University of California, Berkeley

U.C. Berkeley Division of Biostatistics Working Paper Series

Year 2008 Paper 234

Estimation Based on Case-Control Designs
with Known Incidence Probability

Mark J. van der Laan™

*Division of Biostatistics and Department of Statistics, University of California, Berkeley,
laan @berkeley.edu

This working paper is hosted by The Berkeley Electronic Press (bepress) and may not be commer-
cially reproduced without the permission of the copyright holder.

http://biostats.bepress.com/ucbbiostat/paper234
Copyright (©)2008 by the author.



Estimation Based on Case-Control Designs
with Known Incidence Probability

Mark J. van der Laan

Abstract

Case-control sampling is an extremely common design used to generate data to
estimate effects of exposures or treatments on a binary outcome of interest when
the proportion of cases (i.e., binary outcome equal to 1) in the population of in-
terest is low. Case-control sampling represents a biased sample of a target pop-
ulation of interest by sampling a disproportional number of cases. Case-control
studies are also commonly employed to estimate the effects of genetic markers or
biomarkers on phenotypes. The typical approach used in practice is to fit (con-
ditional) logistic regression models, ignoring the case-control sampling, in order
to estimate the conditional odds ratios of being a case, given baseline covariates
and the exposure of interest. Although these methods do not rely on knowing the
true incidence probability (i.e, probability of being a case), and provide valid lo-
gistic regression model based estimates of the conditional effect of exposure on
odds ratio scale, they do not provide an estimate of a marginal causal odds ra-
tio or causal relative risk, which are causal parameters representing the typical
parameters of interest in randomized trials comparing different treatment or ex-
posure levels. By the same argument, these methods do not provide measures of
marginal variable importance. In this article we focus on methods for causal in-
ference and variable importance analysis for matched and unmatched case-control
studies relying on knowing the incidence probability, conditional on the matching
variable if matching is used. We start out with presenting, for both case-control
designs, a simple intercept adjustment method that deterministically maps a, pos-
sibly weighted for matched case-control designs, logistic regression fit into a valid
model based fit of the actual conditional probability on being a case, given the co-
variates. The resulting estimate of the conditional probability of being a case has
now the important property that its standard error is proportional to the incidence
probability (divided by the square root of the sample size) so that the obtained



precision is good enough for accurately estimating marginal causal relative risks
or causal odds-ratios even when the probability of being a case is extremely rare.
Subsequently, we present our general proposed methodology, involving a simple
weighting scheme of cases and controls, that maps any estimation method for a pa-
rameter developed for prospective sampling from the population of interest into an
estimation method based on case-control sampling from this population. For reg-
ular case-control designs the weighting only relies on knowing the true population
proportion of cases or, equivalenty, the true probability of being a case, and for
matched case-control sampling it also relies on knowing this proportion of cases
within each population strata of the matching variable. We show that this case-
control weighting of an efficient estimator for a prospective sample from the target
population of interest maps into an efficient estimator for matched and unmatched
case-control sampling. We show how application of this generic methodology
provides us with double robust locally efficient targeted maximum likelihood es-
timators of the causal relative risk and causal odds ratio for regular case control
sampling and matched case control sampling. We also illustrate such double ro-
bust targeted maximum likelihood estimators in marginal structural models and
semi-parametric logistic regression models. Finally, we show that case-control
studies nested in randomized trials allow estimation, based on inverse probability
of treatment weighted (IPTW) estimators of the marginal causal relative risk or
odds ratios without the need to know the incidence probability, and we present
the simple implications for observational case-control studies in which this in-
cidence probability is not known but known to be close to zero. By comparing
these methods with the efficient method for the case that the incidence probability
is known, it follows that even in randomized trials the knowledge of the incidence
probability allows for significantly more precise estimation of causal parameters.



1 Introduction

Case-control sampling is an extremely common design used to generate data
to estimate effects of exposures or treatments on a binary outcome of interest
when the actual population proportion of cases (i.e. binary outcome equal to
1) is small. As a consequence, it is of interest to present estimators of causal
effects or variable importance parameters based on case-control data.

1.1 Formulation of case-control estimation problem.

Let’s first formulate the statistical problem. For the sake of concreteness and
illustration, our formulation will focus on a case-control point treatment data
structure with baseline covariates in which one is concerned with estimation
of the causal effect or variable importance of the treatment variable on the
binary outcome. Our initial formulation will assume that the variables are
not subject to missingness or censoring. Our general methods are straightfor-
ward extensions and apply to general case control data structures, including
censored data structures and time-dependent longitudinal data structures.
Experimental unit of interest. Let O* = (W, A,Y) ~ F} represent the
experimental unit and corresponding distribution B} of interest, consisting of
baseline covariates W, a subsequent monitored treatment/exposure variable
A, and a "final” binary outcome Y.

Causal or variable importance parameter of interest. Suppose one is
concerned with statistical inference regarding a particular euclidean valued
variable importance or causal effect parameter o5 = U*(P¢) € R? of this
distribution Fj. For example, one might be interested in the marginal causal
additive effect of a binary treatment A € {0, 1} defined as

vy = EJE;(Y |A=1,W)-E}(Y | A=0,W)= E}(Y)) — E}(Y)
Py(Yi=1) - F(Yo=1),

where the latter causal effect interpretation of this parameter of Fj re-
quires the notion of treatment specific counterfactual outcomes Yy, Y7, view-
ing (W, A,Y =Y,) as a time-ordered missing data structure on the full data
structure (W, Yp, Y1), and one needs to assume the randomization assumption
stating that A is independent of Yj, Y7, given W. The latter causal parame-
ter formulation v can also be viewed as a W-adjusted variable importance
(of variable A) parameter of the true regression of Y on A, W, in which case
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there is no need to assume the time ordering (W = A = Y), the missing
data structure assumption, or the randomization assumption, and the ad-
justment set W is user supplied (and does thus not need to correspond with
the set of all confounders of A): see van der Laan (2006) for a general for-
mulation of variable importance parameters and its direct relation to causal
effect parameters.

One can also define the parameter of interest as a causal relative risk

s ESE;(Y | A=1W) _ EY; _ P(Y1=1)
CEBES(Y [A=0,W)  EY, P(Yy=1)
or a causal odds ratio,

P(¥i = )P(Yy = 0)

U= P = 0P, = 1)

or their variable importance analogue.

We will use these particular marginal causal effects or marginal variable

importance parameters as our main examples in order to illustrate our pro-
posed methodology for case-control data, including our proposed targeted
maximum likelihood estimation methodology.
Model for target probability distribution. A model for O* is obtained
by modelling this distribution of O*: for example, one might know that A is
independent of W, one might know the actual distribution (treatment mech-
anism) PJ(A = a | W), or one might assume a marginal structural model

Eg(Ya | V) = Eg(Eg(Y | A= a,W) | V) =m(a,V| ),

where V' C W denotes some user supplied potential effect modifier of inter-
est, and m(- | §) some parameterization modelling the causal effect of the
intervention A = a on the outcome Y, conditional on V. We will denote such
a model for Py with M*: i.e., it is assumed that Fj € M*.
Case-control sampling and its probability distribution. If one would
sample n i.i.d. observations Of,..., 0 ~ Pj, then we could (e.g.) apply
the locally efficient targeted MLE of ¢ (see e.g. van der Laan and Rubin
(2006) or Moore and van der Laan (2007)), or one could use double robust
estimating function methodology (van der Laan and Robins (2002), van der
Laan (2006)).

However, this so called prospective sampling scheme is often considered
impractical and ineffective in situations in which the probability Pj(Y = 1)
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on the event Y = 1 (say disease) is very small. For example, if the proportion
of diseased in the population of interest is one in hundred thousand, then one
would have to sample millions of observations in order to have some cases
(i.e, Y; = 1) in the sample. This sparsity of cases in the population of interest
is precisely the typical motivation for case-control sampling.

We will distinguish between two types of case-control sampling: indepen-
dent or un-matched case-control sampling and matched case-control sam-
pling. In both cases, the marginal distribution of the cases and the marginal
distribution of the controls is completely determined by the population (i.e.
prospective sampling) distribution P§ of the random variable (W, A,Y") of
interest.

Independent Case-Control Sampling: One first samples a case by sam-
pling (W7, A;) from the conditional distribution of (W, A), given Y = 1.
Subsequently, one samples J controls (Wg , Ag)) from the conditional dis-
tribution of (W, A), given Y =0, j =1,...,J. It is allowed that these
J control observations are dependent as long as their marginal distri-
butions are indeed equal to the conditional distribution of W, A, given
Y =0.

This results in an experimental unit observed data structure:
O = (W, A),(WJ,AL:j=1,....J)) ~ P,

where we denote the sampling distribution of this data structure O
described above with F,. Thus, a case control data set will consists of
n independent and identically distributed observations Oy, ..., O, with
sampling distribution F, described above. That is, we treat the cluster
consisting of one case and J controls as the experimental unit, and the

marginal distribution of the case and controls are specified as above by
Pr.

Matched Case-Control Sampling: One specifies a categorical matching
variable M C W. One first samples a case by sampling (M, Wy, A;)
from the conditional distribution of (M, W, A), given Y = 1. Sub-
sequently, one samples J controls (M, W{, A}) from the conditional
distribution of (M, W, A), given Y = 0, M = M;. That is, with prob-
ability equal to 1 we have Mg =M, j5=1,...,J. It is allowed that
these J control observations are dependent as long as their marginal dis-
tributions are indeed equal to the conditional distribution of M, W, A,
given Y =0, M = M,.
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This results in an experimental unit data structure:
O = (My, Wy, Ay), (M3 = My, W3, A) - =1,...,J)) ~ Py,

where we denote the sampling distribution of this data structure O de-
scribed above with F,. Thus, a matched case-control data set will con-
sists of n independent and identically distributed observations Oq, ..., 0O,
with sampling distribution F, described above. That is, we treat the
cluster consisting of one case and the J matched controls as the exper-
imental unit, and the marginal distribution of the case and J controls
are specified as above by Fy

We will also refer to the independent case-control experiment and the matched
case-control experiments as Case-Control Design I and Case-Control Design
I1, respectively.

Extensions. Our methods naturally handle the case that J is random and
thus varies per experimental unit, assuming that the marginal distributions of
cases and controls, conditional on J = j, do not depend on j. In the situation
that a case was never coupled to a set of controls one can artificially create
such couplings. Our estimators are not sensitive to the particular choice of
coupling. In the discussion we show the simple extension of our methods to
some variations on these case-control designs I and II, such as pair-matched
case-control designs, case-control sampling within strata, and counter-match
case control designs.

The estimation problem: The statistical problem is now to estimate the
parameter 1y = U*(F§) of the population distribution P; € M* of (W, A,Y),
known to be an element of some specified model M*, based on the case-
control data set Oy,...,0, ~ PF.

Known or sensitivity analysis parameters/weights: We define

@ =F(Y =1)and q(d | M) = Ff(Y =6 | M),

as the marginal probability of being a case, and the conditional probability of
being a case/non-case, conditional on the matching variable. It is assumed
that these probabilities are between 0 and 1. In addition, we define the

quantity
By =0[M) g M)

Qo(M) = qopO*(Y —1|M) q‘)m'
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We note that go(M) is determined by qo and ¢o(1 | M) = Pj(Y =1 | M),
and we also note that Eygo(M;) = 1 — qo. These two quantities g and
Jo(M) (for matched case-control studies) will be used to weight the cases
and controls to obtain valid estimation procedures.

In order to be able to identify the wished causal parameters, for case-
control design I, we only need to assume ¢q is known, and, for matched case-
control design II, we assume ¢y and gy(m) for each m are known. However,
we note here that for matched case-control designs one can also assume that
qo and

ro(m) = Bj(Y =0, M =m)

(instead of go(1 | m)) are known We note that, given ro(m), go(m) is known
up till a simple to estimate nuisance parameter P(M; = m):

~ _ ro(m)
) = Rty =y

As a consequence, our case-control weighted estimation procedures using
o, Go(m) still apply in settings in which one assumes gy and 7¢(m) are known,

by replacing go(m) by its estimate 1 5 m%\%-f ;-
n Lai=1 i=m

Observed data model. In this article, we will typically assume that g
is known, and that, for matched case-control designs we also assume that
Go(M), or equivalently, qo(1 | m) = Pj(Y = 1| M = m) is known for each
m. In Section 8 we show that if the ”treatment mechanism” gi(a | w) =
Py(A=a| W =w) is known, as it would be in a case control study nested
in a randomized trial, then we can estimate the relative risk or odds ratio
parameters without a need to know (any of) go or go(M).

The model M*, possibly including the knowledge ¢o or go(M), imply
now models for the marginal distribution of the cases (M, Wi, A;) and the
marginal distributions of the controls (Mj, Wi, A%), j=1,...,J. The model
M* does not imply much, if anything, about the dependence structure among
(My, Wy, Ay), (My, Wi, A}), j=1,...,J, beyond the fact that, for matched
case-control studies, all its components (i.e., the case and control observa-
tions) share a common variable M;. Let M be the model for the observed
data distribution Py compatible with M* (i.e., its marginals are specified by
Py).

One possible and probably very common model M is to assume that,
given the first draw (M;, Wy, Ay) from (M, W, A), given Y = 1, the control
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observations are all independent draws from the specified conditional distri-
butions. Note that in this latter model the marginal distributions for the case
and control observations implied by P* describe now the whole case-control
sampling distribution P, so that we can write M = {P(P*) : P* € M},
where P(P*) is the distribution of O implied by P*.

Other possible models might specify in another manner, or not specify
at all, the dependence structure and could, for example, be represented as
{P(P*,n) : P* € M*,n}, where the nuisance parameter 7 in combination
with P* describes the complete joint distribution of case and control ob-
servations (M, Zy), (M, Z3 - j = 1,...,J) compatible with its marginal
distributions implied by P*.

We note that knowing ¢o does not put restrictions on the data generating
distribution F, since one conditions on Y = 1, but for case-control design
I it does allow identification of the wished parameters by expressing them
as a function of the distribution of the observed case-control data-structure
and qp. Similarly, for matched case-control designs, knowing gy and 7¢(-)
does not put restrictions on the data generating distribution F, for matched
case-control designs, but it allows one to express the wished parameter as
a function of the distribution of the data and (qo,79). It remains to be
investigated if knowing ¢y and ¢y puts a restriction on the data generating
distribution for matched-case-control designs.

1.2 General formulation of case-control sampling.

Above we provided the case control sampling framework for the data struc-
ture O* = (M, W, A,Y) ~ Pj. In general, we have O* = (M, Z,Y) ~ Py,
M the matching variable (which can be chosen to be empty for case con-
trol design I), the distribution of interest P is known to be an element of
a model M*, 8 = U*(P7) is a particular parameter of this distribution Pj
of interest, U* : M* — RR? is a euclidean parameter defined on the model
M*, (M, Zy) is a draw from the conditional distribution of (M, Z), given
Y =1, (M, Z}) is a draw from the conditional distribution of (M, Z), given
Y =0,M = M, (or just Y = 0 in case control design I), j = 1,...,.J, and
the experimental unit observed data structure for the case-control design is
defined as O = (M1, Z1), (M1, Z3) : j=1,...,J)) ~ DB.

The model M*, and possibly knowing ¢y or go(M), imply now models
for the marginal distribution of (M;, Z;) and the marginal distributions of
(My,7Z3), j = 1,...,J. The model M* does not imply much, if anything,

6

http://biostats.bepress.com/ucbbiostat/paper234



about the dependence structure among (My, Zy), (My,Z3), j = 1,...,J,
beyond the fact that they share a common variable M; for m atched case
control studies. Let M be the model for the observed data distribution P,
compatible with M*. One possible and probably the most common model
M is obtained by assuming that, given the first draw (M, Z,) from (M, Z),
given Y = 1, the control observations are all independent draws from the
specified conditional distributions. Note that in this latter independence
model we can write M = { P(P*) : P* € M}, where P(P*) is the distribution
of O implied by P*. Other possible models might specify or not specify
at all the dependence structure and could, for example, be represented as
{P(P*,n) : P* € M*,n}, where the nuisance parameter 7 in combination
with P* describes the complete joint distribution of (M, Zy), (M, Z3 : j =
1,...,J) compatible with its marginal distributions implied by P*.

In this case Z could include general data structures including censoring
or missingness: e.g Z = (W, A, AA) for a missingness variable A on the
exposure or treatment of interest A. In particular, this general formulation
includes that O* = (M, L(0), A(0), ..., L(K), A(K),Y) ~ Py is a longitudi-
nal data structure with a time dependent treatment A = (A(0), ..., A(K)),
and ¥, = [y is the unknown parameter of a marginal structural model
Ep:(Ya | V) = m(a,V | fo), where we have to assume the time-ordering
assumption, the consistency assumption and the sequential randomization
assumption in causal inference (see e.g. van der Laan and Robins (2002) for
an overview of causal inference methods).

Since this generalization is completely straightforward, i.e., just replace
(W, A) by a general Z, for the sake of presentation, we focus here on the
point treatment data structure in which Z = (W, A) is defined as a set of
baseline covariates and a point-treatment /exposure variable of interest.

1.3 Overview of article

In Section 2 we start out with presenting for independent case-control sam-
pling a simple method that deterministically maps the commonly employed
logistic regression fit that ignores the case-control sampling into a valid
model-based fit of the actual conditional probability on being a case, given
the covariates. We extend this methodology to matched case-control designs
as well in which case the initial logistic regression fit needs to be based on
weighted control observations. For both case-control designs this mapping
simply adds an intercept ¢y = log qo/1—qo to the standard or control-weighted

7
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logistic regression fit.

The resulting estimate of the conditional probability of being a case has
now the important property that its standard error is proportional to the
marginal probability of being a case (divided by the square root of the sample
size n) so that the obtained precision is good enough for accurately estimating
marginal causal relative risks or causal odds-ratios, even when the probability
of being a case is extremely rare. We present the formal identifiability results
and corresponding method for both matched and unmatched case-control
studies.

In Section 3 we present our general solution to the estimation problem
for these two types of case control designs I and II, which weights the cases
and controls with ¢y and (1 — qo)/J (Go(M)/J for case control design II),
respectively, and then applies a method developed for prospective sampling
to estimate the parameter of interest (e.g., targeted maximum likelihood es-
timators or estimating equations for the causal effect or variable importance
parameter 1y of interest), as if the data was directly drawn from the popu-
lation distribution F; of interest. In other words, each estimating function
for ¢ or likelihood for Fj in the underlying model M* maps into a ”case-
control”-weighted estimating function or likelihood for the observed data
model M (whatever nuisance parameter specification P(P*,n) it might have
beyond the description of its marginal distributions in terms of P*).

Beyond the weighting, we point out that one should aim to select the
best among these case-control weighted estimating equations/procedures for
the observed case-control data. We show the important and convenient re-
sult that case-control weighting of the efficient procedure for the parameter
of interest (as formalized by the efficient influence curve) in the prospective
sampling model M* maps into the efficient procedure for the observed case-
control data model M. This implies, in particular, that case-control weight-
ing of the locally efficient targeted maximum likelihood estimator developed
for prospective sampling model M* results in a locally efficient targeted
maximum likelihood estimation procedure for case-control sampling. In gen-
eral, the power of our generic method is that one can map the estimation
procedures developed for prospective sampling into highly or fully efficient
estimation procedures for case-control sampling. In particular, our method
is now able to fully exploit software developed for prospective sampling.

To summarize, in Section 3 and Section 4 we establish general properties
of our case-control weighted mapping from estimating functions/influence
curves/gradients for the parameter of interest for model M* into estimat-
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ing functions/influence curves/gradients for the parameter of interest for
the observed data model M, showing that 1) the case-control weighting
does map each parameter-specific influence curve for the model M* into a
parameter-specific influence curve for model M, 2) it maps the efficient in-
fluence curve/canonical gradient for model M* into the efficient influence
curve/canonical gradient for model M, and 3) that our case-control weight-
ing inherits any robustness of estimating functions/influence curves for model
M*.

We suggest that even in cases that gy (or go(1 | M) for matched case
control designs) is unknown, it is of interest to present these estimators and
inferences for an interval of possible go-values, thereby presenting a sensitivity
analysis.

In the subsequent three sections we present various applications of case-
control weighted targeted maximum likelihood estimators. In Section 5 we
show explicitly (i.e., by example) our general result for case-control design
I, that, if ¥ is a marginal causal effect (on the additive, multiplicative or
odds ratio scale) and M* is the nonparametric model for F§, then, for case-
control design I, the case-control weighted efficient influence curve for the
parameter v and underlying nonparametric model M* equals the wished
efficient influence curve of v for the observed data model.

As a consequence of this result, we can show that indeed for case-control
design I the case-control weighted targeted maximum likelihood estimator
is indeed a locally efficient double robust estimator. This implementation
of a targeted maximum likelihood estimators needs to guarantee that the
initial maximum likelihood fit of the logistic regression Pj(Y = 1] A, W) is
proportional to gy, which is a requirement for these double robust estimators
to not suffer from a large variance due to the singularity ¢y ~ 0. The latter
is precisely guaranteed by our method presented in Section 2.

In Section 6 we apply our case-control weighted double robust targeted
maximum likelihood and case-control weighted double robust estimating func-
tion methodology to estimate causal or variable importance parameters based
on assuming a semi-parametric logistic regression model, thereby avoiding the
need for inverse weighting by a fit of the treatment mechanism gg.

In Section 7 we apply our case-control weighted targeted maximum like-
lihood estimator to fit a marginal structural model.

These double robust targeted maximum likelihood estimators rely on
knowing the incidence probability gy and, for case-control design II, go(M),
beyond either a correctly specified model for Q*(A, W) = FP;(Y =1 | A, W)

9
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or a correctly specified model for gj(a | W) = Bj(A=a | W).

For case-control design I, In Section 8 we address inverse-probability of
treatment weighed (IPTW) estimation of the causal relative risk and causal
odds ratio based on linear and logistic marginal structural models in the case
that qo is not known, but the treatment mechanism g; is known, as it would
be in a case-control study which is nested within a randomized trial.

