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Semi-Parametric Estimation and Inference for
the Mean Outcome of the Single Time-Point
Intervention in a Causally Connected
Population

Oleg Sofrygin and Mark J. van der Laan

Abstract

We study the framework for semi-parametric estimation and statistical inference
for the sample average treatment-specific mean effects in observational settings
where data are collected on a single network of connected units (e.g., in the pres-
ence of interference or spillover). Despite recent advances, many of the current
statistical methods rely on estimation techniques that assume a particular para-
metric model for the outcome, even though some of the most important statistical
assumptions required by these models are most likely violated in the observational
network settings, often resulting in invalid and anti-conservative statistical infer-
ence. In this manuscript, we rely on the recent methodological advances for the
targeted maximum likelihood estimation (TMLE) of causal effects in a network
of causally connected units, to describe an estimation approach that permits for
more realistic classes of data-generative models and provides valid statistical in-
ference in the context of network-dependent data. The approach is applied to an
observational setting with a single time point stochastic intervention. We start
by assuming that the true observed data-generating distribution belongs to a large
class of semi-parametric statistical models. We then impose some restrictions on
the possible set of the data-generative distributions that may belong to our statis-
tical model. For example, we assume that the dependence among units can be
fully described by the known network, and that the dependence on other units
can be summarized via some known (but otherwise arbitrary) summary measures.
We show that under our modeling assumptions, our estimand is equivalent to an
estimand in a hypothetical iid data distribution, where the latter distribution is a



function of the observed network data-generating distribution. With this key in-
sight in mind, we show that the TMLE for our estimand in dependent network
data can be described as a certain iid data TMLE algorithm, also resulting in a
new simplified approach to conducting statistical inference. We demonstrate the
validity of our approach in a network simulation study. We also extend prior work
on dependent-data TMLE towards estimation of novel causal parameters, e.g., the
unit-specific direct treatment effects under interference and the effects of inter-
ventions that modify the initial network structure.



1 Introduction

1.1 Motivation

In this paper we are concerned with estimation and inference for the sample average treatment effect (Neyman),
1923)) in an observational setting that involves members of a single connected network. Valid statistical inference in
such settings presents a number of significant challenges. For example, the frequently made assumption of indepen-
dence among units is generally violated when data is collected on a population of connected units, since the network
interactions will often cause the exposure of one unit to have an effect on the outcomes of other connected units.
In general, statistical methods for estimation and inference in observational network data are faced with three key
challenges that set such data apart from the classical statistical methods for independent observational data: (i)
the outcome for each unit can be a function of the treatment assignments of other units that are connected to the
unit through its network, an occurrence referred to as interference or spillover (Hudgens and Halloran) 2008} |Sobel,
2006); (ii) the outcome of each unit can be a function of the baseline covariates of other units that are connected
to the unit through its network, sometimes referred to as network-correlated outcomes (Basse and Airoldi, [2015));
and (iii) the observed exposure allocation for each unit can be a function of the baseline covariates of other units.
As a result, the sample units are not independent, and, in fact, one only observes a single draw from the true data
generating distribution. Therefore, classical statistical methods that assume independence among the observed
outcomes will be often overly optimistic and invalid for quantifying the variability of estimators in such data. In
addition, many of the current estimation procedures for observational network data assume a particular class of
parametric or restrictive classes of semi-parametric models for the observed data-generating distribution, which

makes these methods highly susceptible to bias due to model misspecification (Christakis and Fowler] 2013}, |2007).

