size Lg. IVH
Cum. Sample Size Total (Sm.+Lg. IVH)
H0C Efficacy Boundary (uC,k )
H0C Futility Boundary (lC,k )
H0S Efficacy Boundary (uS,k )
H0S Futility Boundary (lS,k )

1

2

3

4

5

57
113
170

113
227
340

170
340
510

419
340
759

668
340
1008

2.88 2.35
-1.00 2.35
3.56 2.91 2.52
0
0
0

2.25
2.25

4.08
-1.41
5.03
0

Adaptive, Group Sequential Design Minimizing Expected Trial Duration
Interim Analysis (k)

1

2

3

4

5

Cum. Sample Size Sm. IVH
Cum. Sample Size Lg. IVH
Cum. Sample Size Total (Sm.+Lg. IVH)

77
153
230

153
307
460

230
460
690

394
460
854

558
460
1018

H0C Efficacy Boundary (uC,k )
H0C Futility Boundary (lC,k )
H0S Efficacy Boundary (uS,k )
H0S Futility Boundary (lS,k )

4.94
0
4.68
0

3.49 2.85
0 2.85
3.31 2.70 2.34
0
0
0

2.09
2.09
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second fixed design, i.e., at most 840.
∗
We set the efficacy boundaries {uC,k }kk=1 for H0C and {uS,k }5k=1 for H0S to be proportional
to O’Brien-Fleming boundaries, with proportionality constants eC and eS , respectively, ranging
over a set defined below. We analogously set the futility boundaries for each of H0C and H0S
to be proportional to O’Brien-Fleming boundaries, with nonpositive proportionality constants fC
and fS , respectively. We considered a range of pairs (fC , fS ) given in Web Appendix D, and also
considered the case of no futility boundaries.
We say goals (i)-(iii) are exactly achieved by a given design D(u, l) if the power to reject H0C
equals 80% in scenario (a), the power to reject H0S equals 80% in scenario (b), and α0 (u, Σ) =
0.025 (which implies the familywise Type I error rate is strongly controlled at level α = 0.025).
For each k ∗ ∈ {1, 2, 3, 4, 5} and each pair (fC , fS ), we considered each per stage sample size n∗1
in increments of 5 participants up to the maximum allowed by the requirements above. We then
computed the minimum n∗K , if any exists, such that goals (i)-(iii) are simultaneously achievable;
for each such n∗K , we then computed proportionality constants eC and eS such that goals (i)-(iii)
are exactly achieved. We describe this computation in Web Appendix D and include R code implementing it in the Supplementary Materials. For every configuration (k ∗ , fC , fS , n∗1 , n∗K , eC , eS ) for
which the design goals (i)-(iii) are exactly achieved, we computed the sum of the expected sample
sizes and the sum of the expected trial durations over the scenarios (a)-(c). The resulting pair of
values for each design are displayed in Figure 1. The design minimizing expected sample size and
the design minimizing expected trial duration are those given in Table 2 above.

6

Comparison of Adaptive and Fixed Designs

We compare the performance of the adaptive and fixed designs defined above, where for each
scenario and design, we simulated 200,000 trials. For conciseness, in the following tables we refer
to the average treatment effect on the risk difference scale as the percent benefit.
In Table 3, we present fourteen scenarios, where we vary the small and large IVH percent
benefit from treatment, and report the expected sample size, expected trial duration, and power for
each of H0C and H0S . The adaptive design from Section 5.3 is compared, side-by-side, to the two
fixed designs from Section 5.1. The adaptive design can lead to rejection of either, both, or neither
of the null hypotheses H0C , H0S ; we give its power to reject at least H0C , to reject at least H0S , and
to reject at least one of H0C , H0S , respectively. For the first fixed design, which enrolls from the
combined population, we give its power to reject H0C . For the second fixed design, which enrolls
only small IVH participants, we give its power to reject H0S . The adaptive design achieves goals
(i), (ii), and (iii) from Section 2, while the first fixed design achieves only goals (i) and (iii) and the
second fixed design only achieves goals (ii) and (iii).
In comparing the performance of the adaptive design to the two fixed designs, it should be
kept in mind that it would not be feasible to conduct the two fixed designs simultaneously. This
is because running the two fixed designs together would require double what is assumed to be the
maximum feasible recruitment rate for small IVH participants given in Section 5. Also, the adaptive design strongly controls the familywise Type I error rate at level 0.025; in contrast, running
the two fixed designs independently would lead to approximately doubling this familywise Type I
14