In Section 8, we also show that, if ¢g; is unknown but modelled, and
go ~ 0, one can estimate g; based on the control observations only, which
extends the IPTW estimators to estimators which still do not require knowing
¢o. However, since not knowing ¢y and not knowing g; makes these causal
parameters non identifiable, we are concerned with the statistical properties
of these IPTW- estimators and their potential strong sensitivity to model
misspecification for g5 so that further (practical) study of this estimator
will be needed. That is, these IPTW-estimators target a nonparametrically
non-identifiable parameter, which suggests strong sensitivity towards model
misspecification for the treatment mechanism. Such sensitivity seems to have
been observed in the simulation studies of Mansson et al. (2007) investigating
various methods based on the propensity score including the IPTW-estimator
for a logistic marginal structural model.

In Section 9, we end this article with a discussion. Various technical
proofs are deferred to the Appendix.

Some relevant literature.

Case-control studies are probably one of the most commonly used designs, if
not the most used design. For example, searching for case-control analysis
on the internet resulted in a list of 56,000 articles. Logistic regression is
the most commonly used model in the literature for case-control studies.
Conditional logistic regression is the prominent method in the literature for
matched case-control studies and the statistical methodology goes back to
the early 80’s. It goes without saying that an overview of the literature in
this area is not possible. However, our proposed general methodology is not
covered by the current literature, as far as we know.

Some of the key papers on logistic regression in standard case-control
studies are Anderson (1972), Prentice and Pyke (1979), Breslow (1996), and
Breslow and Day (1980). Breslow et al. (2000) establish asymptotic efficiency
of the standard maximum likelihood estimator ignoring the case-control sam-
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pling. The most frequently cited sources for conditional logistic regression
for matched case-control studies are Breslow and Day (1980), Holford et al.
(1978), and Breslow et al. (1978). Various books considering case-control
studies are Schlesselman (1982), Collett (1991), Jewell (2004) and Hosmer
and Lemeshow (2000), among others.

The method of adding an intercept to a standard logistic regression fit
based on case-control design I, and, in that manner, estimating effects differ-
ent from the odds-ratio has been presented in the literature (see e.g., Green-
land (2004), A.P. Morise (1996)), Wachholder (1996)). The corresponding
method presented in this article for matched case-control studies has not
been addressed in the literature, as far as we know.

Matched case-control studies can be handled with conditional logistic re-
gression models, but these designs and methods also have limitations. Firstly,
it does not allow estimation of the effect of the matching variable on the dis-
ease (see, Jewell (2004), Schlesselman (1982)): Any variable used for match-
ing cannot be studied as a risk factor, since cases and controls are constrained
to be equal with respect to the variables that are matched. Secondly, match-
ing can hurt the precision if the matching variable is correlated with the ex-
posure variable, which is often called over-matching. Finally, as we remarked
from the start, these methods are by necessity heavily model based, while the
methods presented here, relying on knowing the case-control weights, allow
double robust locally efficient estimation in semiparametric models, thereby
allowing the use of methods which minimize the reliance of the inference on
unknown model assumptions.

Robins (1999) discusses the approximately correct IPTW-method for esti-
mation of the unknown parameters in a marginal structural logistic regression
model for a direct effect analysis based on standard case-control data under
the assumption that the population proportion of cases, qq, is small. We
also refer to Newman (2006) for an IPTW-type approach for fitting marginal
structural models based on case-control data. Mansson et al. (2007) investi-
gate a variety of IPTW and propensity score methods in case-control studies
through a simulation study, which includes the IPTW estimator for the lo-
gistic marginal structural model.

11
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2 Identifiability and estimation of causal ef-
fects based on logistic regressions.

We present identifiability results of the conditional probability P;(Y =1 |
A, W) based on case-control data and knowing gq and, for case-control design
I, also knowing (M ). These identifiability results are based on first iden-
tifying the conditional odds-ratio, and subsequently mapping this into the
wished conditional probability by using go. We present these results first for
unmatched case-control designs, and subsequently for matched case-control
designs.

2.1 Case-Control Design 1.

A typical approach for case control studies concerns the use of logistic re-
gression models for P(Y =1| A, W):

1
T+ epema Ay

for some parametrization of mg(A, W) such as 87 (1, A, W).
Let

OR(Qp(a, w)) = {Q(a+1,w)/(1 = Qpla+1,w)}/{Q(a, w)/(1 - Qs(a,w))}

be the Odds-ratio at (a,w) measuring the effect of an increase in A from a
to a + 1. Due to the identifiability result

.  FBA=a+1|Y=1W=w)F(A=a|Y =0,W =w)
OR@(@.w) = e A a1 [Y =0, W =w)B(A=a| Y = LW =w)
Po(A1:CL+1‘W1:UJ)P0(A2:G|W2:UJ)
Po(A2:a+1‘WQZ’LU)PQ(Alza‘lew)

it follows that any conditional odds ratio comparing the odds at A =a + 1
with the odds at A = a can be identified from the case-control sampling
distribution.

For case control design I these odds ratios can be estimated with standard
logistic regression ignoring the case control sampling, as is well known. In the
next theorem this identifiability result of the odds ratio is stated in terms of
our statistical formulation. In addition, the next theorem states that adding
an intercept log go/(1 — qo) to the logistic regression targeted by this method
yields the true logistic regression function Pj(Y =1 | A, W).

Q(A,W) =P =1|AW) = Q5 (A W)=

12
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Theorem 1 Given arbitrary constants c, dj, jg=1...,J, define

Q) = argmax Ep,clog Q° (W1, A1) + 5 Zd log(1 — Q*(W3, A3)),

_] 1
where Q* ranges over all positive functions of (W, A) mapping into (0,1).
Let Qj(w,a) = P3(Y =1 | W =w, A =a). We have
Qiw.a) a0 d Qiw.a)
1-Qf(w,a) 1—gocl—Qyw,a)
where d =1/J Y ; d;.
If qo is known, the identifiability relation (2) immediately implies a cor-
responding identifiability relation for Qf itself:

(2)

Qs = Qg
c(a0)Q5/(1 — Qp)
1+ c(g0)Q5/(1 — Q)

where c(qo) = qo/(1—qo). Equivalently, if we represent Qt =1/(1+exp(hy)),

Qpy = 1/(14-exp(hyg)) for functions hy = log Q5/(1—Q5) and hy = log Q5/(1—
Q3), respectively, then

ho = 10g co + iL().
The resulting identifiability result for (e.g.) vo(a) = EY, = Ep:Q5(W, a)

is obtained by averaging () ,, over the case control weighted distribution of
W, Qv = q@1 + (1 — q0)Qo, where Q1 is the marginal distribution of Wy
and Qg is the marginal distribution of Wy. Thus,

Yo(a) = g (a)
E {quoq0<W1, q“ZQoqo >},

which on its turn maps into an identifiability result for the causal relative
risk,

Yorr = 1/10(1) = Yo.0(1)
: . <O) wO !10(0)
= Ey {QOQO % )+ (11— qo)% > Qg,qo(W2j> 1)}
Eqo {QOQO @ )+ (1—q0)5 > Qaqo(sz, O)}

13
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For gy = 0, the case-control weighted distribution of W is well approximated
by the distribution of the covariate W for controls, so that this causal relative
risk relation is well approximated by

By Y5 Q5. (Wi, 1)
EO Zj Qa,qo(ng O)

For the validity of case-control weighting , we refer to the general method of
case-control weighting as presented in the next section. Proof of Theorem
1. Consider fluctuations Qj(e)(Y | A, W) of Qi(Y | A, W) with parameter ¢
and score at € = 0 equal to h(Y | A, W) for arbitrary functions h(Y | A, W)
with mean zero w.r. t Q:(Y | A,W). Since h has mean zero, it follows that

h(0 | A, W) = —1 Q* (A, W)h(1 | A,W). Substitution of these fluctuations
into the log likelihood criterion in @* and taking the derivative w.r.t € at
e = 0 yields the score functions:
1 Q
0= Eoch(1 | Wy, Ay) — =Y d;—=°
T
where h(1 | w,a) is now an arbitrary function. The right hand side can be
worked out as:

@ZJO,RR ~

(W3, AJh(1 | W3, A3),

0 _ EZVW{CWW,A)W 1y 1—@<WA>}

d;—0 h1|W,A
PRRb Y 1_QO A1 | WA

Since this equation needs to hold for all functions h(1 | W, A) it follows that

* A OF 1 — O A
DA @ 1= @A)
qo 1 -5 1=
or equivalently, _
Q _d g Qs

1-Q5 cl—ql—Qy
d

Estimation of causal effects based on logistic regression.

This teaches us that we can define (setting, ¢ = 1, d = 1 in the theorem)

Q = arg mf;ix Z log Qﬁ W127 AlZ + Z log Qﬁ( 24 AJQZ))

] 1

14
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which can be computed Wlth standard logistic regression software.

Let h, logQ /(1 = @Q7) be the log-odds of Q In addition, one can
use this standard log likelihood loss function to carry out model selection
based on cross-validation and one can apply data adaptive logistic regression
algorithms.

Clearly, the variance of the resulting estimator of the odds ratio OR(Qf(w, a))

at a particular w, a does not suffer from the singularity ¢y =~ 0. In addition,
if gy is known, the identifiability relation (2) immediately implies a corre-
sponding estimator of Q) given by

n/(1-Q1)
1+ cg0)@s/(1 = Q5)

which is equivalent with adding an intercept logcg to the log odds fit hy, =
log @7,/(1 = Q7):

Qq*z,qo = c(qo)

hn = 10g Q;,qo/(l - Q;kz,qg) = log Co + il'n

Since the standard error of this estimator ()}, . is proportional to ¢y and
thus qq, this estimator will result in stable estimators of the causal relative
risk or causal odds ratio not suffering from the typical singularity ¢y ~ 0.

The resulting estimator of EY, is obtained by averaging Q)*  over the

1,40
case-control weighted empirical distribution of W, and is thus given by

wn qo ZQOQn qo Wlw ) 1 - QO ZQTL qo 217

which now maps into an estimator of the causal relative risk,

_ Yng(D)
wn,RR - wn’q()( )
711 n1QOano(Wllv ) ( ) Z ang( 217 )
711 n1QOano<Wllvo) ( ) Z ang( 249 )

For ¢y ~ 0, the case control weighted empirical distribution of W is well
approximated by the pooled empirical distribution of the controls, so that
this causal relative risk estimator is well approximated by (for variable J one
replaces J by J;)

Zz 1JZ ano( 217 )
Zz 1JZ ano( 21 )

15
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It is important to note that without knowing ¢q it would not have been
possible to map the standard logistic regression fit Q,’;, that ignores the case-
control sampling and yields a robust (against gy ~ 0) and consistent estimator
of the odds ratio of ()f, into an estimator of £'Y, which has a standard error
proportional to g, and thereby in a robust (against gy ~ 0) estimator of the
causal relative risk or causal odds ratio.

Notation: We introduce now some useful notation. Given a function
D*(0*), we define Py, D* = PyD,,, where D, (0) = qoD*(Wy, A1, 1) +
Ly @(My)D* (WY, A}, 0). Similarly, we define P, 4 D* = P,Dg,, where
P, is the empirical distribution of Oy,...,0,. We apply this notation to
both case-control designs, where for case-control design I go(M;) reduces to
1 — qo. We refer to D,, as the case-control weighted version of D*.

2.2 Matched case-control design 11.

Consider a logistic regression model mg(A, W) (1) for Pj(Y =1 | A, W).
For the matched case control design II the odds ratios can be estimated with
standard logistic regression assigning the weights 1 to the cases and weighting
the controls by go(M;), as we show in the next theorem. In the next theorem
we also show how this odds ratio can be mapped into P;(Y =1 | A, W) by
adding the intercept log ¢y, as in the previous Theorem 1.

Theorem 2 Given arbitrary constants c, d;, 7 =1...,J, define

<

Qo = argmaxEoclogQ (My, Wi, A1) +Go (M) = Z log(1-Q( Ml,WéjaAJé)),

where Q* varies over positive valued functions mapping into (0,1).
Let Qi(a,w) = Pf(Y =1| A=a,W =w). We have

Qo(mw,a) _ d_Qimwa)
L= Qs(m.w,a) " c1—Qs(mw,a)
where d =1/J ¥, d;.
For ¢ = qq, this implies Qf = Q;;.

_ Equivalently, one adds an intercept log qod/c to the log odds ho = log QS/(l—
Q) of Q5:

ho = log Q4. / (1 — Q3 4,) = log qod/c + ho.

16
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The resulting identifiability result for vo(a) = EY, = Ep:Qj(M, W, a)
is obtained by averaging Qf ,, over the case control weighted distribution
of M\W, Qiyrw = qoQ1 + q@Qo, where Q1 is the marginal distribution of
(M, Wh) and Qo is the marginal distribution of (My, Ws):

Yo(a) = g (a)
~ Ey {qo@a,%(Ml, W) + (M) 3 Q4. (M, W, a)} (@)
J

This implies an identifiability result for the causal relative risk,

’ Youn(1)  Eo{a0@5 40 (M1, Wi, 1) + qo(My) S 5 Q5o (My, W, 1)}

0,RR = = - . :
Yoan(0) By {a0Q5 40 (Mi, W1, 0) + Go(M1)§ 3, Qi 5, (M1, W5, 0) }

For ¢y ~ 0, the case control weighted distribution of M, W is well approxi-

mated by @, i.e. the distribution of the covariate W for controls, so that
this causal relative risk relation is well approximated by

EO% Zj QEk),qo (Mb W2]7 1)

EO% Z] QS,qO(Mb W2]7 0)

Proof of Theorem 2. Consider fluctuations Q%(e)(Y | A, M, W) of Q3(Y |
A, M, W) with parameter e with score at € = 0 equal to h(Y | A, M, W) for
arbitrary functions h(Y | A, M, W) With mean zero w.r.t. Q5(Y | M, A, W).
Note that h(0 | A, M, W) = —1 Q* (A, M,W)h(1 | A,W). Substitution
of these fluctuations into the log likelihood criterion in @* and taking the
derivative w.r.t € at ¢ = 0 yields the score functions:

¢0,RR ~

*

1
0= E()Ch(l | Ml, Wl,Al) - j Zd]qO(Ml)l QO~
J

0

where h(1 | w,a) is now an arbitrary function. The right hand side can be
worked out as:
" 5(MW,A
0 = Ejprw {ch(1 | M, W, A) LD
. dngé (m, w, a)h(1 | m,w, a)go(m) P, (m) K5 (w,a | Y = 0,m)
= B {ch(1 | M, W, A)BULEAL
w3 EL dJIQgg*(m w,a)h(l| m,w,a)P(M =m,W =w,A=a,Y =0)

= B {11 M., A) SN _ 58 (37 37, 4)(1 — Q30 W )} .

S
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Since this equation needs to hold for all functions h(1 | W, A) it follows
that

* M A _ )
(QOOLWA) 5 Q0w Ayt — 0f (M, W, A)) = 0,
o 1— Q5
or equivalently, .
Q; d  Q;
=9 =t
1 — Qo c 1 - QB

|

Estimation of marginal causal effects based on a logistic
regression fit.

This teaches us that we can define (e.g., c =1, d = 1)

Q = argmﬁaleogQﬁ My, Wiy Avi)+qo(My;) = J Zlog (1— Qﬂ(Mh,sz,A%,))

=1 7=1

which can be computed with standard logistic regression software using
weights for the control observations. In addition, one can use this log like-
lihood loss function to carry out model selection based on cross-validation
and one can apply data adaptive logistic regression algorithms. Clearly,
the variance of the resulting estimator of the odds ratio OR(Q§(m,w,a)) =
ODDS(Qi(m,w,a + 1))/ODDS(Q§(m,w,a)) at a particular m,w,a does
not suffer from the singularity ¢o ~ 0.

In addition, the identifiability relation (3) immediately implies a corre-
sponding estimator of )f itself given by
Qn/(1—Qp)
T ela0) @3/ (1 — Q)

or, equivalently, one adds an intercept log ¢, to the log odds fit h, = log Q*/(1—
Qn):

Q. = (0 )

hn ElOngqo/(l_ nqo) 10g00+h

Since the standard error of this estimator @, , is proportional to g di-
vided by the square root of the sample size, this estimator will result in stable

18
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estimators of the causal relative risk or causal odds ratio not suffering from
the singularity qo ~ 0.

The resulting estimator of EY, is obtained by averaging ()}, , over the
case-control weighted empirical distribution of W, and is thus given by

n

1 .
wn,qo(a) = QZQOQn,qo(Mu,Wm )+q0 Mlz Zano M117W217 )7

i=1
which now maps into an estimator of the causal relative risk,

Unqo(1)

Un.q0(0)

711 " 1QOan0(M117W117 1)+ (1- %)%Zj Q:7QO<M117W27,7 1)

L 0@ g (M, W1, 0) + (1 — o) 5 32, Q5 oo (M, W3, 0)
For gy ~ 0, the case-control weighted empirical distribution of W is well

approximated by the empirical distribution g, of the controls, so that this
causal relative risk estimator is well approximated by

1/} RR A rlz i- =1 JZ ano(Mh?WQza )
7 711 i =1 Jano(MM?WQmO)

wn,RR =

3 Case-Control weighting of estimation pro-
cedures developed for prospective sampling.

Throughout this section, we will make the convention that go(M) reduces to
1 — qp in the case control design I, so that we can state our results for both
the regular case-control design I and the matched case-control design II in
one formula.

We start out with stating the theorem which proves that the case-control
weighting maps a function of O* into a function of the case-control data
structure O, while preserving the expectation of the function.

Definition 1 (Case-control weighted function) Given a D*(O*) = D*(W, A,Y)
we define the case-control weighted version of D* as

1 S
Dyo(0) = qoD" (M1, W1, Ap, 1) + 5 > Qo(My)D*(My, W3, A3,0),
j=1
where in the special case of Case Control Design I, we have go(M) =1 — qo.
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Theorem 3 (Unbiased estimating function mapping) Let D*(O*) = D*(W, A,Y)
be a function so that Py D* = Ep: D*(O*) = 0. Then PyDg, = 0. In particu-
lar, in Case Control Design I,

qu(o) = qo D" (W1, A1,1) + (1 — qo)

> D7, 44,0

k\H

satisfies PyDg, = 0.
In more generality, for any function D* and corresponding case control
weighted function Dy, we have

PyD,, = P;D".

Proof: We provide the proof for case-control design IT and we suppress the
index ¢p in Dy,. The same proof applies to case-control design I. First, we note
that PogoD(My, Wi, A1, 1) = [y wya, DMy, Wi, Ay 1) By (My, Wh, Ay Y =
1). Secondly, we note that

Poq_o(Ml)D(MbWQjaA%?O) =
Imwa Dm0, 0,0)@0(m) Po(My = m) By (W = w, A= a| M =m.Y =0),

where we also need to note that Py(M; =m) = Pf(M =m | Y =1). We
have

Go(m)Po(My =m)Pf(W =w,A=a| M =m,Y =0)
=qgm)PE(M=m|Y=1)P(W=w,A=a,M =m,Y =0)/P;(Y =0,M =m)
=P[(M=mW=w,A=aY =0).

This proves that

POD:thWl,AI D(MthaAl) ) (Ml)WlaAlu - ]-)
+% Z}-le Jarswy.a, D(M, W27A2,0)P*(M1, Wy, A2, Y =0)
=i —ai

This completes the proof. O

Before we proceed with presenting the statistical implications of this map-
ping for the analysis of case-control data, we first establish some general
properties of this mapping which help us to understand the generality and
optimality of the statistical approach for dealing with case-control sampling
implied by this mapping.
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3.1 Case-control weighted mapping maps gradients into
gradients.

Consider a target parameter ¥* : M* — R? at P* in model M*. The class
of all regular asymptotically linear estimators of W*(P*) at P* can be char-
acterized by their influence curves, and their influence curves constitute the
set of gradients of the pathwise derivative of ¥* at P* given a rich class of
parametric fluctuations through P*. In particular, an estimator is asymp-
totically efficient at P* if and only if its influence curve equals the canonical
gradient, that is, the unique gradient which is also an element of the tangent
space generated by the scores of the class of parametric fluctuations. As a
consequence of these general and powerful results an estimation problem is
essentially characterized by the class of gradients and the canonical gradi-
ent. In particular, the class of gradients yields the class of wished estimating
functions to construct double robust locally efficient estimators (van der Laan
and Robins (2002)) and the canonical gradient provides the fundamental in-
gredient of the double robust locally efficient targeted maximum likelihood
estimator.

This motivates us to identify the class of gradients, and, in particular, the
canonical gradient, of the parameter U* in the case-control sampling model
M = {P(P*n): P* € M*,n} implied by the model M* for the probability
distribution P* of interest and possible specification of dependence as iden-
tified by the n parameter, assuming that this parameter U* can be identified
from case-control sampling.

The following theorem establishes that the case-control weighting does
provide a mapping from the set of all gradients of the parameter ¥* : M* —
R? at P* in model M* into a set of gradients of ¥ : M — RY defined as
U(P(P*,n)) = ¥*(P*) at P(P*,n) in model M = {P(P*,n): P* € M* n}
for parameters U* which are identifiable from P(P*,n) (e.g. by being a
function of go or go(M)). Since the class of all gradients of a parameter
defined on a model represents the class of all possible influence curves of
regular asymptotically linear estimators (see e.g, Bickel et al. (1993)), this
result teaches us that the case-control weighting does map any estimation
procedure developed for v based on prospective data into a corresponding
estimation procedure based on case-control data, at least, from an asymptotic
point of view.

In addition, since the case-control weighted mapping is 1-1, it also teaches
us that it maps into a very rich set of estimation procedures for case-control
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data, if not all estimation procedures of interest: Indeed, we will show in
the next section that the case-control weighted gradient mapping maps, in
particular, into the optimal canonical gradient/efficient influence curve.