Targeted maximum likelihood (or minimum loss-based) estimation (TMLE) (van der Laan and Rubin, 2006}
van der Laan and Rose, 2011)) is a general framework for constructing asymptotically linear and efficient substitution
estimators, that belong to a much larger class of semi-parametric models, while providing asymptotically valid
statistical inference. Recently, the TMLE framework has been extended to estimation of treatment effects in
dependent observational data (van der Laan, |[2014]), where the dependence among units is described by the network
of connections formed by these units (e.g., social or geographical networks). Our aim will be to provide an accurate
reflection of the background knowledge available for a given scientific problem, while still being able to perform valid
statistical estimation. Thus, we start by assuming a realistic semi-parametric statistical model for the generating
distribution of observed network data, which places minimal restrictions on the set of such possible data-generating
distributions. The first objective of this paper is to apply the TMLE framework to estimation of causal effects in
single time-point observational network data. Our next objective is to verify the practical validity of our approach
with a simulation study. We demonstrate that consistent estimation and valid asymptotic inference of the sample
average treatment effects for a single time point stochastic interventions is possible in this larger class of semi-
parametric models, even in observational network data where the dependence between units is induced by the

known network structure.

1.2 Brief review of relevant literature

The literature on networks and causal inference in network data is rapidly evolving. However, the existing statis-
tical methods for performing estimation and inference for causal effects in networks are limited and the literature
on this subject has only recently started to develop (van der Laan, 2014; VanderWeele et al.l [2014; |(Ogburn and
VanderWeele, 2014; [VanderWeele and An| [2013; Tchetgen and VanderWeele, 2012)). Our review is not intended
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to be exhaustive, instead, we focus on the key aspects and challenges of statistical estimation of treatment effects
in observational network data. Most of the recently proposed approaches can be categorized as relying on either
the assumption of randomized exposures across units (Rosenbaum), 2007; |Aronow and Samii, 2013 |Bowers et al.,
2013} [Walker and Muchnik], [2014; [Aral and Walker] 2011}, [2014; [Toulis and Kaol, 2013} [Liu and Hudgens|, [2014};
Choi, 2014; Basse and Airoldi, |2015), or on parametric modeling of the outcome as a particular function of the
unit’s network. Some of the parametric approaches applied in the network settings include generalized linear models
(GLMSs) and generalized estimating equations (GEEs) (Christakis and Fowler] |2013| [2007), methods which have
important limitations (Lyons, |2010; |VanderWeele}, |2011; |Vander Weele et al.} [2012; [Vander Weele, 2013} |Ogburn and
Vander Weele, 2014)). For one, GLMs and similar modeling techniques require making strong, simplifying modeling
assumptions about the underlying data generating process. Hence, model misspecification for GEEs and GLMs
in the network data settings is a major cause of concern. Perhaps more importantly, performing valid statistical
inference with GLMs and other similar statistical techniques generally requires independence of the observational
units, an assumption that is unlikely to hold due to the very nature of the network data. It has also been previ-
ously described that application of such standard statistical procedures to dependent data will result in invalid and

generally anti-conservative statistical inference (Lyons| 2010; |(Ogburn and VanderWeele, [2014)).

In addition, a few promising methodological approaches to estimation in network data have begun to emerge in
recent years. For example, Aronow and Samii (2013)) proposed a Horvitz-Thompson estimator in a randomized study
settings, defined the so-called “network exposure model” and derived the finite sample estimator of the variance.
However, such methods are of limited utility in observational settings. Other proposed approaches for identification
and estimation of treatment effects in networks include stochastic actor-oriented models (Steglich et al.,|2010)), and a
linear Bayesian modeling approach that can accommodate for network uncertainty (Toulis and Kao,|2013)). Another
recently proposed approach applied the semi-parametric framework of targeted maximum likelihood estimation to
the observation network data settings (van der Laan| [2014)), yielding valid asymptotic inference, while allowing for a

much larger and realistic class of data-generative models. We apply the latter approach in the sections that follow.