Table 3: Comparison of avg sample size (Avg SS), avg duration in years (Avg Yrs),
and power (as a percent), for the following designs: the adaptive design in the top
half of Table 2, the first fixed design, and the second fixed design, respectively.
Each row corresponds to a different percent benefit for large IVH participants. The
three rows in boldface correspond to scenarios (a)-(c), respectively.
Small IVH benefit fixed at 12.5%
Adaptive
Design

Fixed Design
Small IVH Only

{
{

{{

Large
IVH

Fixed Design
Combined Pop.

.

Power (%)

Benefit Avg Avg
(%)
SS Yrs H0C
89
15.0 579 2.7
80
12.5 616 2.9
10.0 663 3.3
67
35
5.0 766 4.1
11
0.0 822 4.5
-5.0 821 4.6
2
-10.0 794 4.4
0

H0S
11
20
32
61
80
84
81

Avg Avg
≥1
SS Yrs
97 409 2.1
95 410 2.2
93 411 2.2
89 409 2.3
87 404 2.3
84 394 2.2
81 378 2.0

Pow
H0C
89
80
69
41
16
4
0

Avg Avg
SS Yrs
397 3.9
397 3.9
397 3.9
397 3.9
397 3.9
397 3.9
397 3.9

Pow
H0S
80
80
80
80
80
80
80

Small IVH benefit fixed at 0%
Adaptive
Design

Fixed Design
Combined Pop.

Fixed Design
Small IVH Only

{
{

{{

Large
IVH

.

Power (%)

Benefit Avg Avg
(%)
SS Yrs H0C
15.0 606 2.9 59.5
12.5 641 3.1 43.1
10.0 677 3.4 27.8
5.0 731 3.9
7.4
0.0 733 3.9
1.0
-5.0 694 3.7
0.1
-10.0 639 3.4
0.0

H0S
0.2
0.4
0.6
1.2
1.4
1.4
1.4

Avg Avg
≥1
SS Yrs
59.7 411 2.2
43.4 410 2.3
28.3 408 2.3
8.5 402 2.3
2.4 390 2.2
1.5 374 2.0
1.4 353 1.8
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Pow
H0C
62.5
48.2
33.6
11.9
2.5
0.3
0.0