If the parameter of interest W*(P*) is only identified from P = P(P*,n)
if go and (for matched case-control designs) gp is known, then one needs to
define the parameter as a parameter indexed by the known ¢y and Go(M):
v =vr .

We start with providing a useful definition of a gradient of a pathwise
derivative.

Definition 2 We define a gradient of pathwise derivative of the parameter
T M* — RY at P* in model M* as a function D*(P*) satisfying for each
of the submodels {P%.(¢) : €} C M* through P* at € = 0 with score S* at
e = 0 (within the class of submodels through P* specified)

d * * d * *

W (Pe() =~ 9P D(Py ()

e=0 e=0

Consider a parameter W* : M* — R® which is identified in model M =
{P = P(P*,n) : P* € M* n}, and corresponding parameter ¥ : M — RR?
defined as W(P(P*,n)) = ¥*(P*).

By the same definition of a gradient above, a gradient of the pathwise
derivative of the parameter ¥ : M — R® at P = P(P*,n) in model M is de-
fined as a function D(P*,n) of O satisfying for each sub-model { P(P%.(€),ns, (€)) :
e} € M implied by a submodel { P§.(¢) : €} through P* and a nuisance sub-
model {ns, (€) : €} through n indezed by Sy,

d

V(P ()le=o = = - PD(P5.(€), 15, (€))

e=0
Given this definition of a gradient we obtain the following theorem.

Theorem 4 Given a P* € M*, a class of sub-models {P§.(¢) : ¢} C M*
through P* at € = 0 indexed by S*, with score S*, we have for each of these
submodels

d * d * * *
2eFDao(Ps:(€)) T 2D (P (e) N (5)
where it is assumed that the left and right derivative exist.

By (5) it follows that any gradient D*(P*) of U* : M* — R? at P* € M*
is mapped into a gradient Dy, (P*) of ¥ : M — R® at P = P(P*,n) (for
each n) in the model M.
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This last statement is an immediate consequence of (5) and the fact that
D,,(P*) does only depend on P = P(P*,n) through P* (and thus not through
n), so that the derivatives along nuisance models {n(¢) : €} are zero, as
required.

We now note that under extremely weak regularity conditions, the above
definition of a gradient D*(P*) of the pathwise derivative exactly agrees with
the definition of a gradient of the pathwise derivative of U* : M* — R? in
efficiency theory (e.g., Bickel et al. (1993)), and similarly for ¥. Namely,
the equivalence follows if the second equality below holds (the first follows
since D*(P*) € Li(P*)): for the function P* — D*(P*) € L(P*) and each
submodel {P*(¢) : €} (for each P* € M*) we have

iP*D*(P*(e)) - —f/D (P*(e de*(e)

= Pr)S(PT) +o(1),

where S(P*) is the score & log dP*(€)/dP* — of the submodel {P*(e) : €}.

For the interested reader, the following analogue theorem states the result
in terms of the gradient of the pathwise derivative as in efficiency theory.
That is, it provides the regularity condition under which we have that if
D*(P*) is a gradient of ¥* at P*, then D, (P*) is a gradient of the path-wise
derivative of U at P(P*,n).

Theorem 5 Assume ¥ : M — R? satisfies U(P(P*,n)) = U*(P*) for all
P e M* and n.

Assume P* — D*(P*) is a gradient of the pathwise derivative of W* :
M* — R? in the sense that it satisfies for each member of a class of sub-
models { P§.(€) : €} through P* € M* at e = 0 with score S*

d d

FUPO) = ZP D)
and the right-hand side equals P*D*(P*)S*, where it is assumed the deriva-
tive on the left and right-hand side exist.

Assume P* — D, (P*) satisfies for each submodel { P(€) = P(P*(¢),n(e)) :
€} C M through P(P*,n) at e = 0 (implied by the class of submodels { P&.(€) }
and {ns, (€)} ) with score S(P) that

W
de

P Dy (P*(€))

= PD,(P*)S(P).

e=0

23

Hosted by The Berkeley Electronic Press



The latter is a reqularity condition since

D) = 1 [ Do) T ar

= —PD,(P*)S(P) + o(1),

where S(P) is the score < log dP(e)/dP‘ - of the submodel {P(€) : €}.

Then, U : M — R? is pathwise differentiable in the sense that for each
of the submodels { P(€) = P(P*(¢),n(¢€)) : €} C M through P(P*,n) ate =0
with score S(P) we have

d
“w(P(e)

e=0

and Dy, (P) is a gradient of the pathwise derivative.

Thus, for each gradient D*(P*) of the pathwise derivative of ¥* : M* —
R? satisfying the above mentioned reqularity conditions, the corresponding
Dy, (P*) is a gradient of the pathwise derivative of ¥ : M — R

Proof. We have
U(P(e)) —¥(P) U (P*(e)) — W (P7)

€ €

4 pe (e
=~ SPD(P(O)

=~ PDL(PE) o)

= PD,(P*)S(P)+o(1).

+o(1)

This proves that ¥ : M — R* defined as ¥(P(P*,n)) = ¥*(P*) is pathwise
differentiable at P = P(P*,n) € M and that D, (P*) is a gradient of this
pathwise derivative. O

Thus, the above result shows that each gradient D*(P*) for ¥* : M* —
R? is mapped into a gradient D, (P*) for ¥ : M = {P(P*,n) : P* €
M* 1} — R? defined as W(P(P*,n)) = U*(P*). We note that this gradient
mapping is not affected by the particular choice (i.e., model of dependence
structure of case and control observations) of model M = {P(P*,n) : P* €
M*,n} compatible with M*. Thus, for example, for case-control design I,
our mapping from gradients into gradients for model M is the same for the
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independence model assuming the case and controls are all independent as
it is for a particular dependence model.

A particular case is that U* : M* — R is defined on a nonparametric
model M*. In this case, there exists only one gradient for model M* so that
one just needs to determine the canonical gradient D*(P*) of U* at P* and
map it into its case-control weighted version D, (P*), which, by our results
in the next section, equals the canonical gradient of U at P(P*,n).

Remark. Since qq is a non-identifiable parameter for both case-control de-
signs (so that knowledge of ¢y does not restrict the distribution of the data
structure O), this implies that 1) for each gradient D*(P*) for model M*,
the corresponding D, (P*) is a gradient in the model M also including the
knowledge that g is known (even if that knowledge was not included in M*),
or, equivalently, the class of all gradients {Dj (P*) : h} at P* for model M*
is mapped into a class {Dy 4, : h} of gradients at P = P(P*) for model M
also including ¢qq is known.

For matched case-control design II, if we define our parameter as ¥y ,
indexed by go and Go(M) (treating them as known and fixed), then the case-
control weighting maps the class of all gradients of this parameter for model
M* into the class of gradients of this parameter for model M = {P(P*,n) :
P* € M*,n}. If the observed data model is the same with and without the
restriction that (qo, Go(M)) is known in the model M*, then the canonical
gradient in the model M will be the same as the canonical gradient of the
model also including the knowledge of (go, Go(M)).

3.2 Preservation of robustness of the case-control weighted
functions.

If a function D* satisfying P D(P]) = 0 also satisfies the robustness property
Py (D(P*)) =0 for any P* € M; C M* for a submodel M, then the same
robustness w.r.t. to misspecification of F; applies to Dy, since, for P* € M7,
RO PiF— . s — 0 .

In particular, double robust estimating functions for censored and causal
inference data structures and models M*, as presented in general in van der
Laan and Robins (2002), are mapped into double robust case-control weighted
estimating functions.
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In the remainder of this section we outline the general statistical methods
implied by the case-control weighted mapping.

3.3 Case-control weighted estimating functions and lo-
cally efficient estimation.

Estimating function methodology developed for prospective sampling imme-
diately implies now, through the case-control weighted mapping, estimating
function methodology for case-control sampling.

For sake of presentation, let’s start with estimating functions without
nuisance parameters. That is, let {Dj () : h} denote a class of estimating
functions of parameter ¥* : M* — IR? in model M* indexed by functions
h ranging over a particular index set. This class maps into a class of case-
control weighted estimating functions

{D’MIO (¥)(O) = @D} () (M, Z1,1) + cio(Ml); Z D () (M, Z3,0) : h} .

Let {chDhg (1)) : h} be the corresponding set of gradients/influence
curves (i.e., the influence curve of the estimator defined as solution of estimat-
ing equation implied by Dy, 4, ), where ¢;, = —ﬁEODMO(z/JO)*l. We can now
apply (for example) Theorem 2.9 in van der Laan and Robins (2002) to deter-
mine the optimal choice h,p; of estimating function minimizing a3 (h)a for
all a, where 3y(h) denotes the covariance of the influence curve ¢, Dy, 40 (100).

This optimal estimating function can now be used to construct locally
efficient estimators by defining v, as a solution of 0 = 32, Dy, 4 (¥)(0;)
for an estimator h,, of h,y (or by using corresponding one-step Newton-
Raphson estimators), or by constructing a targeted maximum likelihood type
estimator P’ (van der Laan and Rubin (2006), and see later subsection), and
corresponding targeted maximum likelihood estimator U*(P}) of ¢ solving
this equation 0 = 37; Dp(pry ¢ (P*)(O;) viewed as a function in P* € M*,
where h(P*) is a representation of h,, as a function of P*.

By our Theorems 7 and 8 in the next section it follows that selecting hop
so that Dy (P~) is the efficient influence curve in model M* actually results
in the wished optimal choice, and corresponding locally efficient estimating
function procedure.

This template for construction of locally efficient estimators can be gen-
eralized to estimating functions which also depend on nuisance parameters,
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as follows. Let { D} (P*) : h} denote a class of estimating functions of param-
eter U* : M* — R? in model M*, and let D (P*) = Dj(¢*,n*) for variation
independent parameters * and n* of P*. Suppose that these estimating
functions are orthogonalized to nuisance parameters in the sense that they
satisfy 4 E;Dj(P; (e))L:O = 0 for nuisance fluctuations BPj(e) through P} at
e =0 (i.e. ¥*(P;(e)) has derivative zero w.r.t. € at e = 0). In addition, as-
sume that the estimating functions are standardized to have derivative w.r.t.
1 minus the identify matrix:

a
de
for fluctuations Fj(e) changing 1.
This defines Dj(P*) as a gradient/influence curve of ¥* in model M*
at P*: see Chapter 1 van der Laan and Robins (2002). This class of gradi-

ents/influence curves for model M* now maps into the class of case-control
weighted functions

4y
— — SV (P(e)

e=0 e=0

Eq Dy (Fy (€))

J
{Dh,qo(P*)(O) = qoDj(P*)(My, Z1,1) + qo(My)— ZDh (P*)(My, Z3,0) : h}

Application of Theorem 3 yields that
By Dhqo(F5 (€)) = F5 D (P*(€)),

so that it follows that also the case-control weighted D}, 4, is an influence
curve. Thus this shows that our mapping indeed maps the gradients for
parameter ¥* for model M* into gradients of U* for model M.

We can now apply Theorem 2.9 in van der Laan and Robins (2002) to
determine the optimal choice hyy = h(P;) minimizing a' Xo(h)a for all vec-
tors a, where ¥y (h) denotes the covariance of the influence curve Dy (FPy). By
our Theorems 7 and 8 it follows that selecting h,, so that D;‘lopt(P*) is the
efficient influence curve in model M* results in the wished optimal choice.
This optimal estimating function Dyp,)(10,7;) can now be used to construct
locally efficient estimators by, given an estimator 7;;, defining 1), as a solution
of 0 = 32 Dh, q0(¥n,m,)(O;) or by constructing a targeted maximum likeli-
hood type estimator P} and corresponding substitution estimator W*(P}) of
Y solving this equation 0 = Y; Dy(p 4, (P*)(O;) viewed as a function in
P e M*.

We note that this approach can be further generalized to estimating func-
tions Dj with non-variation independent nuisance parameters.
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3.4 Example: Case-control weighted double robust es-
timating function.

Let’s illustrate this estimating function method by constructing a double
robust estimator of the additive causal effect ¢ = E(Y; —Yp) for a nonpara-
metric model M* for the distribution By of (W, A,Y).

The double robust efficient estimating function for sampling from Fj is
given by

D@07 = { i - R o - QW)
—{—Q*(M,VV,U—Q*(M,W,O)—Q/)*. (6>

It is double robust in the sense that

D* (5, g, Q*)(O) = 0 if either g* = g§ or Q* = Q,
and in both cases one needs that ¢g*(1 | W)g*(0 | W) > 0 a.e. Let D*(g*, Q")
be defined so that D*(¢*, g*, Q*) = D*(g*, Q*) — ¢*.

The weighted double robust estimating function for case-control data is
thus given by:

Dq, (¢, 9%,Q)(0) = qOD (¢ Q) (My, Wi, A1)
M J o
ZD 7g*aQ*)(M17W2]aA%7O)>

or we can define it as

Dy, (¥, 9%, Q*)(0) = qu*(g* Q*)(MhWhAla 1)

Mla Wg,A%,O) - 77[}*

This estimating function is now also double robust for case control data:

and in both cases one needs that g*(1 | W)g*(0 | W) > 0 a.e.
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The solution 1), of the case-control weighted estimating equation P, D, (g}, Q})—
1* = 0 exists in closed form and is given by:

n

1
Y = EZQOD*(QLQZ)(MU,Wu,Am1)
i=1
Go(M;)
J

J
=1

This estimator is now consistent if either g’ consistently estimates g; or Q)
consistently estimates ), which explains why it is called double robust.

Under some extra appropriate regularity conditions, this estimator is also
asymptotically linear and thereby has a normal limit distribution (see van der
Laan and Robins (2002) for general ”central limit” theorems for solutions
of estimating equations). In particular, if g} consistently estimates g and
@ consistently estimates (Jf, then, under appropriate regularity conditions,
Yy, is asymptotically linear with influence curve Dy, (g5, @, %o) and is thus
asymptotically efficient.

Statistical behavior of double robust estimator when cases are rare.
Inspection of this influence curve D,, sheds some light on the statistical
behavior of this double robust estimator for the important case that gy ~ 0
is very small. In particular, we are interested in how well one can estimate the
relative effect 1g/qo, since 1y is itself very small. It follows that, in general,
the influence curve of 1, /qo as an estimator of vy /qy will blow up for small
values qg, except if it guaranteed that Q% = qoQ¥ for some bounded estimator
Q#. Therefore, in our proposed targeted maximum likelihood or double
robust estimator we propose such estimators based on logistic regression fits
as presented in Section 2.

3.5 Case-control weighted loss functions.

Our case-control weighting can also be used to map loss functions for the
underlying model M* into loss functions for the observed data model M.
In particular, we can construct a case-control weighted log likelihood loss
function.

Theorem 6 (Case Control Weighted Log-Likelihood Loss function)
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Define the following case-control weighted log-likelihood loss function for
the density p§ of O* under sampling of O ~ Fy:

1Z :
L<p*70) = 4qo 10gp*<M17 Zlv 1) + q_O(Ml)j Zlogp*(Mh Zgao>

=1

In particular, in Case Control Design I, we have

* * 1 J * j
L(p*,0) = qolog p*(Mi, Z1,1) + (1 — qo)jzlegp (M, Z4,0).
j=1
We have
pp = argmax EyL(p*, O),
p

where the argmax is taken over all densities p*. That is, the density maxi-
mizing the expectation of the loss function L(p*,O) is unique and given by
the density p; of O*.

The proof of this theorem is similar to the proof of Theorem 3 and is
therefore omitted.

3.6 Case-control weighted maximum likelihood esti-
mation.

Given a specified model M* for pf, we can estimate P with the case-control
weighted maximum likelihood estimator:

*
p; = arg max

Z L(O;, p*).
i=1
The implementation of this weighted maximum likelihood estimator simply
involves assigning weights gy to the cases, assigning weights go(M7y;)/J to the
corresponding J controls, and then implementing the maximum likelihood
estimator for prospective sampling (i.e. treating the sample of cases and
controls as an i.i.d sample of F7), thus ignoring the case control sampling.
For example, let’s consider the point treatment data structure O* =
(M, W,A,Y). Consider a nonparametric model for the marginal distribu-
tion of W, Qjy, a model {g; : n} for g5(A | M, W), and a model {Qj : 0} for
the conditional distribution Pj(Y =1 | M, W, A) = Q§(M, W, A).
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The case-control weighted maximum likelihood estimator of the marginal
distribution of W is now the weighted empirical distribution of the pooled
sample (Wi, (W4, : 5 =1,...,.J)). Similarly, the case-control weighted max-
imum likelihood estimator of g§(A | W) is given by

Qo (M)

Tlp = aIg maXZQG 1Og gn(Alz | Mlza le) i

Zloggn (AL, | My, W4,),

and the case-control weighted maximum likelihood estimator of Q§(M, W, A)
is given by

QI
/-\

0, = arg maxz qo log Q(My;, Why, Avy)+

=1

J .
Z 1 Q Mlla 217A%i))'

Indeed, it follows that each of these case-control weighted maximum like-
lihood estimators can be implemented by assigning the two weights ¢y and
go(M7) to the cases and controls, respectively, and apply the standard max-
imum likelihood estimator of the density p§ under prospective sampling.

Given the weighted maximum likelihood estimators @, and @}, de
scribed above, the corresponding substitution estimator of EY, = Eq:Q*(W, a)
is given by

<

1 —
m {0+ q(My))} = Z Qo@y (Mii, Whi, a)

wn(a) = WQ@? )

Jj=1

In particular, these estimators of FYy and FY; now map into an estimator
¥n(1)/1,(0) of the relative risk EY;/EYj.

3.7 Case-control weighted targeted maximum likeli-
hood estimation.

Targeted maximum likelihood estimation is a general methodology intro-
duced in van der Laan and Rubin (2006) and illustrated with a variety of
examples. The case-control weighting allows us now to provide a case-control
weighted targeted maximum likelihood estimation methodology targeting the
parameter of interest.

Specifically, let D*(F}) be the efficient influence curve of the parameter
U* . M* — R%. Consider an initial estimator P*° of Pf based on Oy, ..., 0,
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such as a case-control weighted maximum likelihood estimator according to
a working model within M*. Let {P!(¢) : €} be a submodel of M* with
parameter € satisfying that the linear span of its score at ¢ = 0 includes
D*(P9). Let €. be the case-control weighted maximum likelihood estimator
of e

e, = argmax P, ., log p’(e).

This yields an update P! = P0(el) of the initial estimator P*°. We iterate
this updating process till step k& at which €¥ ~ 0 and we denote the final
update with P?. By the score condition, this final estimator solves the case-
control weighted efficient influence curve:

0= PTMIOD*(P;D - PHDQO<P;)

up till numerical precision (see van der Laan and Rubin (2006)). We refer
to ¢, = U*(P}) as the case-control weighted targeted maximum likelihood
estimator of .

One particular approach for establishing the asymptotics of this estima-
tor is obtained under the assumption that D*(P*) = D*(¢*,n*) for some
nuisance parameter, thereby assuming an estimating function representation
for the efficient influence curve. (This assumption is not necessary at all
to establish the same asymptotics: see van der Laan and Rubin (2006).)
In this case, it follows that the targeted maximum likelihood estimator 1,
solves P, D, (1n,n}) = 0 so that one can establish asymptotic linearity of v,
and derive its influence curve under relatively standard differentiability and
empirical process conditions.

In particular, if n}; is a consistent estimator of a n§ satistying Py Dy, (v, n5) =
0, then under such standard conditions, asymptotic consistency and asymp-
totic linearity can be established. For example, if nj = n(F7) is the true
parameter, then v, will have influence curve given by Dy, (v, 15)-

3.8 Case-control weighted targeted MLE of marginal
causal effect for case control data.

We will illustrate the targeted maximum likelihood estimator for the pa-
rameter g = EY; — EY; and the nonparametric model M* for the point
treatment data structure (W, A,Y) ~ Fj.
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Recall that the double robust estimating function/efficient influence curve
of ¥ under i.i.d sampling from Fj is given by

D*g" Q) (M, W, AY) = {gfﬁl ]:W’lv)v) - g*féj‘ A?OV)V) } (Y — Qu(M, W, A)

= Di(g", Q) (M, W,AY) + Dy(Q") (M, W),

where Q* = (Q7, Q%) represents both the marginal distribution QF of W and
the conditional distribution Q5 of Y, given A, W. We note that D*(g*, Q)
can also be represented as an estimating function for v since D*(g*, Q*) =
D*(¥(Q*),g",Q"), as we did above.
Let Q32 be an initial estimator of Q5 (A, W) = Bf(Y =1 | A, W) ac-
cording to a particular working model Q" for ()5,: for example,

= arg maX Z qo log Q2(A117 le h Zl 1 - QQ Aéza ))7
or the logistic regression based estimator );, , presented in Section 2.

Given a model G for gg, let g;; be the corresponding weighted MLE:

MZ J
- Z og g(Ad; | Wi)).

gy, = arg maXZ qolog g(Ay; | Wi,) +

Similarly, let ()7, be the nonparametric weighted MLE:

Mlz

Q1, = arg max Z qo log dQ, (W;) +

i=1

Zl gdQ (W),

where the maximum is over all discrete distributions which put mass on Wy,
and Wy, @ = 1,...,n. It follows that @7, is a discrete distribution which
puts mass go/n on Wy, i = 1,...,n, and puts mass Go(My;))/(nJ) on Wi,
j=1,....5,i=1,...,n.

Given any Q*,g", let {Q5,.(c) : €} be a model through Q3 at ¢ = 0
and satisfying that the span of its score at ¢ = 0 includes the component
Di(g*, Q") of the efficient influence curve of ¥ under i.i.d. sampling from
Pp« g« For example,

d
2108 {Q3,: (0" (1= Q3 ()77} =Di(g". Q).
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This can be achieved with the following fluctuation function of (3:

logit Q5. (€) = logitQ; + €Z(g"),

where

o HA=1) (A =0)
Z(‘”:{ EALAGE *<0|MW>}

Given the estimator g;; of g;, consider the fluctuation function {Qs) . (€) :
¢} and let €Y be its weighted MLE:

i=1

- . Go(My; o
€, = argmax y_ qolog Qzﬂg;(e)<Ali,W1i)+WZ 2(1—=Q5 4 (€) (A3, W3y)),
=1

which can be computed with standard logistic regression software.

