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1. Introduction.

The purpose of this report is to record some explicit expressions for the prob-
ability of correct selection in the Levin-Robbins procedure for selecting the best b
out of ¢ coins in the two cases in which such expressions are feasible. The reader is

referred to Leu and Levin (2004) for terminology and notation.

2. Exact probability of correct selection of best two out of three coins

without elimination of coins (b = 2, ¢ = 3) in the case r = 1.

Remark 1. This problem is equivalent to selecting the worst coin. Also, by parity
reversal, the results of this section apply to selecting the best coin without elimina-

tion.

Procedure A: Start with tallies (0,0,0), toss vector-at-a-time until for the first time
X ((;1)) - X ((;L)) =7 =1, where X (({l)) > X ((;L)) > X ((g)) Select coins corresponding to X ((f))

and X((;L)) (call these coins (1) and (2)).

Remark 2. This procedure can be represented as a Markov chain with an infinite
n)

state space, because X ((1) can be arbitrarily large at stopping time. It is thus key to

have the following result on returns to starting configurations.

Let the coins have probability of heads p; = 1 — ¢; (i = 1,2,3). Without loss of



generality, we may assume p; > ps > p3. Let P = pipops and @ = ¢1¢2q3. Note that

P #1—@Q. Also, let w; =p;/q; (i =1,2,3).

Definition : Let the tally of heads after n tosses be (Xl(n), ™ XM, The configu-

ration of the tally is (X{" — X{}), x{” — X3, x§" — x{})).

Lemma 1. Suppose the tally configuration is (0,0,0). Let Ey be the event of an

eventual return to (0,0,0) before stopping. Then P(Ey) = 3P(F), where

(pege ™™ ®

Proof : Throughout we condition on vector outcomes that exclude all heads or all
tails, so that the configuration changes at each step. The conditional probability
of a step in the “outward” direction (1,0,0), say, is w;Q/(1 — P — @), while a
step in the “inward” direction (0,1,1) is wow3@/(1 — P — @). The lemma follows
from counting paths on the linear lattices {(s,0,0) : s > 0}, {(0,s,0) : s > 0},
and {(0,0,s) : s > 0}. Consider a configuration at (1,0,0). The number of paths
that return to that configuration (not necessarily for the first time) in exactly 2m

o)

steps without stopping and without visiting (0,0,0) is -2

(see Lemma 2 below).
Each such path has probability {unQ/(1 — P — Q)}™{wewsQ/(1 — P — Q)}"™ =

{PQ/(1 =P —Q)*}™. Thus the probability of an eventual return to (1,0, 0) before



stopping is Yoo, SR{W}’” If the random walk starts at (0,0,0), takes a
first step to (1,0,0), eventually returns to (1,0,0), and then takes a step back to
(0,0,0), the first and last steps introduce another factor of PQ/(1 — P — Q)?. The
sum must begin at m = 0 to include an immediate return to (0,0,0). Note that
exactly the same expression results for sojourns in the initial direction (0,1,0) or
(0,0,1), because in each case a step outward and a step inward have joint probability
{w:Q/(1-=P=-Q)H{wrwsQ/(1-P—-Q)} = {wsQ/(1-P-Q){wwQ/(1-P-Q)}

= PQ/(1— P — Q). Thus P(E,) = 3% ofm{(l PQ__Je QED

Remark 3. The proof shows that if the starting configuration is (0,0, 0) and F is the
event of an initial step outward to (1,0,0) followed by eventual return to (0,0, 0),
and similarly for Ey with initial step (0,1,0) and E5 with initial step (0,0, 1), then
P(E,) = P(Ey) = P(E3) = (1/3)P(Ey). We write the common value simply as

P(B) = X0 Sl {2} s in (1),

Remark 4. We have been tacitly assuming all p; > 0. If any p; = 0, then P(F;) =
P(E3) = P(E3) = P(E) = P(Ey) = 0 because inward steps along possible lattices

have zero probability.

The number of paths returning to configuration (1,0,0) is a special case of the

following lemma.



Lemma 2. The number of paths starting at configuration (s + 1,0,0) for s > 0 and
visiting configuration (1,0,0) (not necessarily for the first time) in exactly n > 0

steps without visiting (0,0,0) is (?)i%, where t = (n + s)/2.