1.3 Contributions and organization of this article

We start by describing the type of data that may arise in an observational study on a population of connected
units. Consider a study in which we observe a sample of N dependent units. For each unit we collect baseline
covariates, a binary exposure, and a one-dimensional outcome of interest. We denote the sample by the random
vector O = (W, A,Y) ~ Py, where W = (W;)¥, is a vector of baseline covariates across all units, A = (A4;)N;
is a vector of exposures, Y = (V;)I¥, is a vector of outcomes, and Py belongs to a large semi-parametric model.
We assume each W; has finite support, each A; is binary, and Y; is either binary (e.g., indicating survival beyond a
specific time point, or the success of a particular intervention) or bounded (e.g., a count of the number of times an
event of interest has occurred during the follow-up period, or a continuous measure of a biomarker level at the end
of the study). For each unit 7 in the sample, we also collect the information on other units in {1,..., N}\{i} that are
connected to (or influence) ¢. These units are referred to as “i’s friends”, and this set is denoted by F; C {1,...,N}.
It is assumed that Fj is recorded at baseline, along with other baseline covariates, and it is assumed fixed. Ad-
ditionally, we allow |F;|, the number of friends for unit 4, to vary in ¢, but assume that this number is bounded
by some known global constant K that doesn’t depend on N. The vector F = (F;))Y, is then referred to as the
“network profile” of O. For example, in an experiment evaluating the effects of introducing a new service to an
online social network, for each unit, F; could denote the set of all online friends of ¢, whose exposure status may

influence 7’s outcome. Alternatively, in a study of the effects of early HIV treatment initiation, F; could be the set
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of all sexual partners of unit . We allow for the following types of between-unit dependencies: (i) the unit-level
exposures can depend on baseline data of itself and other units, and (ii) unit-level outcomes can depend on baseline
and exposure data of itself and other units. An important ingredient of our modeling approach is to assume that
the dependence of each unit ¢ on other units is fully described by the network. Specifically, we assume that the
dependence of i’s treatment and outcome on other units is limited to the set of i’s friends. A second important
ingredient is the assumption that these dependencies can be accurately described with some known summary mea-

sures, which map the data collected on friends of each unit into a summary that has the same dimension for all units.

We now wish to estimate and perform valid inference for the sample-average of the unit-specific mean outcomes,
given as 1/N Zf\il E[Eg- (E(Y; | A, W) | W)], where the N exposures are assigned according to some user-specified
stochastic intervention g*. That is, g* is a fixed conditional density for drawing exposures A, given baseline co-
variates W. Under additional causal assumptions, this statistical quantity will be equal to the sample average of
the expected counterfactual outcomes, defined as the expected outcomes which would have been obtained if the
units in the sample had actually been treated according to the treatment regime specified by g* (van der Laan)
2014). We note that the definition of intervention g* is kept general, allowing for any static, dynamic, or stochastic
single time point interventions. We also note that the definition of the statistical parameter can be extended to
multiplicative or additive sample average treatment effects (Neyman, [1923; [Balzer et al.l |2015)). Additionally, our
statistical parameter is defined with respect to a given network profile F and given sample size N, and thus should
be regarded as a type of a data-adaptive statistical parameter (van der Laan et al., 2013), since its true value is
allowed to change for different sample sizes and different network structures. Finally, we note that the statistical
parameter defined in this manner has a generally meaningful statistical interpretation, even when the required
causal assumptions do not hold, and our focus is only on the aspects of statistical estimation of such parameters in

the context of the semi-parametric modeling framework.