The first step targeted MLE is now defined as (g7, Q%,,, Q3. = (97, Q3,,, Q9,(€2)).
The k-th step targeted MLE is given by (g, Q*,, Q5F = Q5F~1(eh=1)), where,
for k=0,...
€p = argmax Y _ go log Q. (€) (A Wli)+qo(M1 )y > log(1—Q3hye (€) (A%, W),
" c = o 7 J 3 o v

The corresponding k-th step targeted MLE of 1 is defined as ¢F = U(Q**) =
U(Q7,,, Q3F). In this particular application, it follows that convergence occurs
in one step so that v, = ¥(Q*').

The case-control weighted double robust estimating function for case con-
trol data is given by:

Dy (g5, Q")(0) = qD*(g", Q*)(Mth,Al, 1)
QO M1

ZD* * Ml,ng,A%,(D,

and the targeted MLE (g, Q) solves

n

0=>_ Dyy(g7, @n)(01).

=1

Statistical inference for v, can be derived from the corresponding estimat-
ing equation 0 = Y7 | D(¢n, g;, Q%) (0;) solved by the targeted MLE v, =
(Qr)-
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4 Case-control weighting of efficient proce-
dure yields an efficient procedure for both
case-control designs I and II.

In this section we state and show the remarkable nice result that assigning
the case-control weights to the case-control sample and then applying an
efficient procedure developed for prospective sampling actually yields an effi-
cient procedure. These results are presented and derived for both case-control
designs.

4.1 Independence models for case-control designs I and
II to derive efficiency results.

We consider the independence model M so that M = {P(P*) : P* € M*},
where for case-control design I, we have

. . J . .
dP(P* (W1, Ay, (WY, A = j)) =dP* (W1, A | Y =1) H dP*(Wy, A} | Y =0),
j=1
(7)

and, for case-control design II, we have
dP(P*)(My, Wy, Ay, (My, Wi, AL §)) = dP*(My, Wy, A |Y =1)
f[ dP*(W§, A}y | M = M,,Y =0).
ZldP;\}(Ml)dP*(Wl, A | M=DM,Y =1)

J . .
[[dP* (Wi, Ay | M = My, Y =0). (8)

J=1

Our results immediately generalize to models M for which the densities
of the distributions P(P*,n) factorize as

dP(P*,n) = dP\(P")dPs(n),

where dP; (P*) is given by the independence likelihood (7) or (8), and P* and
n are variation independent. This follows from the fact that such models the
tangent space contains the tangent space of the independence model, and our
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proof of the wished result is based on showing that the case-control weighted
efficient influence curve is a member of the tangent space and thereby equals
the efficient influence curve for the model M.

Our results in this section show that the case-control weighting of the
canonical gradient for the prospective sampling model M* yields the canon-
ical gradient for the parameter of interest ¥ based on case-control sampling
model M. Our results rely on the assumption that (the typically very
large /semiparametric) M* corresponds with (i.e., equals the intersection of)
separate models for Py(W, A |Y = §) for § € {0,1} for case-control design
I, and that M* corresponds with (i.e., equals the intersection of) separate
models for Py(W, A |Y =6, M = m) for 6 € {0,1} and m varying over the
support of the matching variable M.

As a consequence of our results, our proposed case-control weighted tar-
geted maximum likelihood estimator for variable importance and causal effect
parameters, involving selecting estimators of Q)f and g, under appropriate
regularity conditions guaranteeing the wished convergence of the standard-
ized estimator to a normal limit distribution, is efficient if both of these
estimators are consistent, and remains consistent if one of these estimators
is consistent.

We note that the working-model to obtain the initial model based max-
imum likelihood estimators in our double robust targeted maximum like-
lihood estimator is obtained by modeling the factors of dP*(W,A,Y) =
dP*(W)dP*(A | W)dP*(Y | A,W), which does thus not correspond with
separate models for dP*(W,A | Y = 0) as we "required” for the actual
model M* in order to make sure that the case-control weighted canonical
gradient is a canonical gradient. In order to understand the rational of this
discrepancy we provide the following explanation.

It happens to be that the efficient influence curve for our parameter of
interest U for an underlying model M* identified by separate models for
P(W,A|Y = J) has a double robust representation in terms of Qf and gg,
while it does not have a double robust representation w.r.t. to say P(W, A |
Y) or factors thereof. To fully exploit this double robust representation of
the efficient influence curve of our parameter of interest, one should base
estimation of the unknowns parameters of the efficient influence curve on
the latter representation, and that is why we proposed our particular double
robust locally efficient targeted maximum likelihood estimators.

Alternatively, we could use a targeted maximum likelihood estimator
based on initial estimators based on working models for P(W, A | Y = 9),
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9 € {0,1}: in this manner we would obtain generalized locally efficient dou-
ble robust estimators where the double robustness is stated in terms of the
models for Qf and g implied by the models for P(W, A |Y = ).

4.2 Case-control weighting of canonical gradient yields
canonical gradient: Case Control Design I.

Firstly, we present the theorem for case-control design I.

Theorem 7 Consider case-control design I. Assume that the model M* al-
lows independent variation of P*(W,A|Y =1) and P*(W,A|Y =0).

Let D*(P*) be the canonical gradient of the pathwise derivative U* :
M* — RY at P* € M*, let M = {P(P*) : P* € M*} be the indepen-
dence model defined by (7), and let U : M — R satisfy U(P(P*)) = U*(P*)
for all P* € M*. Assume the reqularity conditions for P* — D*(P*) of
Theorem 5 apply so that it follows that ¥ is pathwise differentiable at P* and
D, (P*) is a gradient of this pathwise derivative.

We have that Dy, (P*) is the canonical gradient of the pathwise derivative
of U : M — R

We already knew that, if we set D*(P*) equal to the canonical gradient
(or any other gradient) of U* : M* — IR? then its case-control weighted
version D, (P*) is a gradient of ¥ : M — IR?. The surprising and important
extra result is that this D, (P*) actually equals the canonical gradient. That
is, for case-control design I, the case-control weighted gradient mapping does
not only map gradients into gradients, it also maps the optimal canonical
gradient for model M* into the optimal canonical gradient for the observed
data model M for case-control data.

Remark regarding ¢y known in model M*. Since qq is a non-identifiable
parameter based on case-control sampling (design I), assuming gq is known
in model M* puts no restriction on the observed data model M. As a con-
sequence, the efficient influence curve for the parameter ¥ : M — R? is the
same for the model M* in which this quantity is known as it is in the model
in which this quantity is unknown.
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4.3 Example of efficient method for case-control de-
sign IT based on stratified efficient method for case-
control design 1.

Before we present our general analogue result for case-control design II, it
is helpful to consider an example for case-control design II. Consider the
data structure O* = (M, W,A,Y) ~ P} and let M* be a nonparametric
model. Consider case-control design II, in which our observed data O =
((My, W, Ay), (W3, AL) :j=1,...,.J)). Suppose we wish to estimate vy =
E:Y, = E{E:(Y | A=1,M,W) and that q(6 | m) = 6P;(Y =1 | M =
m)+ (1 —=68)P;(Y =0| M =m) is known. Recall that the efficient influence
curve for this parameter ¥* : M* — IR in model M* at P* is given by
D@ g) =y = 1(A=1)/g"(1L| M, W)(Y =Q"(M, W, A))+Q"(M, W, 1) —
(ke

Consider the following general approach for estimation of i based on
data generated by a case-control design II:

e Apply the case-control weighted targeted MLE for case-control design

I to the subsample {i : M;; = m} to estimate the conditional version
vi(m) = E*(Y1 | M = m) of the parameter 1. Thus this corresponds
with weighting the cases with ¢o(1 | m) = Pj(Y =1 | M = m) and
the controls with ¢o(0 | m) = Pf(Y = 0| M = m) and applying the
standard prospective targeted MLE based on an initial estimator of
Qi(m,a,w) = Pf(Y =1 | m,a,w) and gi(a | myw) = Pf(A = a |
M = m,W = w). By our results for case-control design I, we know
that this estimator yields a double robust locally efficient estimator of
Yo(m).
This case-control weighted targeted maximum likelihood estimator of
1o(m) based on the subsample {i : M;; = m} solves the m-specific case-
control weighted efficient influence curve equation 0 = P, D}, (Qr, g5)—
U*(Q*)(m) and can thus be represented as

_ 2 I(Mhi = m) Do, g, (@5, 93)(Oi)

Yn(m) S, I(My; = m) ) 9)

where

D * a*)(0) = I(A1=1) ) *
mao(@597)(0) = ao(1 | m) { iy (1= Q7 (m. Wi, 1)) + Q*(m, W, 1)}

+QO(?]|m){ I(AQZI))(O—Q*(m, WQJ,AJQ,1>>+Q*<TTL,W2J,A%,1)}

g*(1lm,WJ
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The rational behind the consistency of this estimator ,(m) follows
directly from the identity

E(}/l | M = m) — EODm,Q(J(gE(aﬁl)(:OZSMl = m)

Now, note that

qo

Thus, one maps ¥,(m) into an estimator of 1y by averaging it w.r.t.
to qo/qo(1 | M) P (My = m):

1 n
b %3{712“”“— i
]- " * *
= ﬁ;; qo ) Mli - m)Dm,qo(Qn79n>(Oi)7

where we used (9).

Again, the rational of this estimator of 1y follows immediately from
the following derivation:

EOqu 1\m)](M1 ) m,qo(QS’gS)

quo(l\l\/h) Mlqo(ngO)

= By {q0(1|M1)D*(M1,W1,A1, 1) + 32, @O p=(My, WY, A3, 0)
= EygoD* (My, W, Ay, 1) + G0 55, D*(My, W3, A3, 0)
= Egh,

where we suppressed the dependence of D* = D*(Q*, g*) on Q*, g*.

We conclude that this estimator 1, of 1 corresponds with solving
our proposed case-control weighted efficient influence curve equation
P,Dy .5, — % =0, where

'E:Q; I

—
S
S~—

DQO@O(O) i qOD*(Mlﬂ W17A17 1) + ZD*(MD WQJaA%7O)

J

J
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We conclude that this general approach for estimation of 1§ of applying
the case-control weighted targeted MLE ,,(m) of case-control design I to the
sub-sample {i : M;y; = m} to estimate the analogue 1§5(m) of the parameter of
interest ] (i.e., the same function but now applied to the conditional P (- |
M = m)), and subsequently averaging 1, (m) w.r.t. qo/qo(1 | m)P,(M; =
m), corresponds with using our for case-control design II proposed case-
control weighting D, 7 of the efficient influence curve D* for model M™*.
This suggests that D, z, is indeed also, just as we showed for case-control
design I, the efficient influence curve. Our results below confirm this.

4.4 Case-control weighting of canonical gradient yields
canonical gradient: Matched Case Control Design.

For case-control design II, we establish the same result.

Theorem 8 Consider case-control design I1.

In this theorem we use the notation: Dy 4, (P*) = qoD*(P*)(My, Wy, Ay, 1)+
Lﬁ]\ﬁ) Zj D*(P*)(Mla W2jv AJQ? O)

Assume that the model M* allows independent variation of P*(W, A |
Y =6,M =m) for 6 €{0,1} and possible outcomes m of M under Ff.

Let D*(P*) be the canonical gradient of the pathwise derivative U* .
M* — R? at P* € M*, let M = {P(P*) : P* € M*} be the indepen-
dence model defined by (8), and let U : M — R satisfy V(P (P*)) = U*(P*)
for all P* € M*.

Assume the regularity conditions for P* — D*(P*) of Theorem 5 apply so
that it follows that U is pathwise differentiable and Dy, 4, (P*) is a gradient
of this pathwise derivative at P(P*) € M.

Then, Dy, q,(P*) is the canonical gradient of the pathwise derivative of
U M — R

4.5 Selecting the efficient influence curve of unrestricted
target parameter.

In order to define an identifiable parameter W(P(P*)) = ¥*(P*) of the case-
control data generating distribution, one often needs to define U* as indexed
by the known g9 and possibly ¢y parameters. We denote such a parameter
with W7 -+ M* — R? to stress its dependence on these known fixed quantities.
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Our results above for case-control designs I and II above prove that if D*(P*)
is the canonical gradient of ¥} at P*, then the case-control weighted D, (P*)
is the canonical gradient of ¥ : M — RY where ¥(P(P*)) = vy (P*) for
all P* € M. The following theorem shows that one can typically replace
D*(P*) by the canonical gradient of the path-wise derivative of the unre-
stricted W*(P*) = W, p«y(P*).

Theorem 9 Consider the two pathwise differentiable parameters ¥y« M* —
R? indeved by a fived ro = r(P}) (e..g, representing qo and Go), and a corre-
sponding parameter U* : M* — R® defined as V*(P*) = U7 ey (P¥). Thus,
L (Fy) = ¥ (F).

Assume that for all the sub-models P*(e) for which ir(P*(e)) T 0,
we have -
Ly = Lur )
de ¢ 6:0— de " ¢ —o

Assume that the fized parameter ro in Wy is locally non-identifiable at P*
in the model M in the sense that the tangent space at P(P*) € M generated
by the submodels {P*(¢) : €} at P* for which %T(P*(e))‘e_o = 0 equals the
tangent space at P(P*) € M generated by all submodels used in definition of
pathwise deriative of U5+ M* — R

If the conditions of Theorem 7 or Theorem & apply for this choice V7
M* — R?, then we also have, if D*(P*) is the canonical gradient of U*
at P*, then the case-control weighted D, (P*) is the canonical gradient of
UM — R

Proof. This result is shown as follows. Let D* be the canonical gradient of
U* : M* — R? and let D} be the canonical gradient of R R%. As
a consequence of the first assumption, we have for all scores S of all these
submodels P*(€) not changing ¢q (in first order),

So, if we restrict our class of sub-models at P* in the definition of the path-
wise derivative to these sub-models in M* not varying 7y (which globally
corresponds with restricting M* to all P* with r(P*) = ro, but path-wise
differentiability at P* only depends on local thickness of model at P*), then
we have that the canonical gradient for the corresponding class of submodels
for the observed data model is given by the case-control weighted D, (P*)
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and the latter also equals the case-control weighted Dy, (P*). So under this
restriction on the class of submodels through P* we have equality of the
two case-control weighted canonical gradients corresponding with D* and
D7. Now, by using that this restriction on the class of submodels does not
change the tangent space for the observed data models, and therefore does
not affect the canonical gradient representation at P(P*) of the parameter W
in the observed data model M. Thus this D, (P*), which equals D;,,(P*),
also equals the canonical gradient for the class of all submodels used in the
actual definition of the pathwise derivative. This completes the proof of the
theorem. O

Since qq is non-identifiable for case-control design I it follows that case-
control weighting of the canonical gradient of the unrestricted parameter U*
also yields the wished canonical gradient of W. The same would apply for
the matched case-control design, if enforcing the restriction (qo, go(1 | m) =
Py(Y =1| M = m)) in M* does not reduce the observed data tangent
space, but this remains to be verified.

Proof of Theorems 7 and 8.

We already know that for both designs D, (P*) (defined as D,y 1_q,(P*) for
design I and defined as Dy, g, for design II) is a gradient of the pathwise
derivative of ¥ at P(P*). Therefore, it remains to show that D, (P*) is an
element of the tangent space T'(P(P*)) C L3(P(P*)) defined as the closure
of the linear span of the scores of each of the submodels {P(e) : €} within
the Hilbert space L3(P(P*)).

In the Appendix we have a separate section establishing these results for
both designs, stating that if we select D*(P*) as the canonical gradient of U*
at P* and the model M* allows independent variation of P(W, A | Y = §) for
Design I and independent variation of P(W, A | M = m,Y = 0) for Design
II, then D, (P*) is an element of the tangent space at P(P*) in the observed
case-control data model M.

Here we provide a summary of the proof for case-control design I in order
to provide the reader with an understanding of these results.

Since D*(P*) is a canonical gradient it equals a score £dP*(e)/dP*

e=0

for a particular submodel {P*(¢) : €} at € = 0, or it can be arbitrarily well
approximated by such a sequence of scores. We first consider the case that
D*(P*) is itself a score.
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The tangent space under the independence model for a nonparametric
model M* is an orthogonal sum of the Hilbert space T1(P) = {S1(W1, 4;) :
S1} of functions of (W1, A;) with mean zero, and the Hilbert space T3(P) =
{32, S (W J,AJ) : Sy} with Sy(WJ, A3) having mean zero, j = 1,...,.J. For
an actual model M* these two Hilbert spaces are replaced by sub-spaces
spanned by the scores of the allowed sub-models {P*(¢) : €} through P*.

That is, 71 (P) consists of (and is generated by) functions < dgp(e (Wi, A1 Y =1) L

and T5(P) consists of (and is generated by) functions )=, idgp(f (Wi, A} |Y = O)) L

j=1,...,J. We assumed that the marginal distributions P*(W, A |Y = 1)
and P*(W,A|Y = 0) are independently varied by these submodels, so that
indeed the tangent space is an orthogonal sum of 7} (P) and T5(P).

For notational convenience, we introduce the notation ey = 0. Let D*(P*) =
dfo dz P(fo) (W, A,Y) be ascore. Since o is non-identifiable, we can assume that

p*(e)(Y = 1) = g for all . It follows that

?

1 d

A = q°mdzp () Wrr Ar 1)
1 d
(WDAI | Y = ]_)qo dEO (60)(Wl7 1 | )
1 d
- p*(WbAl Y =1)dey p(e)(Wi, AL | Y =1)

e Ti(PY),

since the latter term equals gy times a score of P(e)(Wi, A;) at € = 0 (which
in particular has mean zero).
Again, using that P*(e)(Y =0) =1 — qo for all ¢,
(1= qo) D*(P*) (W3, A3,0) = (1 — QO)W%P*(GO)(ngAJQaO)

= (15 %)W%p*(eo)(m@j,% 'Y =0)

= (1— qo)S2(W4, AD),

where the latter term equals is 1 — gy times a score of P(e)(W4, A}) at e =0
(which, in particular, has mean zero). It follows that

<1_JQO)ZD*(P*)(W A},0) = qOZSQ }) € To(P(P)).
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This proves that for case-control design I, if D*(P*) is a score, then D, (P*)(O) =
QD" (P*)(Wy, Ay) + =525, D*(P*)(W§, A}) is a score itself, and thus an el-
ement of the tangent space T'(P).

Suppose now that D*(P*) = lim,, ., D}, (P*) € T*(P*), where D,,,(P*) €
Li(P*) is a score. Then, for each m, we have D, (P*) € L3(P(P*)) is a
score. To show that D, (P*) € L3(P*) is a score requires thus that the case-
control mapping D* — D,,, as a mapping from LZ(P*) into L3(P(P*)) is
continuous. This is trivially established. This proves that indeed D,,(P*)
is an element of the tangent space T'(P(P*)). This completes the proof for
case-control design I.

The proof for case-control design II is more delicate and provided in detail

in the Appendix.

5 Double robust locally efficient estimation
of marginal causal effects for case-control
design 1.

5.1 Efficient influence curve of marginal causal effects
for case-control design I.

In this subsection we establish that the efficient influence curve of the marginal
causal effects defined on a nonparametric model M* and indexed by a fixed
known qq for case-control design I can be represented as a case-control weighted
Dy, = qD*(-,1)+(1—qo)D*(-,0), with D* being the efficient influence curve
of the marginal causal effect defined on the nonparametric model M* (and
not indexed by qy).

Our general theorem 4 and Theorem 7 teach us that this should indeed
be true but with D* being the efficient influence curve of the marginal causal
effect defined as W7 indexed by a fixed go. Theorem 9 proves that it should
also hold for the choice D* being the efficient influence curve of the marginal
causal effect defined as the unrestricted parameter W*(P*) = W7 p.). Thus,
the result in this subsection is completely predicted by our theorems pre-
sented in previous sections.

Theorem 10 (Efficient influence curve for case control design I)
Consider Case Control Design I with data structure O = (W1, Ay), (W3, A3) :
7)), where (W1, A1) has distribution Q1 ~ (W, A) | Y =1 and (W3, A}) has
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distribution Qo ~ (W, A) | Y = 0. Let Q1(w,a) = P(Wy, = w,A; = a) and
let Qo(w,a) = P(Wy = w, Ay = a). Similarly, we define Q1(w) = P(W; =
w) and Qo(w) = P(Wy = w). We also define Q*(a,W) = P*(Y =1| A =
a, W), Qi (w) = P*(W = w). Define

¢0 = f(Qé?Qi?QbQO)

= S {@0Quw) + (1 — a0)Qo(w)} Q(w, Lo

Q1(w, 1)go + Qo(w, 1)(1 — qo)

The efficient influence curve of Vg is given by

D (B)(0) = D" (B3)(Wa, Av 1) + (1~ o) 3° D" (B3) (W4, 4,0)

This result teaches us that the variance under P, of the weighted double
robust estimating function Dy, (O) = qoD* (W, A1, 1)+ Z;-]:l(l—qo)D*(WQj, A}, 0)
is the Cramer Rao lower bound for regular asymptotically linear estimators of
U, (Fy)(1) = EY). For example, application of the theorem to ¢y(1) = EY;
and ¥y(0) = EYj, and the delta-method to 1y = 1y(1)/1(0) = EY;/EYy,
teaches us that the efficient influence curve of the causal relative risk vy =
U, (FPo)(1) /¥, (Fo)(0) (indexed by go) can be represented as

D 1 (1)
RR,q0 wO(O) 1,90 ¢0(0>2 0,90>

where D, ,, denotes the efficient influence curve of ¢y(1) = EY; and Dy,
denotes the efficient influence curve of 1y(0) = EYy. Using that each of the
two efficient influence curves Dy 4., D14, are case control weighted versions
of the efficient influence curves D and D7 in model M?*, it follows that we
can also represent the efficient influence curve Dgg 4, as

Drna, (oD (Wa, A1) + (1 go) D} (W, As, 0))
¥o(0)
e (DM, A1, 1) + (1= ) Dj(1¥s, 42,0)
== qOD}kZR(WhAl? 1) + (1 - QO)D}F%R(WQ’ A27 0)7
where
Dip(W,AY) = ! Di(W,A,Y) — Yoll) Dy(W, A, Y).
RR ) ) ¢O<O) 1 ) ) ¢0(O)2 0 9 9
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We note that Dy, is the efficient influence curve of ¢y = EY;/EYj in the
nonparametric model M*, not treating the parameter 1)y as being indexed

by qo.