Proof: (by the André reflection principle). Consider the two-dimensional lattice
(n, s) from configuration (s+1,0,0) after n steps (see Figure 1). There are (?) lattice
paths in total from (0, s) to (n,0) at diagonally opposite corners of a rectangle. The
number of these paths that cross or touch the line at level s = —1 and end at (n,0)
equals the number of paths that start at (0,s) and end at (n, —2). There are (tﬁl)

of these. Thus the number of allowable paths that do not go below s = 0 equals
() - () = (e -5 =)y = ()6
[Figure 1 here]

Theorem: For the three-coin procedure A to select the b = 2 coins with highest p;,

the probability of correct selection, P[C'S] = P[{(1),(2)} = {1,2}] is given by

wiw2Q 1 1 - w w
PlCS| = el o oot — o T e 1 P(E)

1-3P(E) ’

(2)

where P(FE) is given in (1).

Proof: It suffices to consider only paths that do not return to configuration (0, 0, 0);

formally, P[CS] = P(Ey)P[CS]+ {1 — P(Ey)} P[CS| no return to (0,0,0)] by the



stationarity of the procedure once it returns to the origin. Thus P[CS] = P[CS]
no return to (0,0,0)]. Now P[CS| not Ey] = {P[CS] first step to (1,0,0) and not
Ey] P[(1,0,0) and not Ey] + P[CS| first step to (0, 1,0) and not Ey] P[(0,1,0) and
not FEy| + P first step is (1,1,0)]}/P] not Ep]. On the event [(1,0,0) and not Ey|
the conditional probability of correct selection is ws /(wy +w3), corresponding to the
event that coin 2 gets a head before coin 3, in which case the terminal configuration is
(s+1,1,0) for some s > 0. Furthermore, P[(1,0,0) and not Ey] = P[(1,0,0) and not

E,] = P[(1,0,0) on the first step] — P[E,] = l_wji,c_?Q — P[E]. Similarly, P[C'S|(0,1,0)

and not Ey] = wq/(w; + w3) and P[(0,1,0) and not Ey| = 11”;% — P(E). Also

P[(1,1,0) on first step | = %. Therefore

w2 w1 Q w1 woQ wiwyQ
P[CS] = m2imlro P(EZH ot A Bog — P(E)+ 11525

1-P(Ep)
wiwe@ 1 1 wi w2
1-P—-Q {1+ w1 tws + wo+ws }7{ w1 +ws + woFws }P(E)
= 1-3P(E) :

Remark 5. We know by Remark 1 that P[C'S] is the same as that of the Levin-

Robbins procedure without elimination for selecting the “best” coin (after parity

—1

reversal) and thus satisfies P[C'S] > L = Wit although this

witwy rwy !t T wiwetwiwstwaws

does not appear to follow trivially from (2).

Remark 6.
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If p1 = po = p3 = p, say, and w = p/q, then —F—5 = 510

s {l+ 5+ ) —P(E)  1/3- P(B)
(wtw?)
P[CS) = X 3P =7 ()_15.

If p3 =0, since P(E) = 0, then

wWLW 1 1 wy + we + wiw
1W2 {14_74_7}: 1 2 w2
W1 + Wo + WiW2 wy Wy w1 + Wo + wWiWs

PCS] =

If py =0o0r py =0, P[CS] = 22 = 0.

1—

o

If py = 1, we must interpret wiQ) = p1g2g3 = q2q3, P = pap3, Q@ = 0, wwQ) =

p2qs and —*— = 1. Then

witws



p2a3{l+ 5 3ur w2+w3 }
q293+p293+q2p3

P[CS] =28 {14 ——} =

1—p2p3

— { 14+wo+ws } —
1+w2+w3 w2+ws w2+w3

Similarly, for po = 1, interchange the role of coins 1 and 2, P[C'S] = ——. If

w1+ws

p3 = 1 then @ = 0, which implies P[C'S] = 0.