The main contributions of this article are as follows: We start by pointing out that our statistical parameter
can be represented in a novel way, in light of the fact that it depends on the joint distribution of the observed
data only via a mixture of the unit-specific distributions, and we will use P to denote this mixture distribution.
In particular, we show that our dependent-data parameter can be represented as a mapping ¥ from mixture P,
giving our parameter an alternative interpretation as a G-computation formula for the mean of the iid outcomes
generated from the post-intervention distribution under some fixed stochastic intervention g*, i.e., U(Py) = E}_/g*.
This mixture representation then also leads us to conclude that the estimation of W(P,) should only be concerned
with estimation of the relevant factors of the mixture P and we use this fact to provide a self-contained description
of the semi-parametric estimation framework in network-dependent data developed by [van der Laan (2014). As
we will show, this new mixture representation implies that our statistical parameter can be estimated by simply
ignoring dependence among units and treating them as if they are independent and identically distributed (iid),
suggesting that a large class of iid-data estimators is applicable to estimation problems such as the one we describe
in this article. Based on this key insight, the dependent-data TMLE from van der Laan| (2014)) is then presented as
a typical iid-data TMLE. We also apply the new mapping ¥ for performing statistical inference, presenting a new
robust asymptotic variance estimator which improves upon the previously proposed estimator from [van der Laan
(2014) in that it remains conservative even under the outcome model misspecification and no longer requires the
assumption of complete independence among baseline covariates. We then conduct a simulation study to provide a
proof of concept for our framework and to assess the feasibility of unbiased estimation and inference in finite sample

observational network data. We also compare the performance of TMLE to other statistical procedures using a
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newly developed R package tmlenet (Sofrygin and van der Laanl 2015)). Finally, our article generalizes the previ-
ously described dependent-data TMLE framework to allow estimation of novel causal parameters. In particular,
we describe the TMLE for estimating the treatment effect under arbitrary unit-specific stochastic interventions on
N groups of friends, which may be incompatible with the existence of a single multivariate stochastic intervention
on all N units of study, e.g., interventions that characterize the direct treatment effect under interference. We also
extend our framework to allow estimation of parameters defined by interventions that statically or stochastically

modify the initial network structure.

The rest of the article is organized as follows: We start by formally describing the observed network data,
defining the statistical model, and defining the statistical parameter of interest in Section[2} Next, in Section [3| we
describe an alternative representation of our statistical parameter as a mapping from some mixture distribution,
derived as a function of the actual observed data distribution. In Section [d] we describe the iid TMLE algorithm
for estimating the dependent-data sample-average treatment effects under single time-point stochastic intervention
g*. We then proceed by proposing a new estimator of the asymptotic variance for this TMLE in Section |5} Next,
we describe a simulation study that examines the finite sample performance of the proposed TMLE, and that of the
new variance estimator, in Section[6] We then describe in Section [7] how our framework generalizes to estimation of
parameters indexed by arbitrary collections of stochastic interventions or by interventions on the network structure.

We conclude with a discussion of the relative merits and limitations of our proposed approach in Section

1.4 A note on notation

Throughout this article we use the bold font capital letters, such as O, to denote random vectors that include
observations on all N units, and bold font small letters, such as o, to denote their corresponding fixed values.
For example, A will denote the vector of N exposures, i.e., A = (Ay,...,Ax). We will also use the standard
font capital letters with a subscript to denote the unit-specific observations, i.e., A; will denote the exposure for
the unit 4. Finally, we will use the over-bar symbol to denote mixture distributions across all IV units, as well as
their corresponding random variables. For example, Py, will denote the mixture of N unit-specific distributions of
baseline covariates W;, fori =1,..., N, ie., Py = 1/N Zfil P; o, and W will denote a random variable distributed
according to Py. The only exception to this rule will be @, which will denote the conditional expectation of the
unit-specific outcome Y;, as well as the conditional expectation of the mixture-based outcome Y, which happen to

be equal under our statistical model.