5.2 Variance of efficient influence curve of causal rela-
tive risk at ¢y =~ 0.

From the representation of the efficient influence curve of the relative risk,
it follows that if gy and thereby 1(0) is very small, then the variance of
the efficient influence curve Dgpg can be very large if D§(Ws,, Az, 0) is a non
constant random variable with a variance which is not proportional to 1/¢3 or
1/10(0)%. As a consequence, it is fundamental that @ is itself proportional
to qo, which is a reasonable assumption, and, for the sake of estimation, the
estimators ()7 need to be proportional to ¢y as well.
We have the following result formalizing this.

Theorem 11 We refer to the definition D} being the efficient influence
curve of Yi(a) = EjYa, a € {0,1} provided in previous subsection. Let

DGQO(QS’ gé? 7,[}0(&))(0) = QODZ(QS, gév %(@)(Wb A17 1)

J . .
0= a0) 5 D Di@5, i bola) (W3, 43,0,

=1

We have that D,q,(Q%, g5, Vo(a)) equals the efficient influence curve of the
parameter g, (a) and the model implied by the nonparametric model M* and
knowing qq.

We have that D, is double robust:

EoDaqo(Q*,g*,Q/Jo(a)) = 0 if either g* = g or Q" = Q.

and in both cases we need that g*(1 | W) > 0 a.e.
The variance of Daq,(QF, g5, Yo(a)) under Py is O(qo) if

.1 Q/(1-Q)
O = T w0/ - )

or equivalently Q*/(1-Q*) = qo/(l—qo)Q/(l—Q), and Q/(l—@) is bounded.
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Thus, in order to construct estimators of ¥y(a) that have standard error
proportional to gq it is crucial that we restrict our estimators of ()§ to estima-
tors of the form qoQ7 for nicely bounded Q# or, that it can be represented
as a logistic regression with an intercept log ¢y and bounded function in the
covariates. In that manner, our resulting double robust locally efficient esti-
mators of the causal relative risk or odds ratio will have a bounded influence
curve at gy =~ 0.

5.3 Double robust locally efficient estimator of treat-
ment specific mean and causal relative risk/odds
ratio for case control design I.

So we can construct a double robust locally efficient estimator of 1y(a) as
follows. Let @),, be an estimator based on fitting a logistic regression model

for Q)f ignoring the case control sampling: i.e., for some working model Q*
for Q5(A, W) let

~ n 17 S
Qn = arg max > log Q" (Wi, Aui) + 7 > _log(1 — Q"(Wy, Az)).
=1

J=1

We can now map this into an estimator Q);, . of Qg:

COQH/(l - Qn)

O = T 0@/ Q)
ol Q-
L —q01+coQn/(1—Qn)
= %Qfﬁqo,

Equivalently, we can add the intercept log ¢(qo) to the log odds of the fit Q.
Let g be an estimator of g;. For example, given a working model G* for
g5, let
In = arg;peag}i ZQOQ*(AM | Wii) + (1 —qo)g™ (Agi | Woy).
i=1

Now, define 1, (a) as the solution of the efficient influence curve estimating
equation P, Dag,(Q, 405 9ns(a)) = 0 given by

1 n
Ual@) = =3 Dag (@i 62)(0)
=1
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_ Wiy A=) I =a)
— q0n Zano(Wlu ) ( g;(a | le)) "‘qog;(a | le)

=1

1_q0 ZanO 2” (1_1(’42%’29))'

gnla | W3,)

Note that for gy = 0, this estimator is well approximated (also for purpose
of causal relative risk of odds ratio) by

n(a) =~ —E — E ya) |1 — ————— .
w (a’) qoni:1 g,;kl(a ‘ W ano 21 ( * 7

gn<a | Ws;)

5.4 Double robust locally efficient targeted MLE of
treatment specific mean, causal relative risk and
odds ratio for case control design 1.

Let Q; be defined as a standard logistic regression fit ignoring the case control
sampling. Subsequently, we map this into our estimator @;, . of Qg by adding
the intercept log ¢(go) to the log odds of Q:L

We now construct an e-fluctuation @y,  (€) through the corresponding
logistic regression fit QF (Y | A, W) satisfying

7,90

d * * * *

& log Qn,qo <6> =D (Qn,q()? gn)?

where D*(Q*, g*) is the efficient influence curve of the bivariate parameter

(¥(Q*)(0),¥(Q*)(1)) (i.e. EYy, EYy). This can be done by adding a two

dimensional extension ¢(I(A=1)/g*(1 | W),I(A=0)/g:(0| W)) to the log

odds of the logistic regression fit Q)
Let

n,90 "

€n = argmax Y _ qolog Q" (Wi, Av;) + (1 — q0) 5 Zlog (1—Q (W3, A3))

be the case control weighted maximum likelihood estimator of ¢, which can be
fitted with standard logistic regression software again. The one-step targeted
MLE of () is now defined as Q;, = @}, ,, (€n)-

Since the update of the MLE @)y, = only depends on g, which does not

change, it follows that this one-step targeted MLE @)} already solves the
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case-control weighted efficient influence curve estimating equation:
0 = ZQOD*<Q27QZ>(WM7AI“1> 1 _QO ZD* Zv n W217A%i70>

3 Dy (@3 62)(0),

so that the generally prescribed iteration for targeted MLE is not needed.

The resulting targeted maximum likelihood estimator ¥(Q;) = Eqx @) (a, W),
with Qfy,, = @Qiy, » + (1 — q)Qjy, , being the case control weighted em-
pirical distribution of the covariate vector W, solves now the double robust
estimating equation 0 = >; Dy, (Q%, 95, ¥(Q}))(0;) (where we now use the
estimating function representation of D} ), and is therefore a double robust
estimator in the sense that it is consistent and asymptotically linear if either
Q) is consistent or g is consistent.

The same statistical properties are now established for the corresponding
causal relative risks and odds ratios, where one uses that @ = @, , (€n),
just like @}, ., equals g times a bounded estimator Q7 so that the standard

error of this double robust targeted MLE is proportional to go (divided by

V).

6 Estimation of semi-parametric logistic re-
gression models based on case-control sam-
pling.

Let O = (W, A,Y) ~ Pj. Assume

1

QoA W) = F(Y =1] A, W) = 1+ exp(—{ABW +ro(W)})

for some [y and unspecified function ry. We refer to this model {Qg, : 3,7}
for Qf as a semi-parametric logistic regression model.

We first wish to construct the iterative targeted MLE of ) based on an
ii.d. sample Oy, ..., O, from Fj and after that we consider the corresponding
case-control weighted targeted MLE for case-control sampling from F;.

Firstly, we are concerned with construction of the nuisance tangent space
of the unspecified ry so that we can find the efficient influence curve and

49

Hosted by The Berkeley Electronic Press



corresponding hardest sub-model through a current fit, as needed to define
the targeted MLE. For that purpose, we can consider e-paths Pp(Y =1 |
A W) = 1+exp(—{AﬁOWiro(W)-i—Eh(W)}) for arbitrary functions h. This results in
the nuisance tangent space

Touis.rg(Fy) = {h(W)(Y = Qo(A, W)) - h}.

In order to find the efficient score we wish to construct a path @Qf(e) through
Q5 at € = 0 so that its score at € = 0 is orthogonal to the nuisance tangent
space. Since any score is already orthogonal to the nuisance scores generated
by the distribution of (A, W), it follows that is suffices to establish that this
score is orthogonal to T)yu;s.r, (Fy). Consider the candidate paths

1
1+ exp(—{A(Bo + €)W +ro(W) + ehy (W)})

Qon, ()Y =1 A, W) =

The score of this path at e = 0 equals
S(h) = (AW + I (W)Y = Qo(A, W)).
We now need to select hy so that for each h(W) we have
0 = Ef(AW + (W)Y — Q4(A, W)h(W)(Y — Q5(A, W)
= Eg(AW + ha(W))W(W)a5(A, W),

where o2(A, W) = Qj(A,W)(1 — Q5(A,W)). Tt follows that the unique
solution is given by

_EH{AWQ5(1 — Q) (A, W) | W}
E{Qs(1 — Qo) (A W) | W}

where the conditional expectation is w.r.t. the conditional distribution g; of
A, given W. In particular, this shows that the efficient influence curve is up
till a scaling matrix given by:

D*(Qg,90)(0) = {AW + hi(Qg, 95) (W)} (Y — Q5(A, W)).

We note that one can also represent D* as function in gg, 5o, ro:

D*Wo, To, gg)(O*) — {AW + hi<607 To, g;)(W)} (Y - Qﬁoﬂ”o (A7 W))

hi(Qg, 95) (W) =
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We are now ready to define the targeted MLE based on a sample of Fj.
Let Q*°, g*° be initial estimators of QF, g5, where Q*° is defined by (3%, r°).
Construct the path QZ%(Q*(), g-0y(€) and compute the MLE €? of e. This corre-

sponds with fitting a logistic regression model in covariate AW +h}(Q*°, g*9),
with offset B°AW +7°(W). We now update Q*! = ;‘L(%(Q*o’g*o)(eg). We iterate

this updating process till €¥ ~ 0 at which point we have
0= Z D*( Z’ 57920)(00

up till a user supplied numerical precision. The estimator 3*’s influence curve
can now be derived from the fact that it solves this estimating equation and
statistical inference proceeds accordingly.

Let’s now consider a case-control sample. We now set our initial esti-
mate Q*Y above equal to Q 4 Obtained by adding an intercept log g into a
weighted logistic regression fit @, in which the cases get weight 1 and the
controls receive a weight go(M;). Secondly, in each estimation step of the
iterative targeted MLE we assign weights qo and ¢o (M) to the cases and con-
trols, respectively. The resulting case-control weighted targeted MLE (¥ r¥
now solves

O_ZQOD* no nagn )(WllaAlw

=1

J
Z n’ n’gn )<W217A2170)

up till a user supplied numerical precision. Statistical inference for this esti-
mator 3, can now be based on the fact that it solves this estimating equation,
or one could apply the bootstrap.

7 Targeted MLE of realistic marginal struc-
tural models for case-control studies.

The data structure on each experimental unit is O* = (W, A,Y") ~ B}, where
W is a collection of baseline covariates, A is a treatment variable, and Y is an
outcome of interest. Given a case control sample of n i.i.d. copies O1,...,0O,,
the goal is to estimate the causal effect of treatment on the outcome within
subgroups defined by the strata of a baseline covariate V' included in W.
This has important applications in causal effect estimation of a drug (e.g.

o1
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dose) in clinical trials as well for observational (e.g post market) studies.
The full data structure and parameter of interest: Let Y (a) represent
a treatment specific outcome one would observe if the randomly sampled sub-
ject would be assigned a treatment coded as a € A, and let X = (W, (Y (a) :
a € A)) ~ P%, represent the full data structure of interest on the randomly
sampled subject consisting of the treatment specific outcomes, and baseline
covariates W. Let A; denote an index set of a set of dynamic point treatment
rules

D={W —da)(W)e A:ae A},

where each rule in this set D of rules, represents a rule for assigning treatment
in response to the subject’s/experimental unit’s baseline covariates W.

A special case is that A; = A and d(a) denotes a rule which aims to assign
a but if a is such that the conditional probability g;(a | W) of treatment being
equal to a, given the baseline covariates W, is too close to zero, then it assigns
a treatment in the set of realistic treatment options closest to a, where the
latter "realistic” and ”closest” need to be defined appropriately. We refer to
such rules avoiding treatment assignments which are not supported by the
treatment mechanism g¢; as realistic treatment rules. We refer to van der
Laan and Petersen (2007) for a general class of causal models for realistic
treatment rules.

We consider a model in which the full data distribution Py, is unspecified.
A scientific parameter of interest is a realistic causal treatment curve defined
as the mean ¢y(a) = EY (d(a)) of the treatment specific outcome Y (d(a)),
where d(a) is a dynamic point treatment rule W — d(a)(W), and Y (d(a))
represents the outcome one would observe if the subject follows this rule. In
addition, we are also concerned with the V-adjusted causal response curve
for a V. C W defined as

to(a,v) = Eg(Y (d(a)) | V = v),

where V' represents a baseline characteristic which might potentially strongly
affect the causal response curve.

Here d(a) is a dynamic point treatment rule W — d(a)(W) mapping the
baseline covariates in the set A of treatment options satisfying for some user
supplied 0 > 0 the following condition:

Py(A=d(a)(W) | W) > 6 almost everywhere, for all a € A;. (10)

A counterfactual Y (d(a)) indexed by a dynamic treatment rule d(a) is a well
defined function of the complete set of counterfactuals (Y (a) : a € A) and
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baseline covariates W, and the rule d(a): Y(d(a)) =Y (d(a)(W)).

Missing data structure representation of observed data on experi-
mental unit: It is assumed that O* = (W, A, Y = Y(A)) with probability
1.

Randomization assumption: We also assume that A is randomized con-
ditional on W:

gi(a| X) = Fj(A=a| X)= Pj(A=a| W),

The assumption (10) guarantees that the distribution of the counterfactual
Y (d(a)) is identifiable from the observed data structure O = (W, A)Y =
Y (A)).

Working model: We consider a working model m(a, v | 3) for the treatment
specific mean ¢y(a, v), and define the target parameter as

Bo = argmin By, > (m(a,V | B) — ¢o(a, V))*h(a, V),
B ac Ay
where h is a user supplied weight function. For simplicity, we assume here
that A; is discrete, but if A4; is a continuous set, then one can replace it by
a discrete approximation in the above definition.

Typical models are models m(a,v | ) = f(a, V), m(a,v | 5) = exp (a,v)),
and m(a,v | f) = 1/(1 + exp(—pB(1,a,v)) for additive effects, multiplicative
effects, and odds-ratio effects, respectively.

The summary measure 1g(a,v) = m(a,v | o) of 1 implied by the work-
ing model {m(- | B) : B} provides now a model based approximation of the
true causal response curve v)y. Note that [y is a parameter of ¥y and the
marginal distribution Fjy, of V. Although, we will consider the model for
the full data distribution P%, to be nonparametric and the working model
as an approximation of the true causal response curve, our proposed estima-
tors are valid if one actually assumes the working model m(a,V | By) to be
correctly specified. Our goal is to construct a targeted MLE of (3, based on
a case-control sample.

Important identity: Under a mild regularity condition, it follows that

Bo = B(QFy, Q%) solves
d

0 = By 3 ha.V)gzmla V| A)EY(da) | V) = m(e, V| Go)
ac€ Ay 0

— gy, X e V)gom(e V| S (E(Y (@) | W) = m(a V| )
ac Ay 0

53

Hosted by The Berkeley Electronic Press



= Fq, ¥ o v>j%m<a,v | Go) (@i(d(a). W) — m(a,V | o).

where we defined Qf,(d(a), W) = Ej(Y | A = d(a)(W),W) and Q, is the
marginal distribution of W. This identity will be assumed to hold.

Optimal treatment: We are also concerned with statistical inference for
the optimal treatment for subgroup v

a*(B)(v) = arg zré%;m(a,v | o),

and, in case V' is chosen to be the empty set, then this reduces to the marginal
optimal treatment

a”(fo) = argmaxm(a | o).

A particular working model of interest for determining an optimal treatment
among a continuous set A; is given by a quadratic model

m(a, v | Bo) = Fo(0)(v) + fo(1)(v)a + Bo(2)(v)a,

where, for example, Gy(j)(v) = 5o(4)(0) + Bo(4)(1)v, 5 = 0,1,2. Such a
quadratic model allows for applications in which the optimal dose is neither
the maximum value nor the minimum, but something in between. For this
choice of working model we have that the optimal dose for subgroup V' =v
is given by:

\ _ —ho(1)(v)
a (ﬁo)(v) - 260<2)(U) :
In particular, the optimal marginal dose is given by
G 260(2)

Likelihood and Identifiability: Firstly, we note that the likelihood of the
observed data set O* factorizes as:

dPgs 45(07) = Qu(W)Qua(Y | A, W)go(A | W),

where the conditional density of Y, given A = a, W, Q5,(- | a, W), equals the
conditional density of Y (a), given W, and @7, denotes the marginal density
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of W. In particular, it follows that the marginal causal dose response curve
1p(a) is identified by the Qf-factor of the likelihood by the following relation:

dola) = EgEg(Y | A= d(a)(W), W).
In general, under this same condition,

to(a,v) = Eg{Eg(Y | A= d(a)(W), W) [V = v}.

Case-control weighted maximum likelihood estimation: Consider a
logistic regression model {Q%, : 6} for the distribution of Y(a), given W, or
equivalently, the distribution @, of Y, given A, W, and the corresponding
case control weighted maximum likelihood estimator 6,,:

n 1 o
On = argmgXZqO log Q39 (1 | Avi, Whi) + Cfo(Mu)j > log Qsp(0 | Ay, W3,).
7

=1

Alternatively, we use the estimator @, . which adds the intercept log ¢y into

a logistic regression fit (), only using the weights Go(M;)/.J for the controls,
while using weight 1 for the cases.

We will leave the marginal distribution of W unspecified, so that this is
estimated with the case control weighted empirical probability distribution
Q3,- The model {Q3, : 0} defines a working model Q" for the unknown
components Q5 = (QF,, @5) of the likelihood of the observed data. Given
an estimator ¢, we will use the short-hand notation Qj = (Q1n, Q% ) for
the estimate of both the marginal distribution of W as well as the conditional
distribution of Y, given A, W. We also assume that we are given an estimate
g: of the treatment mechanism g¢j(A | W) in the case that the latter is
not known by design, such as the case control weighted maximum likelihood
estimator according to a model G* for g;.

We wish to compute the case-control weighted targeted MLE for the
nonparametric model targeting 3y, based on the case-control weighted initial
maximum likelihood estimator )3 based on this working model Q*. For
this purpose, we first need to know the efficient influence curve of (3, in our
nonparametric model for the observed data O.

Efficient influence curve: The efficient influence curve for (3, at PESS 7 is,
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up till a normalizing matrix, given by

h(aa V)%m(aa Vv ’ ﬁO)

DY (@5, 90)(07) = > I(A=d(a)(W)) (Y = Qe (A, W)

acAy gS(A ‘ X)
+ X e V) gem@ V| Go)(Qpld(a) W) = m(a.V | )
ac Ay 0

= Di(Q5,9)(W, A Y) + D3 (Qg) (W),

where we defined Qp, (d(a), W) = Eq:(Y | A = d(a)(W), W) and Qjy(a, W) =
E;(Y | A = a,W), and we note that G, = [(Q}) is a parameter of Qf =
(le’ Q32)

The IPTW component of D*(Qg, g5) is Diprw (95, 50) = Yaeu, [(A =

d h(a,V)%m(a,V\ﬁo) N
(a)(W)) PRI (Y—m(a,V | 55)) and we have the usual DR-IPTW

representation D* = DIPTW — E(DIPTW ‘ A, W) + E<DIPTW ‘ W) of D*.
This insight allows us to define the normalizing matrix as

C(Pég,g(’)‘ ) gS? BO) =

P537gg Yaea, [(A= d(a)(W))glg(&Q) %m(aa V| ﬁo)ﬁm(w V| Bo)"

= EQS ZaEAl h(a'> V)ﬁm(aa V | ﬁO)ﬁmOL V | ﬁO)T-

The efficient influence curve for 3, at £} in the nonparametric model M* is
given by ¢(F- o=, 95, Bo)"D*(QF, g5)- The efficient influence curve for a (e.g.
lower dimensional) function of 3y in model M* can be derived (as a linear
mapping applied to the vector efficient influence curve D*) based on the o-
method. The targeted MLE presented below could be equally well developed
for this function by the efficient influence curve of the lower dimensional
function instead, possibly up till a normalizing matrix. Below, we present
the targeted MLE for the whole vector f.

Epsilon-fluctuation for Targeted MLE: Let {Qj,(¢) : €} be a path

through @3, at ¢ = 0 and satisfy the score condition £ log QQ@(E)LiO =
Di(Q%, 95). (For the targeted MLE for functions of 5y we would also de-
compose its efficient influence curve in a D} component representing its pro-
jection on functions of O* with conditional mean zero, given A, W, and D}
component representing its projections on the functions of W with mean

zero). If Q% is a logistic regression of a binary Y on A, W, then we simply
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add eC(A, W), where

h(a,V diom a,V | By
= 3

acAq

to the logit of Q3,(1 | A, W). In other words,

logitEgs (o (Y | A, W) = logitEq; (Y | A, W) +eC(A,W).

In both cases, these € extensions have a score at € = 0 equal to D} (Q%,, g5)-
Making the epsilon-covariate extension independent of (,: The
targeted MLE can be obtained in one maximum likelihood step determining
the maximum likelihood estimator of € in the case that the epsilon-covariate
C(A, W) does not depend on 3. In the case that m(a,V | B) is a logistic
linear regression model, say, m(a,V | By) = 1/(1 + exp(—0F(a,V)), then we
recommend to select h(a,V) = hy(a,V)/(m(a,V | Bo)(1 —m(a,V | By)) for
some hy so that h(a, V)%m(a,‘/ | Bo) reduces to hi(a,V)(a,V)" and is
thus independent of (3. Similarly, if m(a,V | ) is a log linear regression
model (modelling a causal relative risk), say m(a,V | §) = exp(f(a,V)),
then we could select h(a,V) = hi(a,V)/m(a,V | By) for some hy so that
h(a, V)d%om(a, V| By) reduces to hi(a,V)(a, V)" so that the e-covariate is
thus independent of [y, again. If m(a,V | ) is a linear model, then we can
choose h(a,V') = hy(a, V) with (e.g.) hi(a,V) = gi(a| V).
The one-step targeted MLE: Given an estimate g of the treatment mech-
anism g;, let €, be the case-control weighted maximum likelihood estimator

€n = argmax Y | 1og qoQ3,, (€)(1 | Wiy, Ayi)+ Zl g Q5 ()(0 | W, A3).
=1

We call 38, = B(Q7,, @3, (€n)) corresponding with the updated Qj (en)
the one step targeted MLE of 3, and if C'(a, W) does not depend on Q*,
then this is also the iterative targeted MLE (since the next update gives an
€, = 0 and thereby does not change the estimate). Either way, we let 3,
be the final update after convergence of the iterative updating process has
been achieved, which, for e-extensions of the type presented above, occurs in
a single step.

