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where R00,R01,R1(θ) are defined in Proposition 2 and (S.10) and (S.9)
respectively. Further

E

(
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1R00

)

= E

(
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1

×
∫ 1

0

{
fX0(t)fU (Wi − t)∫ 1

0 fX0(x)fU (Wi − x)dx
− fX0(t)

}
Br(t)dt

)

=

∫ 1

0

∫
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1

×

{
fX0(t)fU (Wi − t)∫ 1

0 fX0(x)fU (Wi − x)dx
− fX0(t)

}
fW0(Wi)Br(t)dWidt

=

∫ 1

0

∫ (
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1

× fX0(t)fU (Wi − t)∫ 1
0 fX0(x)fU (Wi − x)dx

fW0(Wi)Br(t)

)
dWidt

−
∫ 1

0

∫
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1fX0(t)fW0(Wi)Br(t)dWidt

=

∫ 1

0

∫
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1fX0(t)fU (Wi − t)Br(t)dWidt

−
∫ 1

0

∫
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1fX0(t)fU (Wi − t)Br(t)dWidt

= 0.(A.3)

In addition, we have∣∣∣∣E
(

∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1R01

)∣∣∣∣
≤ E

(∥∥∥∥ ∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]∥∥∥∥
2

‖R1(θ
∗)−1‖2‖R01‖2

)
.(A.4)
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First note that,∥∥∥∥ ∂∂θ
[

exp{Br(x)Tθ3}∫ 1
0 exp{Br(x)Tθ3}dx

]∥∥∥∥
2

(A.5)

=

{
dθ∑
k=1

(
exp{Br(x)Tθ3}Brk(x)∫ 1

0 exp{Br(x)Tθ3}dx

−
exp{Br(x)Tθ3}

∫ 1
0 exp{Br(x)Tθ3}Brk(x)dx

[
∫ 1
0 exp{Br(x)Tθ3}dx]2

)2


1/2

≤

 dθ∑
k=1

[
exp{Br(x)Tθ3}Brk(x)∫ 1

0 exp{Br(x)Tθ3}dx

]21/2

+


dθ∑
k=1

(∫ 1

0

exp{Br(x)Tθ3} exp{Br(t)
Tθ3}

[
∫ 1
0 exp{Br(t)Tθ3}dt]2

Brk(t)dt

)2


1/2

≤

[ exp{Br(x)Tθ3}∫ 1
0 exp{Br(x)Tθ3}dx

]2 dθ∑
k=1

B2
rk(x)

1/2

+


∫ 1

0

(
exp{Br(x)Tθ3} exp{Br(t)

Tθ3}
[
∫ 1
0 exp{Br(t)Tθ3}dt]2

)2 dθ∑
k=1

B2
rk(t)dt


1/2

=

[ exp{Br(x)Tθ3}∫ 1
0 exp{Br(x)Tθ3}dx

]2 dθ∑
k=1

B2
rk(x)

1/2

+


∫ 1

0

(
exp{Br(x)Tθ3} exp{Br(t)

Tθ3}
[
∫ 1
0 exp{Br(t)Tθ3}dt]2

)2

dt

dθ∑
k=1

B2
rk(t

∗)


1/2

= Op(1),

where t∗ is the point in (0, 1). In the above derivation, the first inequality
holds by the trianglar inequality, the second inequality holds by Cauchy-
Schwarz inequality, the second equality holds by the mean value theorem,
the last equality holds because

‖Br(x)‖22 =

dθ∑
k=1

B2
rk(x) ≤ sup

k
Brk(x)

dθ∑
k=1

Brk(x) = sup
k
Brk(x) = Op(1).
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Combining (A.4), (A.5), (S.12), (S.18), we have∣∣∣∣E
(

∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
R1(θ

∗)−1R01

)∣∣∣∣
= Op(h

−1
b d

1/2
θ hq+1

b ) = Op(h
q−1/2
b ).(A.6)

Combining (A.6), (A.2) and (A.3), we obtain

E

(
∂

∂θT

[
exp{Br(x)Tθ3}∫ 1

0 exp{Br(x)Tθ3}dx

]
(θ̂ − θ0)

)
= Op(h

q−1/2
b ).

Plug this result to (A.1), we have bias{f̂X(x)} = Op(h
q−1/2
b ).