2 Statistical model and parameter

Suppose P2 is the true data generating distribution for N observed and connected units, with O = (W, A|Y) ~ PV
denoting the random vector for these N units and O; = (W, A;,Y;), for i« = 1,..., N. The network profile F is
assumed recorded at baseline, i.e., F € W. We also assume all Y; are bounded random variables. Let M denote a
statistical model containing PJ¥. Since O represents a network of dependent units, we observe only a single draw
from PV, and as a result, are unable to estimate PZ¥ from this single observation O. We now proceed by making a
series of statistical assumptions, which will allow us to learn the true distribution of O based on this single draw.
In particular, we introduce these assumptions by making restrictions on the set of possible distributions that belong

M. We will then define our statistical quantity of interest as a mapping ¥ from M into the real line R.

Following [van der Laan| (2014), we make the following set of statistical assumptions for any PV € M:
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A1l. Conditional on F, each W; depends on at most K other observations in W = (W1,...,Wx), ie., if (W; : j €
S;) is the set of all observations dependent with W; then max; |S;| < K and K must not depend on N;

A2. A =(Ay,...,Ay) are independent, conditional on W;
A3. Yy,..., Yy are independent, conditional on (A, W).
These assumptions imply the following likelihood for PY € M:
N N
PN (0) = [[pviiaw(¥i] A,W)] lH pa;w(Ai| W)] pw(W).
i=1 i=1
We also assume conditional independence implied from the known network structure:

A4. Assume that conditional distributions P(Y; | -) only depend on (A;,W; : j € F}), for F} = F; U {i}, and
similarly, P(A; |-) depend on (W; : j € F}).

We now introduce the dimension reducing assumptions for these conditional distributions. Specifically:

B1. Assume that each P(A; |-) is a function of some fixed-dimension summary measure w{((W; : j € F}")), and
each P(Y;|-) is a function of fixed-dimension summary measures a; ((A;, W;) : j € F;") and wi ((W; : j € F})).
We assume wj(-) and af(-) are known functions that map into Euclidean set of constant (in 7) dimension that

does not depend on N, where af map into some common space A°, and w{ map into some common space

We.
Formally, these summary measures for ¢ = 1,..., N are defined as:
We = wi(W)=w;(W; : jeF)eW,
A7 = ai(A,W) =ai((4;,W;) : j € F]) € A%

where above we also introduced the shorthand notation W7 and A?, for wf(W) and ai (A, W), respectively. As an
example of such summary measures, an investigator conducting a social networks study might be willing to assume
that the outcomes Y; depend on (A, W) only through summary measures (a$(A), wf(W)), where af(A) = (4;, A?)

and wi (W) = (W;,W£) and A is some one dimensional summary of exposures of ¢’s friends and Wf is some one

dimensional summary of baseline covariates of i’s friends, where Af is the same function in ¢ and W is also the
same function in ¢. If one is unwilling to make such strong dimensionality reducing assumptions, one could instead
assume aj(A) = (4; : j € Fj") and wj = (W; : j € F}"), without assuming a particular functional form of af and w;.
By filling the empty spots in af(-) and wj(-) with missing values one would assure that all summaries (af(-), ws(-))
are of constant dimension across ¢ and that the information on the number of friends of ¢ is also captured. In
summary, we allow A7 and W/ to be arbitrary functions of the units’ network, as long as their dimension is fixed,
common-in-¢, and doesn’t depend on N. Applying these summary measures to the observed data, we obtain the

following likelihood:

N

[]pA: | Wf)] p(W).

=1

p"(0) =

N
[Ip(vil 4, Wf)]

i=1

We are now ready to make the final set of restrictions on M. Specifically:

C1. Assume that all Y; are sampled from the same distribution Qy with density given by ¢y (Y;|a®, w®), conditional

on fixed values of the summary measures (A7, W?), for i = 1,..., N. Similarly, assume that all A; are sampled

Hosted by The Berkeley Electronic Press



from the same distribution given by density g(A;|w?), conditional on some fixed value of the summary measures
W7=w? fore=1,...,N.