Recall the above mentioned identity

0= Eqs > ha,V)—=m(a,V | 5)(Qce(d(a), W) —m(a,V | fo)),

acA;

o
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which defines By = 3(Qf;, QF,) as a function of the marginal distribution Qf;
of W and the conditional distribution (i.e., mean) Qf,, of Y, given A, W.
Let 3, = B(Q3,, @3, (€n)) be the targeted MLE, where @7, is the empirical
probability distribution for the marginal distribution of W. It follows that,
given @7, and Q34 (€,), B, can be defined as the solution of

1 (M) |
0= 23 a3, G, ()W) + L0 5 i, 0 ()W),
i=1 ;

where

D35, Q)W) = 3 ha, V)2

—m
acA; dﬂ

(CL, 14 | ﬁ)(m(a’v 4 | 5) - Q;(d(a’)a W)))

Equivalently, one can view (3, as a case-control weighted least squares
solution of the regression of Q3, (€,)(d(a), W;) on the realistic MSM m(a, V; |

B3):
fn = argmin > Puahla, V)(@s, (€n)(d(a), W) —m(a,V | B))?,

ac€A;

where P, ,, denotes the case-control weighted empirical distribution putting
mass qo/n on (Wi, Ay) and Go(My;)/(nJ) on (W3, A), j=1,...,J. Recall
that for a function D*(O*) and corresponding D, (O) we have P, ,, D* =
P,D,,.

The targeted MLE as double robust estimating function based es-
timator: For the purpose of statistical inference it is also helpful to note

that
0=>", QODT(QSH(%),QZ)(WM Ay, 1)+ ‘
i1 (jO(Mli)% j']=1 DT(QZn (€n), 91) (W3, A3y),
so that we also have
e
0= ZQOD*(QZn(Gn)agZ)<Wli7 Ay, 1)+QO(J 1)

1

> D*(Q5,(en), 9,) (Wi, A3, 0)).

Let’s now use the estimating function representation of the efficient in-
fluence curve in model M*,

h(a, V)%m(a, V| B)

D(3,Q".g") = > I(A=d(a)(W)) (Y = Q5(A, W)

= 7 (A X)
+ Y hia, v%m(a,v | B)(@Q3(d(a), W) — m(a, V' | 5)).
ac A
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where Q5(a, W) = Eg«(Y | A = a,W) and Q5(d(a),W) = Eg-(Y | A =
d(a)(W),W). We have D*(Q*, g*) = D*(B(Q*), Q*, g*) so that the fact that
the targeted MLE Q) = Qj (€,) solves the case-control weighted efficient
influence curve equation, P, D (Qp (€,),g;) = 0 implies that 3, solves the
case-control weighted P, Dy, (8, Qp (€n),95) = 0. Thus the targeted MLE
B, is a solution of the double robust IPTW estimating function:

0= Z DQO (/8717 QZ"(En)v g:z)

As a consequence, we can analyze (3, in the same manner as we analyze
the double robust IPTW estimator (,pgr solving 0 = >, D, (5, Q%, g5;) for
a given estimator ), but where @} is now simply playing the role of the
updated Q (e,) (van der Laan and Robins (2002)).

Statistical Inference: Thus (see van der Laan and Robins (2002)), if
g = g§, under regularity conditions, we have that the targeted MLE 3, =
B(Q1,, @5, (€5)) is consistent and asymptotically linear with influence curve
o' Dy (Bo, Q*, g3), where ¢g = c(Pég’gg, g, Bo) is the derivative matrix de-
fined above and @Q* denotes the limit of Qj (e,) (which is allowed to be
misspecified):

B o= 3¢5 Dy (o, Q" 65)(0) + 03 (1/ /).
=1

We suggest that this influence curve, as in prospective sampling, can also be
used for conservative inference in the case that g is estimated according to a
model, though this will need to be formally verified. If one wants statistical
inference in the double robust model only assuming that either g’ or Qj (e,)
is consistent, then we recommend to use the bootstrap.

Variance of estimator of Fj(Y, = 1| V) at ¢y = 0: Let D*(Q§, g5)(O*) be
the non-standardized efficient influence curve in model M* presented above,
thus not multiplied with cg'. Let Dg,(Q5, g5)(O) be the corresponding case-
control weighted function. We note that if Qf, = qu#Q for some bounded
Qi then we have that D, (Q5, g5) can be represented as o times a bounded
function. As a consequence, the variance of D, (Q*, g3) for such Q* is propor-
tional to g2, so that the variance of the targeted MLE of m(a,v | 3y) behaves
as O(q2/n). As a consequence, we can robustly estimate causal relative risk
and odds ratio effects at ¢y ~ 0.
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8 Estimation of causal parameters for case
control design I nested in a randomized
trial with unknown incidence probability.

In this section we address estimation of causal parameters when one does not
know ¢q, but one knows the treatment mechanism. The estimators imply im-
mediate analogues for observational case-control studies in which ¢g =~ 0, by
simply estimating the treatment mechanism based on the control observa-
tions only.

8.1 Randomized trial example.

In previous sections, in the case that ¢y is known, we presented double robust
locally efficient estimators of causal parameters. In the special case that
g5 is known these estimators are guaranteed to always be consistent and
asymptotically linear.

The IPTW estimators presented in this section are appropriate in the
case that gy is unknown and g is known, in which case the proposed IPTW
estimators of the causal relative risk and odds ratio are also always consistent
and asymptotically linear. In this first subsection we discuss a randomized
trial application.

Consider a randomized trial in which one samplesi.i.d. OF = (W;, A;,Y; =
}/I(A’L>>7 1 =1,...,N, A; € {0,1} is binary, and P(T(Az =1 | Xz) = 0.5
(say). Suppose now that at baseline one has taken a tissue sample from
each patient which can be utilized to measure various markers of interest.
After having run the randomized trial one wishes to design a follow up study
in which one determines markers which are strong effect modifiers of the
effect of treatment. Let’s denote these J markers with Vj, j = 1,...,J.
For the sake of illustration suppose that the parameters targeted in such a
follow up study are defined by the linear marginal structural model E(Y (a) |
Vi) = Bo + Bra + 2V + [BsaV;, where (5 defines the parameter representing
treatment effect modification of V;. Such a study can be useful to determine
future phase III trials of interest, since biomarkers which are strong effect
modifiers might define sub-populations in which the treatment is particularly
effective. Similarly, one might wish to assume a logistic marginal structural
model.

Suppose now that it is actually very expensive to do this testing so that
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one does not wish to run the biomarker assays on each patient, but on a
relatively small set of patients. However, the proportion of patients with
Y; = 1 among the N patients is small so that selecting a random sample of
the N patients for the biomarker follow up study would be a very ineffective
study.

Therefore, one might run a case-control study by randomly sampling a
case, and for each case one samples J controls, and one repeats this experi-
ment n times to obtain a new sample consisting of n cases and nk controls.
This data set can now be represented as (Vi;, Wi, Ay;) ~ P(V,W, A Y = 1),
(Vi Wi, ALy ~ PV W,AlY =0),5=1,...,J,i=1,...,n.

It should be remarked that an application of the IPTW-estimators pre-
sented in this section would ignore the controls in the N i.i.d observations
O; which are not sampled, while an efficient analysis would also use these
controls to improve efficiency (Molinaro et al. (2005)).

8.2 Marginal structural logistic regression models for
the causal odds ratio.

In this subsection we address estimation of the unknown parametes in a
marginal structural logistic regression model modelling the causal effect of
treatment on the odds-ratio scale. We have the following formal result.

Theorem 12 Consider a marginal structural logistic regression model

1
1+ exp(—=5oC(a, V)’

for a vector-valued C(a,V') with C(a,V)(0) = 1 so that 5y(0) denotes the
intercept. Let O* = (W, A,Y) and let Py be its distribution, and let gi(a |
w)=Fi(A=a|W =w) be known.

Let O = (W1, A1), (Wa, As)) be the experimental unit generated by case-
control design I, where, for simplicity, we consider the case that we have one
control for each case (i.e., J =1).

Consider the following IPTW-estimating functions of O* for 3y indezxed
by h:

EYa | V) =m(a, V| o) =

WA, V)
Dy (Bo)(0F) = =Y —m(A, V| By)).
We note that P Dy (5o) = 0 for all h, under the assumption that sup, h(a,V')/gé(a |
W) is bounded a.e.
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Consider the following class of corresponding IPTW-estimating functions

of O for By
Dn(8)(O) = Dp(B) (W1, A1, 1) + Dy (8)(Wa, As,0).

If PyDj(Bo) = 0, then there exists a [y with G\(1,...,d) = Bo(1,...,d)
satisfying
PyDi () =0,

As a consequence, for case-control design I, one can estimate the non-
intercept coefficients in the marginal structural logistic regression model with
weighted maximum likelihood estimation for the logistic regression of Y on
A,V according to the MSM model, using weights g§(A1 | V1)/g5(Asr | Wh) for
the cases and g§(As | V2)/g(As | Wa) for the controls and further ignoring
the case-control sampling. That is, we can estimate 3y with the solution of

0— lewn)(o@-),

or equivalently, we can set

(A1 Vi o (A2 Vai
B = arg maxy Y, SR log mig(Vis, Avi) + S22 og (1 — mis(Vai, Azi)).

In other words, one can fit the (odds-ratio part) of the marginal structural
logistic regression model with the IPTW estimator ignoring the case-control
sampling.

We note that this result naturally generalizes to data structures O* includ-
ing a time-dependent treatment and marginal structural logistic regression
models modelling the causal effect of the multiple time point treatment on
the binary outcome.

This result is related and based on the same principles as the remark on
case-control studies in Robins (1999) in the context of direct effect estimation
and this IPTW-estimator is practically investigated in Mansson et al. (2007).

For the sake of completeness, we will now prove this result.

Proof of Theorem 12: Firstly, we note that replacing g5(A | W) by a gi(A |
V') in Py corresponds with assuming that A is independent of (Yp, Y1), given
V', and we denote the corresponding manipulated version of F; with FP;™.
We first define a correct estimation procedure under case-control sampling
from this manipulated population distribution Fj™.
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In that case, E;™(Y, | V) = E§™(Y | A = a,V). Since a standard
maximum likelihood estimator of the logistic regression model for E(Y |
A = a,V) correctly estimates the odds-ratio part of E(Y | A, V) it follows
that the marginal structural model can be fitted with standard maximum
likelihood estimation, and that the resulting estimator is consistent for the
non-intercept components of 3. This maximum likelihood estimator solves
the estimating equation corresponding with the estimating function of the
form Dj*(6y) = (A, V)Y —m(A,V | By)), where h = d/dpm/(m(1 — m)).
Thus, it follows that for each h Py™Dj*(5)) = 0 for a (3, which agrees with
the true By up till its intercept, and for this same (3, we have

0= Pg"h(An, Vi)(1 = m(Ay, Vi | By)) + h(A2, V2)(0 — m (A2, Va | )
= qo > h(a,v)(1 —m(a,v | B))dPi™(w,a,1)
+(1 —qo0) > h(a,v)(0 —m(a,v | B))dP;™(w,a,0).

In other words, the empirical summation >-; Di*(5)) (Wi, A1, 1)+Di(5) (Wai, As;, 0)
ignoring the case-control sampling has mean zero at this (3, under the ma-
nipulated case-control samping distribution Fj".
This basic latter identity will now be used to show that the Inverse Proba-
bility of Treatment Weighted (IPTW) estimating function Dy (/3)) is unbiased
under F,. Note that
Py S h (AL Vi) (1= m(A1, Vi | B))

4P, go((f2|‘v‘l//2) h(Ag, V2)(0 — m(A2, Vo | B))) =

Qo [ 28850, 0) (1 = m(a,v | 8))dP; (w,a,1)
+<1—qo> B (0,0)(0 — m(a,v | B5)dPg (w,a,0)

o (alw)

= qo J h(a, v)(l —m(a,v | By))dF5™ (w, a, 1)
+(é = o) J h(a, v)(0 —m(a,v | Fy))dFg™ (w, a,0)

by our previously established identity.
The more general result also follows by noting that the above result ap-
plies to each h. This completes the proof. O

8.3 Case-only IPTW estimators for the causal relative
risk.

In this subsection we consider a simple estimator of a causal relative risk in
a nonparametric model.

63

Hosted by The Berkeley Electronic Press



We start out with proving the following theorem which is the basis of the
IPTW-estimator only using the cases, as presented below.

Theorem 13 Suppose D*(F}) = D*(vo,n5) is an estimating function for
Yo with nuisance parameter ;. Assume that

D*(¢p,n) = Di(n) —

for some DY. Then )y satisfying PoDg, (Yo, m0) = 0, with Dy, (O) = qoD* (W1, A1, 1)+

l_Jqo > D*(Wg,Aé,O), is given by

1 o
Yo = PoDT(Wa, Ag,0) + qoPo{ DT (W1, Ay, 1) — 7 > Di(Wy, A,0)}.
J

In particular, if Dy(W,A,0) =0 a.e., then
Yo = qoFo Dy (W1, Ay, 1).

One can apply this theorem to F'Y; and EY, for D* satisfying D (W, A,0) =
0. Consider ¢y(1) = EY; = EEp: (Y | A= 1,W) and consider the estimating
function D*(Py)(W, A, Y) =Y A/g5(1 | W)—1o(1). Then D(1o(1), g5)(W, A,0) =
—1bo(1) so that it follows that

Yo(1) = (IOPor(l )

This yields the following identifiability result:

Yo(1) _ EY (1) _p Ay
qo qo 093(1 | Wl).

Note that this parameter represents a relative risk measure representing an
effect of an intervention relative to the current population proportion and
note that the identifiability result does not require knowing qo. We refer to
the resulting estimator as the case-only IPTW estimator.

Similarly,

1—-A

Yo(0) = QOPOW,

giving us the identifiability result
¥o(0)/qo = Fo(1 — A1)/g5(0 | Wh).
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Thus, if g is known, then one can identify the following causal parameters
of interest

to(1) —¢o(0) _ EX(1) - Y(0))

Qo ErY
W(l) _ EY()
qo E*Y
b(0) _ EY(0)
Q% E*Y

Similarly, it follows that we can identify the causal relative risk Yorr =
Yo(1)/100(0):
ro = (1) RoAy/gs(1 | Wh)
Po(0)  FPo(l—A1)/g5(0 | Wh)

One can also identify the causal odds ratio:

/(=) P gi(L | W)/(1— Py /g5(1| W)
$o(0)/(1 = 40(0))  Po(1 = A1)/g5(0 | Wi)/(1 = Po(1 = A1) /g5(0 | Wh))’
but estimation of the causal odds-ratio was addressed in the previous sub-
section with a preferred estimation strategy.
The corresponding case only IPTW estimators of these causal parameters

have robust influence curves even if g =~ 0. For example, the influence curve
of the case-only IPTW estimator

S I(Ay =1)/g5(1 | W)
S 1A =0)/g5(0 | W)

of the causal relative risk 1o(1)/1o(0) = E(Y(1))/E(Y(0)) is given by

101(0)_ do {[(Al_l) %(1)[(141_0)}.

d)n:

= () L5 1W)  %a(0) 50 [ W) -
Note that this influence curve remains bounded for rare diseases as long as
qo0/%0(0) remains bounded.

We note that if gy &~ 0, one can also estimate the causal relative risk
with the IPTW estimator of the saturated marginal structural logistic model
for P(Y, = 1), by using that the causal odds ratio approximates the causal
relative risk. We believe, if ¢y ~ 0, then the latter approach will result in a
more precise estimator.
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8.4 Inverse probability of treatment weighted estima-
tors of linear marginal structural models for rare
outcomes.

The previous theorem provided us for the case that gy is unknown and g
known with simple inverse probability of treatment weighted identifiability
results for the causal relative risk parameters. These IPTW estimators ap-
peared to be relatively stable estimation procedures, even at small gy. In
the case that ¢y ~ 0, but still unknown, these IPTW-estimators could be
extended by replacing g; by a model based estimate based on the control
observations only.

We will now extend these results to linear marginal structural models by
using the following theorem.

Theorem 14 Consider an estimating function D*(¢)(W, A,Y) for a k-dimensional
parameter 1 satisfying

DX () (W, A,Y) = Y DI (A, W) + D3(A, W)y (12)

for some k x 1 wvector function D and k x k matriz function D3. Let 1y
solve Py D*(vy) = 0. In this case,

0=F {QOD*(l/))(Ml,Wl,Ah 1)+ ! JC]o > D*(¢)(My, szw‘ga())}

=1
implies

L0 — (B3 Da(W, )} EaD} (41, W),

where

J
Ei{Dy(W, A) = E{ qoD2 (W1, Ay) + Z Wi, A) }

The proof of Theorem 14 is straightforward and therefore omitted. This
theorem teaches us that by using estimating functions D* satisfying the men-
tioned structure (12), one can obtain closed estimators of 1)g/qy which are
stable even for small values of gy: i.e., these estimators have bounded influ-
ence curve uniformly in gy = 0). In addition, one can obtain these estimators
without knowing the vale of ¢y as long as one knows that ¢g ~ 0.
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As an example, let’s consider a causal effect model describing how the
treatment specific mean changes as a function of treatment and an adjust-
ment variable V:

E5(Y(a) | V) = By m(a, V),

where, for example, m(a,V)" = (1,a,V,aV). Let 3, denote the true vector
of values.

A least squares IPTW estimating function for § based on i.i.d sampling
of O* = (W, A,Y) is given by

m(A,V) T
go(A [ W)
which satisfies that PyD*(fy) = 0 if sup, m(a,V)/gi(a | W) < o0 a.e. In
general, we can choose
h(A, V)

D*(B)(W,AY) = W(Y —3Tm(A,V)),

for arbitrary function h, where, for example, one can select

B m(A,V)
MAY) = AV = BTmA V)’

which corresponds with weighted least squares. For simplicity, let’s consider
the case that h(A, V) =m(A, V).
We have that D* indeed satisfies the wished linear structure (12):

m(A, V) m(A, VYmT (A, V)

PO @ T sy

Thus, an application of Theorem 14 teaches us that

Bo _ {E*m(A, V)mT (4, V)}‘lE m(A;, ;)
o L’ wAlw) "9 (Ar [ W)’

where the normalizing matrix

J LA, Vim' (A, V)
%‘{% Go(A] W)

} =FE; Zm(a, V)mT(a, V)
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is identified as
Eoqo X m(a, Vi)m' (a, Vl) ‘
+ise 2 S m(a, Vi )mT (a, V).
Since the latter depends on ¢ this is not really providing the wished identi-
fiability result. But, if ¢y ~ 0, then the estimator 3, can be defined as:

ﬁn _ 11 Xn: Alzy ‘/11)
qo n i=1 g Alz | le)

with ‘
Cn = 2300 5 T Sam(a, Vi)m T (a, V3),
which does not rely on knowing .

These results can now be used to estimate a number of relative risk param-
eters of interest. We have E(Y; | V) = By m(1,V), E(Yy | V) = Bf m(0,V),
so that

Thus, this conditional relative causal effect of treatment versus control is a
simple function of /gy, and can thus be estimated as above.
Another possible relative risk parameter is
BV V)= E%|V) 4
EY qo

(m(1,V) —m(0,V)).

8.5 Deriving the efficient influence curve for case-control
design I and unknown incidence probability

In this subsection we indicate how one would go about deriving an efficient
estimator in the model in which the incidence probability is unknown, but
g6 1s known.

Consider the model M* only assuming that ¢; is known, J = 1, and
case-control design I so that

1

Fa1e:O) = o ana —a@n,an)

Q" (Wh, A1) (1-Q" (Wa, A2))Q7(W1)Q7(W2)
(13)

is indexed by infinite dimensional parameters Q*(a,w) = P*(Y = 1| A =

a, W =w) and Qj(w) = P(W = w).
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We stress that the following efficiency calculations apply to this particular
model in which gj is known, and ¢ is unknown (and thus not to the case
that qo is known). We expect that the following can be easily generalized to
general J.

We first determine the so called tangent space for this case-control design
[ model. We will first determine the score operator which maps the scores
h(Y | A, W) (satisfying h(0 | A, W) = Q*(A,W)/(1-Q*(A, W))h(1 | A,W))
and hy (W) (mean zero) of fluctuations Q*(Y | A, W) and @Q5.(W) through
Q*(Y | A,W) and Q*(W) into the score of dPg: q: . This score operator is
given by:

Q*<A27 WQ)

AT ) = WL AL W) = T )

h(1 | Ag, Ws) + h(W7) + h(W3),

where h(1 | Ay, W1) can be an arbitrary function with mean zero, and h is an
arbitrary functions of W with mean zero w.r.t. Q(W) = Q;(W) + Qo(W),
where Q1(w) = PW =w | Y =1), Qo(w) =P(W =w|Y =0).