Remark 7. Suppose the selection procedure starts at configuration (s + 1,0,0) for
s > 0, as could occur with a four-coin procedure with elimination (¢ = 4,b = 2,r =
1). Let Fy ; = [ return to configuration (0,0, 0) before stopping |. From Lemma 2,
there are ( )jﬂ paths that return to configuration (1,0,0) (not necessarily for the

first time) in exactly n steps, where t = (n+s)/2, and each such path has probability

()55 (1“’_2}53_%)";3 = (wia"?’)% {(l_ng)Q 12, assuming n has the same parity as

s. Thus if s = 2u and n = 2m, paths have probability (*2%2)" { = = Q ™, and if

s=2u+1landn=2m+1 (u>0,m > 0), paths have probability

W2W, U m 1
(s o POyt

1
= () h o s R

= (wzws) {(1 oF }m wzws%

Therefore, including the final step to configuration (0,0,0) we have for s = 2u,

8



> 2m 2u + 1 PQ Wals3 wow3z Q)
B2 ngo<m+u>m+u+l{(1—P—Q)2} w ) 1-p-q @
and for s =2u+1, u > 0,
X (2m+1)\ 2u-+2 PQ Wal3 waws Q) 5
PlE)gui1]= " h 4
B2t Tnz::0<m+u+1>m+u+2{(l—P—Q)2} ( wq ) (1—P—Q> @
Similarly, if Eys = [ return to configuration (0,0,0) before stopping | given

starting configuration (0,s + 1,0), and Ej likewise for (0,0,s + 1), then P[Ej_]

follows (3) and (4) with the final factor replaced by (wju—?)“(%_?’g)l or2 and P[FEs 4]

wiwo wiw2@ )1 or 2. NOte in (3) and (4) the binomial

replaces the final factor by (*02)"({%5%%5

coefficients can be written as (Wff‘u) and (i’:fi), respectively. Therefore the first

non-zero term in either sum is m = .

Remark 8. Following logic similar to the Theorem, the probability of correct selection

given initial configuration (s + 1,0,0), which we write as P[C'S|(s + 1,0,0)], is

Wa

P[CS|(s+1,0,0)] = P(E,,)P[CS](0,0,0)] +{1 — P(El,s)}w o

because, as before, on any sample path not in £ ; the probability of correct selec-

9



tion is simply —*2—. Similarly, P[CS|(0,s + 1,0)]=P(E,,)P[CS]|(0,0,0)] +(1 —

w2+ws3

P(Ey,))—— and P[CS](0,0,s+1)] = P(E;5)P[CS](0,0,0)], because paths start-

w1+ws3

ing from (0,0, s+ 1) not in Ej3, can not terminate in a correct selection.

10



3. Exact probability of correct selection of the best two out of four coins

with elimination (¢ =4, b = 2) in the case r = 1.

We now derive the P[C'S] for the Levin-Robbins procedure with elimination of
inferior coins in the simplest case, r = 1. Without loss of generality, we assume the
probabilities of heads are p; > ps > p3 > ps.

Procedure B : Sample coins 1, - - -, 4 vector-at-a-time until the time of first elimina-

tion, N = inf{n > 1: X((;l)) — X((Z)) = r}, where X((IL)) > X((;)) > X((;f)) > X((Z)). At

time N, any and all coins j with X J(N) =X ((i\)[) are eliminated from further consider-

ation. If more than b coins remain, the procedure continues from the current tallies.

Stopping occurs at time N* =inf{n >1: X((g)) - X((g)) =1}

Stopping occurs at time N* = n if the configuration a™ = (an) - X ((Z)), XM -

X, x-x (), XV = X)) is of the form (1,1,0,0) or (s+2,1,0,0) or (1, 5+2,0,0)
for s > 0 with a correct selection, or for other permutations of these configurations
with an incorrect selection. The procedure continues for other configurations of the
form (1,1,1,0) or (s +2,1,1,0) for s > 0, or permutations thereof. For ease of
notation, we write configuration events at time of first elimination as [(1,1,0,0)],
for example, and the set of coins in play after N as C. The probability of correct

selection P[CS] = P{XN, XSV = {X((f\)[*), X((QA)T*)}] is given by expression (5):

11



P[CS] = P[(1,1,0,0)] + P[(1,1,1,0)]P[CS|C = {1,2,3},(0,0,0)]
+P[(1,1,0,1)]P[CS|C = {1,2,4},(0,0,0)]

+Z§o:0 P[(S + 27 17070)] + E?O:O P[(l’s + 2707())]