We also assume (without loss of generality) that the densities g and ¢y are well-defined with respect to some
dominating measure. Using the previous example of the summary measures, i.e., W2 = (W;, W, : j € F;) and
A? = (A;, Aj ¢ j € F;), this assumption implies that the units ¢ and j will be subject to the same conditional distribu-
tions for drawing their treatment and outcome, if 7 and j have the same number of friends, same individual covariate
and treatment values, and the same values for the covariates and treatments of their friends. This implies that its
possible to learn the common-in-i densities Qy and g from a single (but growing) draw O from P as N — oo,
resulting in a well-defined statistical estimation problem. We denote the joint density of conditional network expo-
sures A given W by g(A | W), with above assumptions implying the factorization g(A | W) = Hf\il g(A; | W2).
We denote the joint distribution of W by Qw (W), making no additional assumptions of independence between
W = (Wy,...,Wy) and we assume qw is a well-defined density for Qw, with respect to some dominating measure.
This final set of assumptions defines our statistical model M, where M describes the set of all possible distributions
PV for the observed dependent data O.

We now introduce the notation P = Pq @, for Q = (Qw, Qy) and we assume the distributions Qw and Qy are
unspecified beyond the above modeling conditions A1, A3, A4, B1 and C1. We also note that observed exposure
model for G may be a restricted to incorporate the real-world knowledge about the true conditional treatment
assignment, for example, when the common-in-i g(A;|W7) is known, such as in a randomized clinical trial. This
defines the statistical parametrization for the data-generating distribution of O in terms of the distributions Q and
G, and the corresponding statistical model is defined as M = {Pq.¢ : Q € Q,G € G}, where Q and G denote
the parameter spaces for Q and G, respectively. In particular, we denote Qg as Q evaluated at P'. Applying this

newly introduced notation results in the likelihood:

N

[T oA | WE)] aw (W). (1)

i=1

" (0) =

N
[Tav(vil 4 Wf)]

i=1

We define an intervention of interest by replacing the conditional distribution G with a new user-supplied
intervention G* that has a density g* that we assume is well-defined. Namely, G* is a multivariate conditional

*
7

distribution that encodes how each intervened exposure, denoted as A}, is generated conditional on W. We note
that static or dynamic interventions on A correspond with degenerate choices of g* (e.g., [Robins| (1987a; (1997,
1999); |Gill and Robins| (2001); [Yu and van der Laan| (2003)), while non-degenerate choices of g* are often referred
to as stochastic interventions (e.g., Dawid et al.| (2010); Robins and Richardson| (2010); Munoz and van der Laan
(2012); |Zheng and van der Laan (2012); van der Laan| (2014))). We assume that A and A* belong to the same
common space A and we make no further restrictions on G*. We also define A}® := a(A*), where A® denotes
the random variable implied by the summary measure a?(-) mapping from an intervened exposure vector A*, for
it = 1,...,N. Finally, we define the post-intervention distribution Pq g~ by replacing G in Pq ¢ with a new
user-supplied distribution G*. We use O* = (W, Af,Y;*)~, to denote the random variable generated under Pq g+

and its likelihood is given by:

N
Pq.c-(07) = [H v (Vi [ A7, Wi’)} g (A" [ W)aw (W). (2)
i=1

The latter distribution Pq g+ is referred to as the G-computation formula for the post-intervention distribution of
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O under stochastic intervention G* (Robins, [1987b) and it is a parameter of P .

Our target statistical quantity 1o is now defined as a function of this post-intervention distribution (2). Specif-

ically, it is given by:

woz\If(PO) Eq, g [ ZY*

which is an expectation of the sample-average of N outcomes among dependent units ¢ = 1,..., N, where the
expectation is evaluated with respect to the post-intervention distribution Pg g+. We view U(PY) as a mapping
from the statistical model M into R, and we note that v is defined conditionally on the observed network structure,
F and is also indexed by N. We also define Q(A$, W¢) = fy yay (y| AS, W#)du(y) as the conditional mean evaluated
under common-in-i distribution Qy, and Qg as Q evaluated at P2¥. Note that our dimension reduction assumptions
imply that Epy [Y; | A, W] = Qo(A3, W#). We also note that our parameter 1)y only depends on P2V through Qo
and Qw o, and with a slight abuse of notation we will interchangeably use W(P4") and ¥(Qo, Qw o). Thus, the

parameter 1) is indexed by N, F and G* and can be written as:

Z (a, w), wj(w))g"(a| w)aw o(w)du(a, w),
with respect to some dominating measure p(a, w).