Secondly, it is well known (Bickel et al. (1993)) that the efficient influence
curve of a parameter ¢ of FjJ, such as the marginal causal odds ratio in the
nonparametric model, can be obtained by projecting the influence curve IC}
of an initial regular asymptotically linear estimator of this parameter 1/,
such as the IPTW estimator for the saturated logistic marginal structural
model ignoring the case-control sampling as above, onto the closure of the
range of the score operator A* in the Hilbert space L3(P) endowed with inner
product (Vi,Va)p, = Ep V1(O)V5(0O). This insight allows us in principle to
calculate the efficient influence curve, and thereby obtain a locally efficient
estimator improving on the initial estimator. Since the resulting calculations
are quite extensive, this is not reported here. Our intuition is that the IPTW
estimator for the logistic marginal structural model is highly efficient in the
case that gg is unknown, since not knowing gy makes it essentially impossible
(at go ~ 0) to estimate EJ(Y | A, W) which is needed to fully exploit the
covariates for efficiency gains, as in the double robust targeted MLE for the
case that ¢g is known.

8.6 Discussion.

For the sake of discussion consider the case that g; is known. We suggest
that the mentioned TP TW-estimators for the logistic and linear marginal
structural model are highly efficient in the model in which the incidence
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probability is unknown. Based on that premise one needs to conclude that
somehow knowing qg, even when it is known that it is very small ¢y ~ 0, can
truly help to gain efficiency relative to these IPTW estimators, while without
knowing ¢ this gain in efficiency cannot be achieved. We believe that the
crucial reason is that it requires knowing ¢y to convert a fit of a logistic
regression Q; (that does not suffer from gy = 0 for the sake of estimation of
the conditional odds-ratio), obtained with the maximum likelihood estimator
ignoring the case control sampling, into a valid estimator of Q)f with standard
error proportional to ¢o/y/n (uniform in gy ~ 0). In this manner one can
use covariate information, as utilized by fitting a logistic regression model
correctly targeting the conditional odds ratio and then adding the intercept
log ¢y into the obtained logistic regression fit, to improve efficiency. Without
knowing ¢o, an estimator of Qf obtained by using the known g§ will have a
standard error which is too large since it will not be proportional to qq.

8.7 Estimation of treatment mechanism.

Consider now the case that one does not know the treatment mechanism g,
but that one is willing to assume a model for gyo. If ¢y would be known,
then, for all these causal parameters, one would estimate gj with weighted
maximum likelihood estimation: given a model G for g;

i n 1— q J ) )
g = argmax 3~ qolog g(Av; | Wi+ ——= 3" log g(AL, | WH).
i=1 j=1
Note that in the case that ¢y ~ 0, the case-control weighted maximum
likelihood estimator of g; would essentially only use the control observations
with weight 1 and thus yield an estimate of the conditional distribution of
Ao, given Ws.

Inspection of possible bias in estimator of g; due to only using

control observations. We note

Ps(Y=0|A=1,W)
Py =0[W)

= PHA=1|W)re(1,w) L.

So we need that for gy small the ratio

PY =0| W)
1 = 0 ~ 1.
W)= oy —07A=1W)

Fi(A=1|W,Y =0) = Pj(A=1|W)
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This seems a weak assumption since one also knows that
EwP;(Y=0|W)=1—g~1land EwPj(Y =1|A=1,W)=0(q),

assuming that gj(1 | W) is bounded away from zero and 1. Thus, one expects
that both numerator and denominator of ro(1, W) are close to 1 for almost
all W, and thereby that rqg ~ 1. Having said this, it should theoretically be
possible to have certain integrals be close to 1 while another being very large,
so that strictly speaking it seems that we need to make an assumption in order
to guarantee that for gy small the required integrals behave as expected.

For each specific parameter and corresponding IPTW-estimator, we can
generate more precise statements regarding this approximation of rq(a, W)
in a context in which ¢y — 0. For example, we wish to replace the causal
relative risk by the approximation

I(A1=1) I(A;=1)
EOgg(qul,yzo) B Eogg(uwl)lmu,wl)
E, I(A;=0) E, 1(A;=0)

95 (0[W1,Y'=0) 95 (0[W1)ro(0,W1)

For example, if
ro(a, W) =14 r(q),

for a constant (in W) remainder term 7(go) which converges to zero when
qo — 0, then under a weak regularity condition, it follows that

I(A1=1) I(A1=1)
Eograiwiv=o) _ Eogam) Y
L _I=0 _ ~ p I(4=0) "4q0))-

0 g2 (0[W1,Y=0) 0 gz (0[wh)

However, since ro(a, W) is averaged over W, one should only need that an
integral of the remainder 7(q) as a function of W is small (e.g., O(qo)).
This does not seem to be a strong assumption at al given that an integral of
numerator and denominator of 7(gy) have to be O(qp).

To conclude, in order to have that g based on control observations only
is a practically unbiased estimator of gy when the disease studied is very rare,
we need that ro(a, W) = % ~ 1 for a € {0,1} for almost every
W. We note that this does allow that the treatment A = 1 increases the
risk on Y =1 by a factor relative to A = 0. In other words, this condition
requires that for most W, Py(Y = 1| A = a,W) is small (say of the order

QO)-
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9 Summary, discussion and simple extensions.

We provide a generic approach for locally efficient estimation such as targeted
maximum likelihood estimation of any parameter based on matched and un-
matched case-control designs, which relies on specification of one or two
non-identifiable parameters/scalars ¢y and, for matched case-control designs,
@(l|m)=F (Y =1|M=m).

These non-identifiable parameters could be known or they could be set
in a sensitivity analysis, for example, in the case that these parameters are
known to be contained in a particular interval. Our approach is remarkably
simple since it only requires weighting the cases by ¢g and the controls by
1 —qo or go(M;) and then applying a method developed for prospective sam-
pling. Moreover, our approach has the remarkable convenient feature that
applying the case-control weighting to an optimal method for the prospec-
tive sample results in an optimal method for independent and matched case-
control designs.

We also showed how the case-control weighting for matched case-control
designs corresponds with applying the case-control weighting for the standard
unmatched case-control design for each sub-sample defined by a category for
the matching variable to obtain the analogue conditional parameter, condi-
tional on the matching variable category, and subsequently averaging these
results over the matching variable categories to get the wished marginal pa-
rameter. This helps us to understand that our somewhat strange looking
weights for the control observations in a matched case-control study are ac-
tually just as sensible as the much easier to understand weights for standard
case-control designs.

We worked out the case-control weighted targeted maximum likelihood
estimators in a number of important applications involving estimation of
variable importance and causal effect parameters.

In addition, we showed for both types of case-control designs how stan-
dard maximum likelihood logistic regression fits can be adjusted by using
these known quantities to estimate conditional probabilities Pj(Y = 1 |
A, W) with a standard error which is proportional to ¢y divided by the square
root of the sample size, so that the acquired precision results in stable es-
timators of such challenging parameters as relative risk and odds-ratios at
qo ~ 0.

We believe that in most applications the marginal population proportion
of cases, qg, should be known, at least within close approximation, assuming
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one has made an effort to understand the target population the cases are
sampled from. In matched case-control studies in which one uses a matching
variable with a large number of categories, then the value of the population
proportion of cases within each matching category might not be known. In
that case, if the number of matching categories is large, a sensitivity analysis
would likely be too cumbersome. On the other hand, even for such matched
case-control samples, using the case-control weighting for design I might al-
ready provide an important bias reduction so that our methods only relying
on qo will likely still provide a useful set of tools. Off course, this would
require some validation that ignoring the matching does not cause severe
bias.

During the design of a case-control study, we recommend to keep in mind
that knowing these population proportion of cases for each matching cate-
gory make the convenient and double robust efficient estimation of any causal
effect and variable importance parameter possible (through the methods pre-
sented here) without restrictive assumptions such as the no-interaction as-
sumption and parametric model form for conditional logistic regression mod-
els. This insight might help and motivate people to design case-control stud-
ies in which the required case-control weights are known or approximately
known so that a sensitivity analysis is possible.

Allthough the main purpose of our article is the introduction, study, and
application of the general methodology for analyzing case-control studies
based on a known (or set value in a sensitivity analysis) incidence probability,
for the sake of completeness, we also wanted to consider the case that the
population proportion of cases ¢y is unknown in case-control design I. We
presented various IPTW-type estimators of causal parameters relying on ¢y ~
0 or that the treatment mechanism gi(A | W) is known. We also highlighted
the known result (Robins (1999) and Mansson et al. (2007)) showing that one
can estimate a marginal structural logistic regression model with standard
IPTW-logistic regression software, again either assuming g¢; is known or that
go ~ 0. These IPTW-estimators rely on a correctly specified model for g;
and require go ~ 0. Since, without knowing ¢y and without knowing g,
the IPTW-estimators target a non-identifiable parameter, we are concerned
about the sensitivity of these IPTW estimators w.r.t. misspecifying g;.

To summarize, , by knowing ¢g, one has available more efficient and more
robust (i.e., double robust) targeted maximum likelihood estimators, target-
ing an identifiable parameter, and one does not have to restrict oneselves to
odds-ratio parameters.

73

Hosted by The Berkeley Electronic Press



We now consider a few direct extensions and applications of our method-
ology.

Frequency matching: Frequency matching in case-control studies is
typically defined as running a case-control design I within each strata M = m.
In this case one can estimate any causal parameter ¥y(m) of the conditional
distribution of O*, given M = m, by assigning weights ¢o(1 | m) to the cases
and ¢o(0 | m)/J to the corresponding J controls. Thus our methods for case-
control design I can be applied to each strata M = m. In particular, this
yields a locally efficient double robust targeted maximum likelihood estimator
of 1o(m) for each m. In order to estimate the marginal parameter 1), one
would need an estimate of the marginal distribution of M, which cannot be
identified based on knowing go(1 | m) only, so that other knowledge will be
needed such as the marginal population distribution of M. Either way, one
can always estimate causal parameters such as E(Y, | M = m) for each m or
the corresponding variable importance measure. If the number of categories
of the matching variable is large, then a sensible strategy for estimation of
o(m) is to assume a model 1g(m) = f(m | By) and obtain a pooled locally
efficient targeted maximum likelihood of (3 based on all observations.

Pair matching: Pair matching in case-control studies is typically de-
scribed as, for each matching category, sample a case and a set of controls.
So this description agrees with frequency matching except that the number
of categories can be very large. Therefore, we should now always assume
a model Yo(m) = f(m | By) and obtain a pooled locally efficient targeted
maximum likelihood of (3, based on all observations.

Without the knowledge of ¢o(1 | m), one would use conditional logistic
regression models, and, as noted in Jewell (2006) page 258, these methods
do not allow estimation of the association of M with Y, while if one knows
the population proportion go(1 | m) we can estimate every parameter of the
population distribution, conditional on M = m.

Counter matching: Finally, another type of matching in case-control
studies is called counter-matching, which involves sampling a control with an
exposure (maximally) different from the exposure of the case. Formally, we
can define this sampling scheme as follows. The observation O = ((My, Z,), (M, Z5))
on each experimental unit is generated as 1) sample (M, Z;) from the con-
ditional distribution of (M, Z), given Y = 1, and 2) sample (M, Z5) from
the conditional distribution of (M, Z), given M = m*(M;) and Y = 0, where
m*(m) maps a particular outcome m into a counter-match m*(m) in the
outcome space for M. Similarly, this is defined for the case that one sam-
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ples J controls counter-matched to the case. The population distribution
of interest is the distribution P} of O* = (M, Z,Y’) and we are concerned
with estimation of a particular parameter 1) of this distribution Fj based on
a counter-matched case-control sample Oy, ...,0O,. In this case, given that
D*(M, Z,Y) satisfies P;D* = 0, we have

Ey Dy q5(0) = 0,
where the case-control weighted version of D* is defined as
DQO,QO(O) = qu*(Mh ZIJ 1) + QS(M)D*(m*<M1>7 227 0)7

with
P (M = m*(m) | Y = 0)

a(m) = (1 =)= e Ty =1

Note that if m*(m) = m is the identity function, then indeed ¢ = go. The
non-identifiable component of the control-weight ¢ is Py (M = m*(m),Y =
0), or, assuming ¢qq is known, P(M = m*(m) | Y = 0), while the denomina-
tor Pj(M =m |Y = 1) = By(M; = m) can be empirically estimated. Since
in many applications the control observations are relatively easily accessible,
one might use a separate sample of controls to estimate these proportions
Py(M = -|Y = 0) having a certain value for the (counter-)matching vari-
able M among the controls. So under the condition that these weights g,
are known (or set in a sensitivity analysis), our results in this article can be
applied to counter-matched case-control designs by just replacing go by ;.

Propensity score matching design: A commonly used design is the
following. Omne samples from the units that received treatment. For each
treated unit, one finds a matched non-treated unit, where the matching is
done based on a fit of the so called propensity score. The goal of this design is
to create a sample in which the confounders are reasonably balanced between
the treated and untreated units. This design can formally be described as
follows. The random variable of interest is O* = (W, A,Y) ~ Pg, and one
is typically concerned with estimation of a causal effect such as Ej{E;(Y |
A=1W)=Ei{(Y | A=0,W)}. Let M = II*(W) be a summary measure of
W which is supposedly an approximation of the propensity score II}(1V) =
Py(A =11 W) (e.g., estimated from external data). One samples (M; =
IT*(Wh), W1, Yy) from the conditional distribution of (W)Y), given A = 1,
and one samples one or more (My = II*(W;), Ws,Ys) from the conditional
distribution of (W,Y), given M = Mjand A = 0.
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One now wishes to use n i.i.d. observations on the observed experimental
unit O = (W1, Y1), (Way, Ys; @ j)) representing a treated unit and one or more
propensity score matched untreated units to estimate the causal parameter
of interest.

Notice that we can immediately apply the methodology presented in this
article by defining the Y as the A and the matching variable M is playing
the role of IT*(W). As a consequence, one can use any method developed for
sampling from (W, A,Y") by using our ”case control” weights ¢y = P;(A = 1)
for the treated units, and go(W) = q()% for the untreated units. Thus,
to correct for the biased sampling one will need to know the actual true
treatment mechanism/propensity score Pj(A = 1 | W). Thus, under the
assumption that this propensity score is known or can be estimated based
on an external data source, one can apply any method for estimation of
the wished causal effect for standard sampling by applying these weights
to the treated and untreated units. Off course, for the sake of statistical
inference and model selection (say, based on cross-validation) one should
respect the fact that the independent and identically distributed observations
are O1,...,0,, and not the treated and untreated units.

General biased sampling: Finally, we like to discuss the implications
of the proposed optimal case-control weighting for general biased sampling
models with known probabilities for the conditioning events, where optimal
refers to the fact that the case-control weighting maps an efficient procedure
for an unbiased sample into an efficient procedure for the biased sample. The
following generalization of our method for case-control design I applies to gen-
eral biased sampling. Consider a particular target probability distribution
Fj representing the unbiased sampling distribution and its corresponding
random variable O* ~ Fj. Suppose now that the outcome space for the
random variable O* is partitioned by a union of events A;, j =1,...,J: ie.
Pr(O* € U;A;) = 1 and the sets A; are pairwise disjoint. Let the experi-
mental unit for the observed data be (O4,...,0;), where O; ~ O* | O* € A;
is a draw from the conditional distribution, given O* € A;, j = 1,...,J.
For simplicity, we enforced here equal number of draws, but this can be
generalized to having different number of draws from each conditional dis-
tribution. Let qo(j) = P5(O* € A;) € (0,1) and suppose these probabilities
are known. Weighting observation O; with ¢o(j) for j =1,...,.J, and apply-
ing a method developed for the unbiased sample will yield valid estimators.
We also conjecture that under appropriate similar conditions as we assumed
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for case-control sampling, this weighting will be optimal in the sense that as-
signing these weights to an efficient estimation procedure for i.i.d. samples of
P} will yield an efficient estimation procedure based on the biased sampling
model. Given our interpretation of case-control weighting for matched case-
control sampling in terms of case-control weighting for standard case-control
studies conditional on the matching category, we suggest that weighting for
matched case-control sampling can be generalized to matched biased sam-
pling in general (say matched on a draw M; from the first biased sampling
distribution).

Appendix: Tangent space results proving case-
control weighted canonical gradient of prospec-
tive sampling model equals canonical gradient.

Our results in this section show that the case-control weighted canonical
gradient for the prospective sampling model M* yields the canonical gra-
dient for the parameter of interest W in the actual case-control sampling
model. These results rely on the following assumption. The (typically very
large /semiparametric) model M* corresponds with (i.e., equals the intersec-
tion of) separate models for Pj(W, A |Y =) for § € {0,1} for case-control
design I, and, for case-control design II, M* corresponds with (i.e., equals the
intersection of) separate models for Py(W, A |Y =§, M =m) for § € {0,1}
and m varying over the support of the matching variable M. As a con-
sequence of this canonical gradient representation our proposed case-control
weighted targeted maximum likelihood estimator, involving selecting estima-
tors of () and g, under appropriate regularity conditions guaranteeing the
wished convergence to a normal limit distribution, is efficient if both of these
estimators are consistent, and remains consistent if one of these estimators
1s consistent.

The results are stated in an incremental fashion thereby building up the
proof of the final wished result. As a consequence, most stated results do
not require a proof but can be straightforwardly verified.

Tangent space for case-control design I: We start out with presenting
the tangent space for case-control design I.

Theorem 15 (Tangent space for case-control design I) Consider case-
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control design I and the independence model M described by (7),

dP(P*)(0) = P*(W1, Ay | Y = 1) [ P*(W4, A} | Y = 0),
J

and let T*(P*) denote the tangent space at P* in model M*. The tangent
space at P(P*) in model M is given by

T/ (P*) = {S*(Wl,Al, 1)—E(S"|Y=1)+ Z{S*(Wg,Ag,O) —E*(S*|Y = 0)}} :

where S* varies across T*(P*).

Since this tangent space is expressed in terms of the tangent space of the
underlying model M* we now need to understand the tangent space of M*.
The following theorem fully characterizes this tangent space for models M*
described by separate models for P(W, A |Y = 4) for § € {0,1}.

Theorem 16 (Tangent space for underlying model M*) Consider the
data structure O* = (W, A,Y") and model M* for its probability distribution.
We make the following assumption on M*: Let M* = NsgM*(0), where
M*(6) is a model for P{(W,A|Y =) indexed by (possibly infinite dimen-
sional) parameter 0(0), for each § € {0,1}, and assume that 6(0) for different
choices of 6 are variation independent parameters.

If the marginal distribution qo(0) = P(Y = 6) of Y is known in model
M*, then, we can represent T*(P*) as

(r) = %:TE‘(P*), (14)

where the latter sum-space is an orthogonal sum, and Tj(P*) denotes the
tangent space generated by 6(5), which can be represented as

T5(P7) ={I(Y = 6) (S"(W, A, 0) — E(S" | Y)) : 5" € T*(P")} .
If qo(9) is unknown and modelled, then

TH(P7) = Lo(Py) @ T3 (P), (15)
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where L3(Py) is the Hilbert space of functions of Y with mean zero and finite
variance w.r.t. P*. We also note that for a S* € L3(P*), the projection of
S* on T§(P*) is given by

H(S™ [ T5(P7) = I(Y = 6) (S"(W, A,0) = E(S" [ Y)),

and the projection of S* onto T*(P*) described by the orthogonal decomposi-
tion (15) is given by

S =E(S*|Y)+ gn(s* | TE(PY)).

Tangent space for case-control design II: We now present the tan-
gent space for matched case-control design II.

Theorem 17 (Tangent space for case-control design IT) Consider case-
control design II and the independence model M described by (8),

dP(P*)(0) = P*(My)P* (A1, W1 | Y =1, M) [[ P*(A, W3 | Y =0, M),
J

and let T*(P*) denote the tangent space at P* in model M*. The tangent
space at P(P*) in model M is given by
(

Ti(P*) = L3(My)&
{$°(20,1) = BX(S" | M = MY = 1) + £,{8"(24,0) = (S | M = My, Y = 0)}},

where S* varies across T*(P*), Zy = (My, Wy, Ay) and Z} = (My, W3, A}).

Since this tangent space is characterized in terms of the underlying tangent
space T*(P*) for model M* we now fully characterize the latter tangent space
for models M* described by separate models for P*(W, A | M = m,Y = 0)
for the different values of m and 4.

Theorem 18 (Tangent space for model M* including matching vari-
able)

We make the following assumption on M*: Suppose that M* = N, s M*(m, §),
where M*(m, d) is a model for Pf(W,A | M = m,Y =) indexed by (e.g.,
infinite dimensional) parameter 6(m, ), for each § € {0,1} and possible out-
come m for M, and it is assumed that 6(m,d) are variation independent
parameters.
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If go(6 | m) = P(Y =08 | M =m) is known and the marginal distribution
of M is unspecified in model M*, then, we can represent T*(P*) as

T*(P*) = @Z v (P, (16)

where the latter sum-space is an orthogonal sum, and T 5(P*) denotes the
tangent space generated by 6(m, ), which can be represented as

T: 5(P*) = {I(M = m,Y = ) (5*(m, W, A,6) — B(S* | M,Y)) : §* € T*(P*)}.

If the conditional distribution qo(6 | m) of Y, given M, is unknown and
modeled, then

T*(P*) = L2(P}) & T*(q0) Z w s(PY), (17)

where T*(qo) denotes the tangent space generated by the scores of the param-
eters of qo(6 | m). We also note that for a S* € L3(P*), the projection onto
Ty, s(P*) is given by

(5™ | T, 5(P7)) = I(M = m,Y = 6) (S*(m, W, A,6) — E(5" | M,Y)),

and, under the assumption that qo(d | m) is unspecified, the projection of S*
onto T*(P*) described by the orthogonal decomposition (17) is given by

S =E(S" | M) +{E(S" | Y, M) — E(S™ | M)} + >_TI(S" | T, 5(P")).

m,o

Special score for case-control design I: We will later show that the
case-control weighted canonical gradient is in the tangent space T7(P*) by se-
lecting a special choice S* € T*(P*) defined in the next result. The following
result shows that this special choice is indeed a member of T*(P*).

Result 1 Let O = (W, A)Y) ~ Py € M* and assume that the tangent
space T*(P*) at P* € M* is given by orthogonal decomposition (15). Given
a D* € T*(P*), we have

ST W AY) = @) {D(W,AY) - E(D"[Y)}
e T*(P).