+32, Pl(s+2,1,1,0)|P[CS|C = {1,2,3}, (s + 1,0,0)]
+>2,Pl(1,s+2,1,0)]P[CS|C ={1,2,3},(0,s + 1,0)]
+>, Pl(1,1,s +2,0)]P[CS|C =11,2,3},(0,0,5 + 1)]
+3>2,Pl(s+2,1,0,1)]P[CS|C ={1,2,4}, (s + 1,0,0)]
+ 32, Pl(1,s+2,0,1)]P[CS|C ={1,2,4},(0,s + 1,0)]

+ 32, Pl(1,1,0,s + 2)|]P[CS|C ={1,2,4},(0,0,s + 1)]. (5)

We have already derived expressions for the P[C'S] in the reduced procedure
after time of first elimination. It remains to derive the probability of the various

configurations at time of first elimination.

As in Remark 3, starting from (0,0,0,0), we define events Ef = | first step to
(1,0,0,0) and return to (0,0,0,0) before first elimination |, - - -, Ef = [ first step to
(0,0,0,1) and return to (0,0,0,0) before first elimination |. These events all have
probability equal to P(E™*), say, with

12



where P* = pipapsps and Q* = ¢1¢2q34a.

As in the proof of the preceding theorem, it suffices to consider sojourns that
do not return to zero to derive the probability of configurations at time of first
elimination, because the unconditional probability equals the conditional probability
given no return to (0,0,0,0). Thus, for example, P[(1,1,0,0)] = P[(1,1,0,0)| no
return to (0,0,0,0)] = {P[(1,1,0,0) on first step |+ P[(1, 0,0, 0) on first step followed
by any path that returns to (1,0,0,0) without returning to (0,0,0,0) followed by
outcome (0,1,0,0) | + P[(0,1,0,0) on first step followed by any path that returns to

(0,1,0,0) without returning to (0,0,0,0) followed by outcome (1,0,0,0) |} /(1—4P(E*))

= P(EY) i + PEY) 20} /( = 4P(E))

-P*—Q W2 W3W4 w1wW3wy

= {4 20 /(1 - 4P(EY)). (7)

The second and third terms follow because the event E} (respectively, Ej) is
isomorphic to paths that visit (1,0,0,0) on the first step (respectively, (0,1,0,0))
and on the last step move to (0,1,0,0) (respectively, (1,0,0,0)) instead of inward
to (0,0,0,0) in direction (0,1, 1,1) (respectively, (1,0,1,1)).

13



For other permutations of (1,1,0,0), we interchange subscripts, or use the fun-
damental transposition lemma for configurations a = (ay, as, as, ay) at time of first

—(ai—a;)

elimination: if ajj; is a with a; and a; interchanged, then Plaj;] = Plajw,; )

where w;; = w; /w; for any ¢, j. Thus,

P[1,0,1,0] = P[1,1,0,0] - wyy,

P[1,0,0,1] = P[1,1,0,0] - w3,

P[0,1,1,0] = P[1,1,0,0] - w3,

P[0,1,0,1] = P[1,1,0,0] - wy,,

We argue similarly for P[(1,1,1,0)]: P[(1,1,1,0)] = P[(1,1,1,0)| no return to
(0,0,0,0)] = {P[(1,1,1,0) on first step | + P[(1,0,0,0) on first step followed by
any path returning to (1,0,0,0) but not (0,0,0,0), followed by outcome (0,1,1,0)
| + P[(0,1,0,0) on first step followed by any path returning to (0,1,0,0) but not

14



(0,0,0,0), followed by outcome (1,0,1,0) | + P[(0,0,1,0) on first step followed by
any path returning to (0,0,1,0) but not (0,0,0,0), followed by outcome (1,1,0,0)

J}/(1 = 4P(E"))

_ {wlwzqug: —f-P(E*)( wow3 + wiw3 + wiwa }/(1—4P(E*>>

1-P* WowW3 Wy w1 w3 wyg W1 wW2wWy
= {ypupe 4 SEEDY /(1 - 4P(E")). (8)
Similarly,
Pl(1,1,0,1)) = {rezs@ 3PNy g yp(pe)),

1—P*—Q* Ws

wiwswsQ*  3P(EY)
1—P*—Q* + Wa
wawzw4Q* 3P(E*)
1—P*—Q* + wq

P[(1,0,1,1)] =1 }/(1—4P(E")), and

P(0,1,1,1)] = { /(1 —4P(E7)).