One might also be interested in a target quantity defined as a contrast of two stochastic interventions. For
example, one may define WG1 (P{) and (ASH (PY) as the above target parameter evaluated under stochastic inter-
ventions G} and Gj, respectively, then defining the target quantity as WG1:G2(PY) = US1(PY) — UGz (PY). The
average treatment effect over N connected units is then a special case of WG1:G2(PYN) for interventions G, G}
defined as g} (1" |w) = 1 and g5 (0" | w) = 1, for any w € W. We will focus on the estimation of the statistical
parameter ¢y defined for one particular G*, noting that all of our results naturally generalize to contrasts or any
other quantities that can be expressed as Euclidean-valued functions of a collection {¥S™ (PY) : G* € G*}, for a

finite set of stochastic interventions G*.

We note that by making additional untestable assumptions, one can interpret ¢y as a causal quantity that
measures the sample-average of the expected counterfactual outcomes in a network of N connected units under
intervention G*, as was previously shown in van der Laan| (2014)). However, these additional causal assumptions
put no further restrictions on the above described probability distribution P2V, so that our statistical model M
remains the same. Since M contains the true data distribution P{, it follows that 1y will always have a pure
statistical interpretation as the feature W(PZ2Y) of the data distribution PY¥. For the estimation problem at hand,
the causal model plays no further role: even when one does not believe any of the untestable causal assumptions,
one might still argue that the statistical parameter 1y represents an effect measure of interest controlling for all
measured confounders. Finally, we note that the assumption A1 can be dropped entirely, by defining the target

parameter vy conditionally on the observed baseline covariates W, as shown in [van der Laan| (2014).
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3 Target parameter as a mapping applied to a mixture model

The above defined target parameter W(PZ{Y) can be represented as an alternative (and equal) mapping ¥ (P,),
where Py is defined as a mixture of N unit-specific components of the joint data-generating distribution PZ¥. This
leads us to another way of thinking about the estimation of our target parameter, suggesting that the problem of
estimating v should only be concerned with estimating the relevant components of the mixture Py. We first apply
the summary measures W7 = wi (W) and A = a3 (A, W) to the observed data O, mapping it into a dataset of N
dependent summary observations, denoted O® = (O3, ..., 0%) and referred to as the “summary data”. We assume
each O = (W7, A3,Y;) is distributed according to P, where P, is implied by the joint distribution Pg’ of O
and the i-specific summary measures (w;(-),a;(-)). We assume that each P}, has a well-defined density p;, with
respect to some dominating measure. As before, the set of all possible distributions of O is given by the statistical
model M = {Pqc : Q € Q,G € G}, and for a given PN € M, we first define its implied mixture P and its
relevant factors, and we then describe the new mapping ¥(P) in Theorem Our next goal is to present the
efficient influence curve (EIC) for this mapping ¥ (FP,), which we do in two steps in Theorems and

3.1 Mapping 1y = (Pg) for the mixture distribution B,.

Let O¢ be the sigma-algebra for the union of the unit-specific supports of Of, for i =1,...,N. For a set A € O,
define the mixture distribution P(A) as a finite mixture of N unit-specific summary distributions P with constant
weight 1/N, i.e., P :=1/N Zf\il P#. Let O° denote the random variable drawn from such P and we assume that
P has a well-defined density p := 1/N Y p¢. Note that p can be factorized as follows:

and we now describe in detail the above factors of p.