Hence,√
nhb

[
f̂X(x)− fX0(x)− bias{f̂X(x)}

]
=

√
nhb

[
exp{Br(x)Tθ̂}∫ 1

0 exp{Br(x)Tθ̂}dx
− fX0(x)− bias{f̂X(x)}

]

=
√
nhb

[
exp{Br(x)Tθ̂}∫ 1

0 exp{Br(x)Tθ̂}dx
− exp{Br(x)Tθ0}∫ 1

0 exp{Br(x)Tθ0}dx

+
exp{Br(x)Tθ0}∫ 1

0 exp{Br(x)Tθ0}dx
− fX0(x)− bias{f̂X(x)}

]

=
√
nhb

[
exp{Br(x)Tθ̂}∫ 1

0 exp{Br(x)Tθ̂}dx
− exp{Br(x)Tθ0}∫ 1

0 exp{Br(x)Tθ0}dx

]
+Op(h

q
bn

1/2)

=
√
nhb

∂

∂θT

[
exp{Br(x)Tθ0}∫ 1

0 exp{Br(x)Tθ0}dx

](
E

[∫ 1
0 fX0(x)fU (Wi − x)Br(x)Br(x)Tdx∫ 1

0 fX0(x)fU (Wi − x)dx

−

{∫ 1
0 fX0(x)fU (Wi − x)Br(x)dx

}⊗2
{∫ 1

0 fX0(x)fU (Wi − x)dx
}2 −

∫ 1

0
fX0(x)Br(x)Br(x)Tdx

+

{∫ 1

0
fX0(x)Br(x)dx

}⊗2])−1
n−1

n∑
i=1

∫ 1

0

{
fX0(x)fU (Wi − x)∫ 1

0 fX0(x)fU (Wi − x)dx

−fX0(x)}Br(x)dx+ op(1).

The last equality hold by Proposition 2 and Condition (C3). This proves the
results.
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A.2. Proof of Theorem 2.

sup
x∈[0,1]

|m̂(x)−m(x)|

= sup
x∈[0,1]

|Br(x)Tβ̂ −Br(x)Tβ0 + Br(x)Tβ0 −m(x)|

≤ sup
x∈[0,1]

|Br(x)Tβ̂ −Br(x)Tβ0|+ sup
x∈[0,1]

|Br(x)Tβ0 −m(x)|

= Op{(nhb)−1/2 + hqb},

by Proposition 2 and Condition (C5).

bias{m̂(x)}
= E{m̂(x)−m(x)}
= E{Br(x)Tβ̂ −Br(x)Tβ0}+ {Br(x)Tβ0 −m(x)}
= E{Br(x)Tβ̂ −Br(x)Tβ0}+Op(h

q
b).(A.7)

The last equality holds by Condition (C5). By (S.21) and Proposition 2, we
can see that

|E{Br(x)Tβ̂ −Br(x)Tβ0}|

=

∣∣∣∣E
Br(x)TE

(
∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]

∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)−1

× (T00 + T01){1 + op(1)}}
∣∣∣∣

=

∣∣∣∣E
Br(x)TE

(
∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]

∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)−1

×T01{1 + op(1)}}
∣∣∣∣

≤ E


∥∥∥∥E
(
∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]

∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)−1 ∥∥∥∥
2

×‖Br(x)T‖2‖T01‖2{1 + op(1)}
}

= Op(h
−1
b h

q+1/2
b ) = Op(h

q−1/2
b ).

The second equality holds because E(T00) = 0. The fourth line holds by the

fact that
∑dβ

k=1{ukBrk(x)}2 = M
∑dβ

k=1Brk(x) = M for some finite constant
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M and hence ‖Br(x)T‖2 = O(1),∥∥∥∥E
(
∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]

∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)−1 ∥∥∥∥
2

= Op(h
−1
b )

by (S.28), and ‖T01‖2 ≤ d
1/2
β ‖T01‖∞ = Op(h

q+1/2
b ) by (S.25). Plug this

result to (A.7), we have

bias{m̂(x)} = Op(h
q−1/2
b ).