Next consider P[(s+2,1,0,0)] for s > 0. Now we enumerate paths of two forms:
(a) (1,0,0,0) on first step followed by paths taking s + m steps outward toward
(1,0,0,0) and m steps inward toward (0,1,1,1), in any order, never returning to
(0,0,0,0), followed by (1,1,0,0); and (b) (1,0,0,0) on first step followed by paths

taking s +m + 1 steps toward (1,0,0,0) and m steps toward (0,1, 1, 1), followed by

15



(0,1,0,0). Paths of type (a) have probability (%)“m“(qﬁqﬁf’fg )mlf}“f_%*,

w1 Q* )s+m+2(wzw3w4Q*)m w2 Q*

and paths of type (b) have probability (17P*7Q* iy, T M vy sl

Lemma 3. The number of paths starting with configuration (1,0,0,0) and ending

at configuration (s + 1,0,0,0), not necessarily for the first time and never visiting

(0,0,0,0), in exactly s + 2m steps is (Stjm) sj;[il. The number of paths starting

with configuration (1,0,0,0) and ending at configuration (s + 2,0,0,0), not neces-

sarily for the first time and never visiting (0,0, 0,0), in exactly s + 2m + 1 steps is

s+2m+1 s+2
m s+m—+2°

Proof : In the two dimensional lattice (n,s) corresponding to configuration (s -+
1,0,0,0) after n steps, by the André Reflection Principle, there are as many paths
that start at (0, 0), cross or touch level —1, and end at (s+2m, s) as there are paths
that end as far below level —1 as s is above level —1, i.e., end at (s +2m, —(s+2)).
Unrestricted paths with m + s outward steps and m inward steps number (stzm)

while unrestricted paths with m — 1 outward steps and s + m + 1 inward steps

number (S+2m> = (S+2m). Thus there are (stim) - (S+2m) = (SHm)(l - )

s+m+1 m—1 m—1 m s+m—+1

— (Stim)(s jrflil) paths that do not cross level —1, i.e., do not visit configuration
(0,0,0,0). For paths with m + s + 1 outward steps and m inward steps, replace s

by s+ 1. QED

16



Therefore we find P[(s +2,1,0,0)] = P[(s + 2,1,0,0)| no return to (0,0,0,0)]

= (W) ) () )

+ () (e (2}
x (1— 4P(E*))~!

e () e (e L ()

4 o (s+2$+1) sjr:?FQ((l—i:?;*)Q )m(l_’ulgl*Q_*Q* )s+3 . %}

x (1 —4P(E*))™! (9)

Similarly, for P[(1,s+2,0,0)], interchange w; and wsy in (9), or use the transpo-

sition lemma, P[(1,s+ 2,0,0)] = P[(s+2,1,0, 0)}w1_2(s+1)-

Next consider P[(s + 2,1,1,0)]. Here we count paths of two types again (a)
(1,0,0,0) on first step followed by s +m outward and m inward steps in any order,
never returning to (0,0,0,0), followed by (1,1,1,0); and (b) (1,0,0,0) on first step
followed by s 4+ m + 1 outward and m inward steps in any order, never returning to
(0,0,0,0), followed by (0,1,1,0). This is the same as for (s + 2,1,0,0) except for

the final step. Thus P[(s + 2,1, 1,0)] equals

15 (27) 2 () (8 %5) - wy

17



+ e (70 i (e () )

% (1—4P(E")! (10)

Similarly, for P[(1,s + 2,1,0)], interchange w; and wq in (10); for P[(1,1,s +
2,0)] interchange w; and ws in (10); for P[(s + 2,1,0,1)] replace ws in (10) by
wy; for P[(1,s + 2,0,1)] replace ws by wy in (10) and interchange w; and wy; for
P[(1,1,0,s+2)] replace w3 by wy in (10) and interchange wy and wy. Alternatively,

~(s+1)

use the transposition lemma, e.g., P[(1,s +2,1,0)] = P[(s +2,1,1,0)]Jw;," ", and

P[(1,1,0,5 +2)] = P[(s +2,1,1,0)Jw,* P wfy ete.
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