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where Rgo, Ro1, R1(0) are defined in Proposition 2 and (S.10) and (S.9)
respectively. Further
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In addition, we have
’E aT eXp{B ((13) 03} RI(O*)—IROI
00 fO exp{B,(z)103}dx

a:)T03}
{L‘)Teg}d

exp{B(
A= (H%’T [fo exp{B, (

1(9*)_1||2HR01||2> -

https://biostats.bepress.com/cobra/art118



NEW NONPARAMETRIC MEASUREMENT ERROR MODEL ESTIMATOR 21

First note that,
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where t* is the point in (0,1). In the above derivation, the first inequality
holds by the trianglar inequality, the second inequality holds by Cauchy-
Schwarz inequality, the second equality holds by the mean value theorem,
the last equality holds because

B, (z HQ_ZB <supBrk ZBrk —Sl;pBrk(:L‘):Op(l).
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Combining (A.4), (A.5), (S.12), (S.18), we have

0 exp{B,(z)1 05} -1
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(A.6) = Op(hy tdy/*hiT) = 0, (hI7?).

Combining (A.6), (A.2) and (A.3), we obtain
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Plug this result to (A.1), we have bias{fx(z)} = Op(hg_l/Q).

Hence,
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The last equality hold by Proposition 2 and Condition (C3). This proves the
results. ]
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A.2. Proof of Theorem 2.
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The last equality holds by Condition (C5). By (S.21) and Proposition 2, we

can see that
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The second equality holds because E(Tgp) = 0. The fourth line holds by the
fact that ZZil{ukBrk(x)}Q =M Zz‘il By (xz) = M for some finite constant
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M and hence ||B,.(z)T|]2 = O(1),
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by (5.28), and |Toill2 < dy*|Torlle = Op(hi*"?) by (S.25). Plug this
result to (A.7), we have
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Hence
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The second equality holds by the fact that bias{m(x)} = Op(hgfl/ 2). The
last equality holds by Condition (C3). This proves the result. O
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Fic 1. Performance of B-spline MLE pdf estimation (upper) and B-spline semiparametric
mean estimation (lower). Results based on 200 simulations.

Fia 2. Comparison of pdf (upper) and mean (lower) estimators based on the B-spline MLE
or B-spline semiparametric estimator (solid) and the deconvolution (dashed) method, when
measurement errors are norm (left), Laplace (middle) and uniform (right) respectively.
Average maximum absolute error sup, |fx (z) = fx(x)| (upper) or sup, |mx(x) — mx(z)]

(lower) is computed based on 200 simulations at sample sizes from 500 to 2000.
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F1G 3. B-spline MLE density estimation (left) and deconvolution estimation (right) from
200 simulations: The solid lines represent the true functions and the dash lines represent
the estimated functions and their 90% confidence bands. The first row to third row are the
results for model II (a)—(c) respectively. Sample size 500.
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Fic 4. B-spline semiparametric regression estimation (left) and deconvolution estimation
(right) from 200 simulations: The solid lines represent the true functions and the dash
lines represent the estimated functions and their 90% confidence bands. The first row to
third row are the results for model II (a)-(c), respectively. Sample size 500.
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Fic 5. The estimated pdf of PM2.5 without considering measurement error, based on data
from Beijing Environmental Protection Bureau (solid line) and “Mission China” website

(dash-line).
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TABLE 1
Performance comparison between B-spline MLE/semiparametric estimator and
deconvolution. Mean of the maximum absolute differences are reported. Results based on
average over 200 simulations.

pdf estimation: E{sup,, |fxo(z) — fxo(z)|}

B-spline MLE Deconvolution
n=500 m=1000 n=2000 n=>500 n=1000 n = 2000
model II(a) 0.204 0.160 0.109 0.238 0.212 0.160
model II(b) 0.213 0.153 0.110 0.230 0.197 0.158
model II(c) 0.222 0.184 0.124 0.315 0.242 0.230
mean estimation: E{sup, |m(z) — m(z)|}
B-spline semiparametric Deconvolution
n=>500 n=1000 n=2000 n=>500 mn=1000 mn = 2000
model II(a) 0.370 0.263 0.175 0.908 0.796 0.762
model II(b) 0.425 0.264 0.163 0.857 0.828 0.779
model II(c) 0.414 0.291 0.219 0.880 0.832 0.801
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Fic 6. The B-spline MLE (upper left) and deconvolution (upper right) pdf estimators
and their 95% confidence bands of PM2.5. The B-spline semiparametric (bottom left) and
deconvolution (bottom right) regression estimators and their 95% confidence bands. The
red line is the naive estimator ignoring measurement errors.
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