Avg Avg
SS Yrs
308 3.3
308 3.3
308 3.3
308 3.3
308 3.3
308 3.3
308 3.3

Pow
H0S
2.3
2.3
2.3
2.3
2.3
2.2
2.3

error rate, unless a multiple testing correction were done.
Though it is not feasible to conduct the two fixed designs simultaneously, it would be possible
to conduct them in sequence, starting with the fixed design enrolling from the combined population, and if it fails to reject H0C then (and only then) starting the fixed design testing H0S . We
refer to this procedure as the fixed designs in sequence. For comparability with the adaptive design
in terms of Type I error, each fixed design is set to have Type I error 0.025/2, so that the entire
procedure has familywise Type I error rate at most 0.025. Then the average of the expected sample
sizes over scenarios (a)-(c), under the fixed designs in sequence, is 740 participants. This is only
slightly more than the corresponding value of 724 participants for the adaptive, group sequential
design in the top half of Table 2 of Section 5.3. The average of the expected trial durations over
scenarios (a)-(c), for the fixed designs in sequence, is 4.0 years; this is only slightly larger than
the corresponding average of 3.9 years for the adaptive, group sequential design in the top half
of Table 2. In summary, the benefit of the adaptive design over the fixed designs in sequence is
quite small; however, under a different assumption on the relative proportions of the two subpopulations that we consider next, the benefit of the adaptive design over the fixed designs in sequence
is substantial.
Consider the case in which the proportion of the combined population with small IVH is p1 =
2/3, rather than 1/3 as assumed above. We did the same search over fixed and adaptive, group
sequential designs described in Section 5, except setting p1 = 2/3. The fixed designs and adaptive,
group sequential design minimizing the average of expected sample sizes over scenarios (a)-(c)
are given in Table 6 in Web Appendix E. The average of the expected sample sizes over scenarios
(a)-(c), for the fixed designs in sequence, is 670 participants. The corresponding average for the
adaptive, group sequential design is 567 participants. The average of the expected trial durations
over scenarios (a)-(c) is 4.7 years for the fixed designs in sequence, and is 3.9 years for the adaptive,
group sequential design.
Therefore, in the case of p1 = 2/3, there is a substantial advantage of the adaptive design
over the sequence of fixed designs. This is due to the adaptive design making best use of the
scarcest resource in this problem, i.e., the small IVH participants, who have a relatively slow
recruitment rate; the adaptive design shares the data from these participants in its tests of H0C and
H0S , and pays a penalty for the multiple comparisons; this penalty is less than that corresponding
to a Bonferroni correction, due to our method leveraging the covariance structure Σ. In contrast,
each hypothesis test for the fixed designs in sequence is done on a separate set of participants,
which does not efficiently use the small IVH participant data.
The reason for the greater advantage of the adaptive design in the case of p1 = 2/3, compared
to p1 = 1/3, is that in the former case there is a stronger correlation between the z-statistic for the
small IVH population and that for the combined population. The multiple testing procedure of the
adaptive design leverages this correlation, and gains more compared to the Bonferroni procedure
of the fixed designs in sequence, at stronger correlations.
Though it was not one of the original design goals, the adaptive, group sequential design turns
out to be a relatively good discriminator of precisely which population (if any) benefits from the
new treatment. Consider the case of p1 = 1/3. Define the optimal recommended population to
be the combined population in scenario (a) (where both small and large IVH populations benefit),
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the small IVH population in scenario (b) (where only small IVH benefit), and neither population
in scenario (c) (where neither population benefits). It follows that if one were to recommend treatment to the combined population whenever H0C is rejected (including when H0S is simultaneously
rejected), and only to the small IVH population when H0S alone is rejected, one would make the
optimal recommendation 80% of the time in scenario (a), 76% of the time in scenario (b), and
97.5% of the time in scenario (c). It is an open research question to find designs that maximize the
probability of recommending the optimal population.

7

Tradeoff in Expected Sample Size versus Expected Trial Duration

The tradeoff between the adaptive, group sequential design that minimizes expected sample size
and the adaptive, group sequential design that minimizes expected trial duration is given in Figure 1
and Table 4. The former design, which we call the sample size minimizing design, corresponds to
the point labeled 1 in Figure 1 and to the first row in Table 4. The latter design, which we call the
duration minimizing design, corresponds to the point labeled 7 in Figure 1 and to the last row in
Table 4.
The duration minimizing design trades off having 42 more participants than the sample size
minimizing design (an increase of 6%) on average over scenarios (a)-(c), for a corresponding
reduction in average trial duration of 0.3 years (a decrease of 8%). The total, maximum sample
sizes are roughly the same in the two designs, but the duration minimizing design takes less time
on average since it enrolls more large IVH participants, whose enrollment rate is double that of the
small IVH participants.
Both the sample size minimizing design and the duration minimizing design exactly achieve
goals (i)-(iii). We next explain the intuition behind how these quite different designs can have
identical power and familywise Type I error under each of scenarios (a)-(c). Since the duration
minimizing design enrolls more participants from the combined population to use in testing H0C ,
it can have larger corresponding efficacy boundaries than the sample size minimizing design, and
still have the same power for H0C . This decreases the duration minimizing design’s Type I error
for H0C , which it then reallocates to testing H0S in that the corresponding efficacy boundaries
can be decreased. Lower efficacy boundaries for H0S allow the duration minimizing design to
enroll fewer small IVH participants, while maintaining the same power for H0S as the sample size
minimizing design. The overall result is that the power and Type I error under scenarios (a)-(c) are
identical in the two different designs.