Hence√
nhb[m̂(x)−m(x)− bias{m̂(x)}]

=
√
nhbBr(x)T

×

−{E(∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]
∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)}−1

× 1

n

n∑
i=1

S∗β(Wi, Yi,m)− E∗{a(X,m) | Yi,Wi,m}

]
−
√
nhbbias{m̂(x)}

=
√
nhbBr(x)T

×

−{E(∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]
∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)}−1

×n−1
n∑
i=1

S∗β(Wi, Yi,m)− E∗{a(X,m) | Yi,Wi,m}

]
+Op(n

1/2hqb)

=
√
nhbBr(x)T

×

−{E(∂[S∗β(Wi, Yi,β)− E∗{a(X,β) | Yi,Wi,β}]
∂βT

∣∣∣∣
Br(·)Tβ=m(·)

)}−1

×n−1
n∑
i=1

S∗β(Wi, Yi,m)− E∗{a(X,m) | Yi,Wi,m}

]
+ op(1),

The second equality holds by the fact that bias{m̂(x)} = Op(h
q−1/2
b ). The

last equality holds by Condition (C3). This proves the result.

Acknowledgment. We thank Yang Li for providing the daily asthma
emergency room visits data and the referees for helpful comments.

https://biostats.bepress.com/cobra/art118



NEW NONPARAMETRIC MEASUREMENT ERROR MODEL ESTIMATOR 25

500 1000 1500 2000

5
10

15

Sample size

R
oo

t n
h 

m
ax

im
um

 a
bs

ol
ut

e 
er

ro
r

normal error
laplace error
uniform error

500 1000 1500 2000

2
3

4
5

6
7

8

size

R
oo

t n
h 

m
ax

im
um

 a
bs

ol
ut

e 
er

ro
r

normal error
laplace error
uniform error

Fig 1. Performance of B-spline MLE pdf estimation (upper) and B-spline semiparametric
mean estimation (lower). Results based on 200 simulations.

Fig 2. Comparison of pdf (upper) and mean (lower) estimators based on the B-spline MLE
or B-spline semiparametric estimator (solid) and the deconvolution (dashed) method, when
measurement errors are norm (left), Laplace (middle) and uniform (right) respectively.

Average maximum absolute error supx |f̂X(x)− fX(x)| (upper) or supx |m̂X(x)−mX(x)|
(lower) is computed based on 200 simulations at sample sizes from 500 to 2000.
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Fig 3. B-spline MLE density estimation (left) and deconvolution estimation (right) from
200 simulations: The solid lines represent the true functions and the dash lines represent
the estimated functions and their 90% confidence bands. The first row to third row are the
results for model II (a)–(c) respectively. Sample size 500.
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Fig 4. B-spline semiparametric regression estimation (left) and deconvolution estimation
(right) from 200 simulations: The solid lines represent the true functions and the dash
lines represent the estimated functions and their 90% confidence bands. The first row to
third row are the results for model II (a)–(c), respectively. Sample size 500.
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Fig 5. The estimated pdf of PM2.5 without considering measurement error, based on data
from Beijing Environmental Protection Bureau (solid line) and “Mission China” website
(dash-line).
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Table 1
Performance comparison between B-spline MLE/semiparametric estimator and

deconvolution. Mean of the maximum absolute differences are reported. Results based on
average over 200 simulations.

pdf estimation: E{supx |f̂X0(x)− fX0(x)|}
B-spline MLE Deconvolution

n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000
model II(a) 0.204 0.160 0.109 0.238 0.212 0.160
model II(b) 0.213 0.153 0.110 0.230 0.197 0.158
model II(c) 0.222 0.184 0.124 0.315 0.242 0.230

mean estimation: E{supx |m̂(x)−m(x)|}
B-spline semiparametric Deconvolution

n = 500 n = 1000 n = 2000 n = 500 n = 1000 n = 2000
model II(a) 0.370 0.263 0.175 0.908 0.796 0.762
model II(b) 0.425 0.264 0.163 0.857 0.828 0.779
model II(c) 0.414 0.291 0.219 0.880 0.832 0.801
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Fig 6. The B-spline MLE (upper left) and deconvolution (upper right) pdf estimators
and their 95% confidence bands of PM2.5. The B-spline semiparametric (bottom left) and
deconvolution (bottom right) regression estimators and their 95% confidence bands. The
red line is the naive estimator ignoring measurement errors.
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