The same applies if qo(0) is replaced by qo(0)/J.
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Proof. Firstly, we note that for each ¢, I[I(D* | T5(P*)) € T*(P*), and by
linearity of the space T5(P*) (i.e., closure under multiplication by scalar) we
have that qo(0)II(D* | T5(P*)) € T*(P*). By linearity of T%(P*), it follows
thus that

26 Qo(O)IL(D™ | T3 (P7))

=25 0(0) (Y = 6) (D*(W, A,0) — E*(D* | Y))
= q(Y) (D*"(W,A,Y) — E*(D" [ Y))

= S*(W,AY)

e T*(P*).

This completes the proof. O
Special score for case-control design II: For case-control design II,
we need a similar result.

Result 2 Consider the model O* = (M, W,A,Y) ~ Py € M* and let
T*(P*) denote the tangent space at P* € M* and assume it satisfies or-
thogonal decomposition (17). Given a D* € T*(P*), we have

S (MW, AY) = I(M=m)g(Y | m) {D*(m,W,A,Y) — EX(D* | M,Y)}
e THPY). (18)

The same result applies if we replace qo(0 | m) by qo(0 | m)/J.

Proof. Firstly, we note that for each m,o, II(D* | T,,5(P*)) € T*(P*),
and by linearity of the space T}, 5(P*) (i.e., closure under multiplication by
scalar) we have that qo(6 | m)IL(D* | T, ;(P*)) € T*(P*). By linearity of
T*(P*), it follows thus that

25 qo(0 | m)II(D* | Ty, 5(P*))

=250 | m) (M =m,Y =6)(D*(m,W,A,0) — E*(D* | M,Y))
=I(M =m)q(Y | m)(D*(m,W,AY) — E*(D* | M,Y))

= Sp(M, W, A,Y)

€ T*(P*).

This completes the proof. O

Case-control weighted score equals a score, case-control design
I: We are now ready to establish our wished results showing that the case-
control weighted canonical gradient of the prospective sampling model is an
element of the tangent space for the observed data model M.
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Theorem 19 (Case-control weighted score is a score, Design I)

Consider case-control design I, its independence model M described by
(7), and assume the tangent space T*(P*) of M* at P* satisfies the orthog-
onal decomposition (15).

If D* € T*(P*), then

(1 - %)
J

Dy, (0) = goD* (W1, Ay, 1) + S" D*(W3, A}, 0) € Tr(P*).
J
Specifically, if we set

ST W, AY) = q(Y){D*(W, A,Y) = EX(D" | Y)} € T*(P"),
where qo(Y) =1(Y = 1)qgo+ I(Y =0)(1 — q0)/J, then

Dy(0) = S*(Wi, A1) — E*(S*(W,A,Y)|Y = 1)
+ 205" (WF, A4, 0) = B*(S"(W, A,Y) | Y = 0)}.

(Here, we use the fact for J =1, E*(S* |Y =1)+ E*(S*|Y =0)=0.)

This establishes the wished corollary stating that the case-control weighted
canonical gradient for the prospective sampling model yields the canonical
gradient for the case-control sampling model M.

Corollary 1 Consider case-control design I, its independence model M de-
scribed by (7), and assume the tangent space T*(P*) of M* at P* satisfies
the orthogonal decomposition (15).

Suppose that D*(P*) is the canonical gradient of ¥* : M* — R*W*, and
let U : M — R at P(P*) € M, satisfy U(P(P*)) = ¥*(P*).

Assume that the corresponding case-control weighted D, (satisfies the
regularity conditions such that it) is a gradient for U at P(P*). Then D, is
the canonical gradient of ¥ at P(P*).

Case-control weighted score is a score, Case-Control Design II:
We establish the same type result for case-control design II.

Theorem 20 (Case-control weighted score is a score, Design 1II)

Consider case-control design II, its independence model M described by
(8), and assume the tangent space T*(P*) of M* at P* satisfies the orthog-
onal decomposition (17).
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For any D* € L*(P*), we have
1 o
Dy q(0) = qoD"(My, Wr, Ay, 1) + cjo(Ml)j > D*(My, W3, A},0)
J

S0 (M =m)D;

m qo(1 | m) e
where

0
D3, (0) = (1 | m)D*(m, Wi, 4y, 1) + @01

40 D*(m7W2]aA%7O)
For each m, and D* € T*(P*), we have
[(Ml = 77’l)l)>'< € T[I(P*)

m,qo

so that it follows that
Dyy,q0(P7) € Tir(P7).

Let qoy(6 | m) = qo(1 | m)d + (1 —0)qo(0 | m)/J. Specifically, if we set
SE(M,W,AY) =1(M =m)qoy(Y | m){D*(m,W,AY)— E*(D*| M,Y)},
which is an element of T*(P*) by (18) above, then

I(My =m)D;,  (O) = S} (M, Wy, A, 1) = E*(S,, | M,Y =1)
J

e T (PY).
Here we use that for any D* € L3(P*),
@(l | m)E*(D* | M =m,Y =1)4+q(0 | m)E(D* | M =m,Y =0)=0.
This gives us the wished result.

Corollary 2 (Case-control weighted canonical gradient is a canoni-
cal gradient, Design 1IT)

Consider case-control design II, its independence model M described by
(8), and assume the tangent space T*(P*) of M* at P* satisfies the orthog-
onal decomposition (17).
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If D*(P*) is the canonical gradient of ¥* : M* — R? at P*, then

qo0
D,z = E ——FI(My =m)D?
90,90 - q0<1’m> ( 1 m) m,qo

e T (PY).

Thus, under the conditions for which which Dy, 4,(P*) is a gradient of
U : M — R? at P(P*) € M, satisfying ¥(P(P*)) = U*(P*) for specified
parameter W* : M* — R?, we also have that Dy, g (P*) is the canonical
gradient of U at P(P*).

Appendix: Efficient influence curve of marginal
causal effect in nonparametric model for case-
control design I

In this section we establish that the efficient influence curve of the marginal
causal effects defined on a nonparametric model M* and indexed by a fixed
known ¢q for case-control design I can be represented as a case-control weighted
Dy, = qD*(-,1)+(1—qo)D*(+,0), with D* being the efficient influence curve
of the marginal causal effect defined on the nonparametric model M* (and
not indexed by ¢q).

Our general theorems 4 and 7 teaches us that this should indeed be true
but with D* being the efficient influence curve of the marginal causal effect
defined as W indexed by a fixed gg, which can be shown as well (and follows
from Theorem 9).

Theorem 21 (Efficient influence curve for case control design I)
Consider Case Control Design I with data structure O = (W, Ay), (W3, A3)
7)), where (Wi, Ay) has distribution Q1 ~ (W, A) | Y =1 and (W, As) has
distribution Qo ~ (W, A) | Y = 0. Let Q1(w,a) = P(Wy, = w,A; = a) and
let Qo(w,a) = P(Wy = w, Ay = a). Similarly, we define Q1(w) = P(W; =
w) and Qo(w) = P(Wy = w). We also define Q*(a, W) = P*(Y =1]| A =
a, W), Qi (w) = P*(W =w). Let J =1.
Consider the working model that (W1, A1) is independent of (W, As), and

no further assumptions, so that the likelihood is simply
po(0) = Q1(W1, A1)Qo(Wa, Ag),
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and Q1 and Qo are unspecified. Then, under appropriate reqularity condi-
tions, the nonparametric maximum likelihood estimator, defined by the empir-
ical distributions of Q1, and Qo, of Q1 and Qo, of the parameter ¥, (Fo)(1)
defined by

P(i=1) = EwE(Y |A=1W)
= ZQ*(wal)Q;{/(w>

Ql(Wv 1)Q0 - w
; Ql(W7 1)610 + Q()(VV, 1)(1 - QO) {QOQ1<w) + (1 QO)QO( )}
= \IJQO(P0>

is reqular and asymptotically linear with influence curve
Do (Fo)(0) = qo D™ (F7) (W1, A1, 1) + (1 — qo) D™ (F5) (Wa, Az, 0)

with D*(F)(W, A,Y) = (Y = Q5(1, W))I(A = 1)/g5(1 | W) + Q5(1, W) —
W(QR), Qhla, W) = Py(Y = 1| A=a, W) and gyla | W) = Pi(A—a | W).

This shows that in this independence model the efficient influence curve
is given by D, (Fp).

Since, also under dependence of (Wy, A1) and (Wa, Ay), this nonpara-
metric NPMLE is a reqular consistent and asymptotically linear estimator
of Uy (F), it follows that Dy, (Py) is also the efficient influence curve in the
model in which one allows dependence between (W1, A1) and (Wa, As) (as long
as they have the specified marginal distributions Q1 and Qq, respectively).

In general, for Case Control I, we have that the efficient influence curve
for this independence or the bigger arbitrary dependence model (or any model
in between) is given by

J
D4y (PO)(0) = aoD" (B3)(Wr, Ay, 1)+ (1= q0) = > D*(B) (W4, A, 0)

=1
Proof. We provide the proof for J = 1. Let Q1,(w,a) = 1/n> 1 I(Wy; =
w, Ay, = a), Qon = 1/nX0 I(Wsey = w, Ay; = a) be the empirical distri-
butions of @ and Q. Similarly, let Q},(w) = 1/n>", I(Wy; = w) and
Qb (w) = 1/n>" [(Wy = w) be the marginal empirical distributions of
Q! and Q1.
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Note the NPMLE of 1)y
wn = f(Q(ljna in ana QOn)
— o an(w7 1)(]0
= 2 twQule) (w6 g+ Qo D1~ a0)

We also have vy = f(QJ, @1, Q1,Qo). Thus, the first order linear expansion
of 1, is given by:

¢n - wo ~ df(Q(thLQla QO)(Q(l]n - Q(1)7 Q%n - Q%a an - QhQOn — Q0)7

which provides the influence curve of ¢, as an estimator of ¢,. Thus, we
should first determine these derivative of f. We define Q(w) = ¢oQ1(w) +

(1 = qo)Qo(w) and Q(w7 1) = qo@1(w, 1) + (1 — qo)Qo(w, 1). Tt follows

_ N Q(w, 1)gj w
vt~ Y GEG, — Q) (w)
Ql(wv 1)(10(1 - qo) _ w
+

> Q) g7 1)<@m Q)(w. 1)

-y Qw2 D 6, Q.

Q*(w, 1)
= C]o (1 —qo)Q1(w,1)
g@ Q2(w71) (QOn - QO)(U)71)

Substitution of the empirical distributions for a single observation O; results
in the wished influence curve

QSQI(WM 1) Q1(W2, 1)%(1 — qo)

= oy T Q(Wm
+(I0Q(W1)I(A1 =1) QW) I(Ar = 1)1 (W1, 1)
Q(W1,1) Q(Wl, 1)?
q0(1 — qo)Q(Wa)I(Ay = 1)Q1(Wa, 1) .
Q(Wo, 1)?

where ¢ denotes the constant guaranteeing that D has mean zero. Now, we
use the following identities:

Qu) _ 1
Qw.) g1 w)
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Qu(w, 1)go Q" (Lw)=P (Y =1]A=1,W =w).

Q(w, 1)
With these identities it follows
D = o =0 g W)+ Qi)
g5(1 | Wh)
I(Ay=1) N
+(1 —qo )m(o Q" (1, Wa) + (1 — qo)Q" (1, W) —

Since D needs to have mean zero under Fy it follows that ¢ = 1y. O

9.1 Derivation of influence curve of estimator of causal
parameter for case-control Design I based on sat-
urated logistic regression model.

Consider the standard logistic regression estimator QZ ignoring the case-

control sampling for a saturated logistic regression model and its correspond-

ing estimator ¥, (a) = E%ynQZM(a, W) of Yy(a) = EyY,. For the sake of
presentation, we consider the simple case with ¢ = 1, d = 1. The proof is

trivially generalized to general c, d.
Firstly, we note that )} solves the score equations

g ~

0= Zh leaAl'L szAéz)h(Wgz7A%z)

3

indexed by arbitrary functions h(W, A).
Now, set h(W, A) = I, (W, A) be equal to the indicator that W = w and
A = a and we can choose w, a arbitrary. This gives us the equations

QZ(UJ, a’) _ an(w7 (l)
1—Q;(w,a)  Qon(w,a)’
where Q1,(w, a) = %Zi I(Wy; = w, Ay; = a) and Qo (w, a) = n—lj DD I(I/VgZ =
w, A}, = a) are the empirical distributions of the cases and controls, respec-

tively. It is of interest to note that this empirical relation corresponds with
the true known relation

Qo ( a)zl—QOQﬂU%a)
1-@% g Qo(w,a)
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Thus,

_ COan/QOn(w7 CL) —
Vn(a) = w 1+ coQin/Qon(w, a) {00Q1n(w) + (1 — qo)Qon(w)} = P(Q1n; Qon)-

We also have

Yola) =

co@1/Qo(w, a) B
w 1+ c0Q1/Qolw, a) {20Q1(w) + (1 — q0)Qo(w)} = ®(Q1, Q).

Note that the function f(x) = coz/(1+ cox) has derivative cp/(1 + cox)?.
So
coQ1n/Qon _ coQ1/Qo
1+ coQin/Qon 1+ coQ1/Qo

~ co/(1+coQ1/Q0)*(Qn/Qon — Q1/Q0)

Co 1
(1 + co@Q1/Qo)? Q5

A gu(@n =) - -

Thus,

P(Q1n, Qon) — 2(Q1, Qo) = [, m {Qo (Qun — Q1) — %%(Qon - Qo)} Q(w)
+ [ 1o ot {a0(Qin — Q1)(w) + (1= o) (Qon — Qo) (w)}

where we used the notation Q(w) = qoQ1(w) + (1 —qo)Qo(w). Therefore, the
influence curve of the estimator ®(Q1,, Qon) of ®(Q1, Qo) is given by
1)

. Co (
1O = v aerar ™M Yo, g =Y
1 co i QU (WS a) i
12 Traar T Gawga Y
+QO%(WM a)+ (1- C_Io)}] Z %(Wg’ a) = to(a).

Let Ry = Ql /Qo which is estimated with the logistic regression fit R} =
Qr/(1—Qr). Let Ko(W, A) = Q(W)/Qo(W, A). Note,

Co

IC,(Rg, Ko, %0(a))(0) = W(Wb a)Ko(Wh,a)I(A; = a)
T g KoV ) (4=

Co RS Co RS

- 1— Wj . .
1+COR8( 1,Q +J§J: do 1+60R8( 2,@) ¢0(a>

+qo
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It follows immediately that
E(][C(Ro, K, 1/10(&)) =0 for all K.

We will now use another representation of the influence curve IC, which
establishes the wished double robustness. We use

Qy = colty/(1+ coRy)
coRy = Qp/(1—Qp)

_ 1 —qo
Bolw,a) = s, a)gifa [ w)’
We have
1C.(@Q g8 t(a) = qomu—@am,a»
1(A} = a)
—; ) i |W])@o< )
+qoQy (W1, a) Z q0)Qo( W2>) Yo(a).

The double robustness for this representation can now be stated as

EoIC,(Q", g%, 10(a)) = 0 if either g* = g or Q* = Q5,

and in both cases we need that ¢*(1 | W) > 0 a.e.

Appendix: Derivation of influence curve of par-
ticular nonparametric maximum likelihood es-
timator of causal relative risk for case-control
design II.

In this section of the Appendix we consider a causal parameter specified in
terms of ro(m) = Py(Y = 0, M = m), assuming 79(m) is known. We note
that our influence curve results for matched-case-control designs relied on

¢o(1 | m) being known instead of ro(m) being known. As a consequence, one
now anticipates an additional component (beyond the case-control weighted
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influence curve) to the influence curve due to the estimation of go(1 | m).
Indeed, below we derive the influence curve of the nonparametric maximum
likelihood estimator and show it involves now an additional term only being
a function of M;.

To start with we derive the identifiability result for £'Y; and subsequently
we define the corresponding nonparametric maximum likelihood estimator
and derive its influence curve.

We define Q1 (a,m,w) = Pf(M =m,W =w,A=a|Y =1), and

Qo(a,w|m) = Pj(A=a,W=w|M=m,Y =0)
P(](Mg :m,W2 :w,A2 :Cl)
Py(M =m)

Qo(a, w, m)

Qo(m)
We also define Qp(w | m) = P(W =w | M = m,Y = 0), and, we have
Qo(w | m) = Qo(w,m)/Qo(m). Let ro(m) = Po(Y = 0, M = m). We wish
to establish an identifiability result of P(Y; = 1) from the distribution P, of

O: that is, we wish to write P(Y; = 1) as a function of Qg and Q. Firstly,
we note

PA=1,M,W |Y =1)q

P =1) = Buw PO =11 A= 1MW) = Bw——p5 54— 55

Secondly, we note that
PA=1M=mW=w) = PA=1,M=m W =w|Y =1)q
+PA=1W=w|Y=0,M=m)P(Y =0,M =m).
Finally, we have that
PM=mW=w) = gpM=mW=w|Y =1)
+PY =0,M =m)p(W =w| M =m,Y =0).
Thus, we have shown that

(1) = P(i=1)

ik m.w) - rolm wlm Q1(1,m, w)qo
—y %(%Ql( ,w) + 1o(m)Qo(w | ))qOQl(l,m,w)+To(m)Qo(1,w|m)
s A A %91(1,77%10)
= %Q( : )—Q(me)
= f(Q1, Qo)
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http://biostats.bepress.com/ucbbiostat/paper234



We note that this is an identifiability result relying on knowing r(m) and g
instead of gy(m) and qo.
Let Q1n<a w m) = le - I(Alz = a, Mlz m,Wh‘ = w),

ZI(AQi =a, My =m,Wy = w)

1

QOn(a7 w, m) =

(2

QOn(m) = I<M1i = m),

SI= 3

-

=1

and Qon(a,w | m) = Qon(a, w,m)/Qo,(m). The nonparametric maximum
likelihood estimator for the likelihood

Po(0) = Q1(Ar, My, W1)Qo(Az, Wo | M),

is given by these empirical distribution functions, and the corresponding
nonparametric maximum likelihood estimator of £Y] is thus

¢n(1) = f(QOn, an)

In order to determine the efficient influence curve of FY;, we will derive the
influence curve of the nonparametric maximum likelihood estimator v,,(1) as
an estimator of 1y(1).

We will determine the derivatives of f as a function of Q}(w, m), Q4 (w, m),
Q:1(1,w,m), Qo(1,w, m). We note

Qon(ayw [ m) = Qola,w ] m) = S, = I

0
~ oyt (Qon = Qo) (@, w,m) — 5535 (Qon(m) — Qo(m)
= {[( 2i = a, Wo; = w, MQz =m) — Qo(a,w,m)}

n ~i=1 Qo
_% o ng(im (L(Mz; = m) — Qo(m)).

Similarly,

Qon(w | m) = Qolw | m) = Qelam) _ Qolw)

= gt (Qon = Qo) 10) = G Qo) — Qof)

= 150 Gt {T(Was = w, My = m) — Qo(w, m) } — L) (I(My; = m) — Qo(m)).

The first order linear expansion of v, is given by:

wn s @/Jo ~ df(Q[leiana QO)(Q(l)n - Q(l)a Q%n - Qia an - leQOn - Q0)7
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which provides the influence curve of ¢, as an estimator of ¢,. Thus, we
should first determine these derivative of f. Recall Q(m,w) = qo@Q1(m,w) +

TO(m)QO(w | m) and Q(1>m>w> = QOQl(lamvw) +r0(m)Q0(1,w | m) It
follows

Ql(la m, w)Qg

bn=to = 3 Saq Ty (@mQm )
3 DU gy, — Qoo | m)
%W’wm@m —Q)(1,m, w)
-3 Qlm ) B 0y, — Q1)1
-2 Qlm,v) 0“222()%83 ) Qo — Qu)(Lw | m).

We note Qo(m) = P(My = m) = P(M; = m) = @Q1(m). We also note
ro(m)/Q1(m) = go(m). Now, we substitute the empirical distributions and
the above empirical approximation for Qg,(1,w | m) and Qo,(w | m). This
yields the influence curve

]C(OZ) = Zm,w qOQ*(l,m, U}){I(WM = w, Mli = m) — Ql(w,m)}
+me%( )Q (L, m, w) {I(Wa; = w, Ma; = m) — Qo(w | m)I(My; = m)}
+me g 1|mw {[(Alz =1 Mlz =1m, le = U)) Ql(lam>w)}

_meQO% {I(Alz =1 Mlz =m, le - U}) Ql(lvm)w)}
meQO( )Q(lmw){[(AQ’L*l WZz*w MQ@* )}

g*(1|m,w)

. Zm,w QO( )g ((11|77nn$) {QO(]- w | m) (MQZ - m>}
So

IC(O;) = qQ*(1, My, W1) — [Q*(1,m,w)P(M =m,W =w,Y =1)
+q (M) Q" (1, My, W)
_(jO(Ml) fw Q*(LMlvw)P(W =w | Y = 07M = Ml)

"’%ﬁ% [Q* (1, m,w)P(M =m,W = w)

ol (A~ DGR + 1 Q2 (1 m, w) P =, W =)

_QO(Ml) ((11\1\1‘/;[11‘/1‘/22 (AQ_l)

+ ) P(M M) [, Q*(1, My, w)(1 — Q*(1, My, w))P(W = w | M = M),
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where we should read P(W = w | M = M;) as P(W = w | M = m)
evaluated at m = M;. So
1C(0) = o { sttt (1 — @ (1, My, Wh)) + Q*(1, My, Wh) §
+00(M1) { stiimy (0 — @ (1, My, Wa)) + Q*(1, My, Wh) §
T rv=i=in Ve @ (L My, w)(Q (w, My) — Q*(1, My, w)) P(W = w | M = M)}
—[Q*(I,mw)P(M =m,W =w,Y =1)— [Q*(1,m,w)P(M =m,W = w)
+[Q**(1,m,w)P(M =m, W = w)
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