8

Discussion

We focused on designs achieving goals (i)-(iii) from Section 2. It also may be of interest to consider alternative design goals, such as additionally testing the null hypothesis corresponding to the
large IVH population. One approach is to augment the adaptive, group sequential algorithm in
Section 5.2 by adding efficacy and futility boundaries for the large IVH population. A switch from
17

4.2
4.0
3.8

1
2
3
4

3.6

Expected Trial Duration in Years

4.4

Tradeoff in Expected Trial Duration Versus Expected Sample Size
among Adaptive, Group Sequential Designs

5

720

740

6

7

760

780

800

820

840

Expected Sample Size

Figure 1: For p1 = 1/3, for each adaptive, group sequential design in the class described in Section 5.3, we computed the corresponding expected sample size x and
expected trial duration y (in years), each averaged over the three scenarios (a)-(c).
We plot the point (x, y) for each design whose values (x, y) fit in the range of the
plot. The numbered points 1-7 on the lower left portion of the convex hull represent
designs achieving the best attainable tradeoffs within the class we searched over.
The designs corresponding to the numbered points 1-7 are given in Table 4.
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Table 4: Adaptive, group sequential designs corresponding to points 1-7 in Figure 1.

Stage
4-5
SS

Efficacy
Bndry
H0C

Efficacy
Bndry
H0S

170
170
180
200
210
215
230

249
231
210
236
206
194
164

2.35
2.35
2.45
2.60
2.68
2.73
2.85

2.25
2.25
2.19
2.16
2.14
2.12
2.09

Scen. (a)

Scen. (b)

Scen. (c)

Avg.

{
{
{
{

1
2
3
4
5
6
7

Stage
1-3
SS

SS

YRS

SS

YRS

SS

YRS

SS

YRS

616
612
637
692
716
728
764

2.9
2.9
3.0
3.1
3.1
3.1
3.2

822
814
809
822
824
824
838

4.5
4.5
4.3
4.3
4.2
4.1
4.0

733
746
732
683
685
687
698

3.9
4.0
3.8
3.5
3.4
3.4
3.4

724
724
726
732
742
746
766

3.8
3.8
3.7
3.6
3.6
3.6
3.5

For each point labeled 1-7 in Figure 1, the above table gives the corresponding adaptive, group
sequential design. The first column gives the number of the corresponding point in Figure 1.
The second and third columns give the maximum per-stage sample size in stages 1-3, and 4-5,
respectively. Columns four and five give the proportionality constants eC and eS , respectively,
used to define the efficacy boundaries in Section 5.3. Columns 6 and 7 correspond to scenario
(a), columns 8 and 9 correspond to scenario (b), and columns 10 and 11 correspond to scenario
(c); in each such pair of columns, the expected sample size “SS” and expected trial duration in
years “YRS” are given. The average over the three scenarios, of expected sample size, and of
trial duration, respectively, are given in columns 12 and 13. The futility boundary proportionality
constant for the combined population fC = −1 for designs 1 and 3, fC = −2 for design 2,
and fC = 0 for designs 4-7. The futility boundary proportionality constant for the small IVH
population fS = 0 for all the designs above.
enrolling the combined population to enrolling only from the small IVH population would occur
if either the futility threshold for the large IVH population or for the combined population were
crossed. Evaluating such designs is an area of future research.
An alternative approach to restricting to the class of designs in Section 5.3 would be to extend
the dynamic programming method of Eales and Jennison (1992), which was designed for a single
hypothesis in standard group sequential designs, to our setting that involves multiple hypotheses
and adaptive designs. However, this could be extremely difficult computationally, given the many
parameters underlying each design and the constraints on each design (especially that of strong
control of the familywise Type I error rate). It is an area of future research to attempt to extend the
approach of Eales and Jennison (1992) to our setting.
Though our hypothesis tests were based on z-statistics, it is possible to apply the same approach
using statistics that appropriately leverage baseline variables and even short-term outcomes (such
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as mRS at 30 days), which if predictive of the primary outcome (mRS at 180 days) could improve
power. It is an open research problem to determine how much can be gained by leveraging such
information.
All of our optimal designs involve futility boundaries. If we restrict to adaptive, group sequential designs with no futility boundaries, the result is an 8% increase in the expected sample size
and an 11% increase in expected trial duration, averaged over scenarios (a)-(c), compared to our
optimal designs using the futility boundaries in Table 2.
The efficacy boundaries for our adaptive, group sequential designs were set to be proportional
to O’Brien-Fleming boundaries. We also searched over designs, exactly as described in Section 5,
except setting efficacy boundaries proportional to those of the group sequential designs of Wang
and Tsiatis (1987). The results, presented in Web Appendix F, are very similar to those presented
above based on O’Brien-Fleming boundaries.
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