First, let Qw,s denote the marginal distribution of the i-specific baseline summary measure W7, with density

qws(W}) defined as the marginal of the joint density pg(Y;, A7, W?). The distribution Qw can then be defined as

a finite mixture of these i-specific marginal distributions Qw:, and the density of Qw can be defined as follows:

L
aw Nz_:

We let W* denote a random variable drawn from the mixture distribution Qy, noting that W?* belongs to the
same common space W* as all wf(W), for ¢ = 1,..., N. Similarly, we let H; denote the i-specific joint distribution
of the summaries (A$, W?), with its density h;(A$, W7) implied by pi(Y;, A7, W#). We also let H denote the
joint distribution of the summaries (AF*, W?), where AF*® is determined by the user-supplied stochastic intervention
Gy jw and the i-specific summary measure a7, and we denote the density of Hy as hj. We also assume that these
i-specific densities h;(a®, w®) and hj(a®,w®) are well-defined with respect to some common dominating measure
Haw- We now define the mixture distribution H as a finite mixture of i-specific H;, with its corresponding mixture
density defined as h(a®,w®) := 1/N vazl hi(a®,w*), and we let (A%, W*) denote the random variables drawn jointly
from H. Next, we define an analogous mixture distribution H* as a finite mixture of i-specific distributions H}, with
its mixture density given by h*(a®, w®) := 1/N Zfil hi(a®,w*), and we let (A*$,W?*) denote the random variables
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drawn jointly from H*. Finally, we note that these mixture densities h and h* can be factorized as follows:

h(a®, w®) = g(a®[w®)qw (w®),
h*(a*,w) = §*(a®|[w*)gw (w*),
where g is a factor in the above factorization of the likelihood of O%, namely, g is the density for the conditional
distribution of A® given W?*, denoted as G; g* is the density for the conditional distribution of A** given W*,
denoted as G*; and Gy is the previously defined marginal density for the mixture Qy . In a similar manner one
can define the conditional distribution of Y given (A*, W*), denoted as Qy, with its density denoted as gy, which
completes the description of the three factors of p(O®). We also define a statistical model M as the space of all
possible distributions {Qy, G, Qw} and we note that each P € M is implied by some PY € M. We also note that
when (W, A) are discrete, one can obtain the following intuitive analytic expressions for the above defined densities

qwy, hi and hj:

qws () = / T(wg(w) = w*)aw (w)dpus (W),

hala®,w%) = | Iaf(a,w) = a*,w () = wg(alw)aw (w)dpou o, )

)

hi(a®,w®) = / I(aj(a,w) = a®,wi(w) = w®)g" (a|w)qw (W)dew(a, W),

where 1, and g, ., are some dominating measures. The new mapping ¥y = ¥(P,) for our target parameter is now

presented in the following theorem.

Theorem 3.1. Let PY € M and let P? denote the i-specific summary data distribution of Of = (W$, AS)Y;). Let
P € M be the above defined finite mizture of these N unit-specific distributions P? and M is the above defined

K3

mizture model. Let O° = (W?*,A%,Y) ~ P denote one sample drawn from P. The likelihood of O° is given by:
P(O°) = gy (Y | A*, W?*)g(A® | W*)qw (W?),

where g and Gy are the previously defined factors of p; qy is the density of Qy € M previously defined in Section
@ i.e., gy is the common-in-i conditional density of Y; given (A3, W?). Due to the modeling assumptions on M,
qy is also the conditional density of Y given (A%, W*). It follows that W(PY) = W(P), where the new mapping
U (P) is given by:

\II(Q? QW?g*) = EQW [Eﬁ* [Q(A*&7 WS) | Wé]]

/ Q(a®, w*)g" (a® | w®)dQw (w*)
wSEWS,GSGAS

1 o
= 2 Faw [Eor [QUA™,W7) | W]
2
= ﬁZ/s Q@ w)g” (@ | w])dQu (),

and we let Q(a®,w®) := Eq, [Y | A® = a*, W?® = w®]. With the slight abuse of notation we interchangeably write
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U(Q, Qw,g*) and V(P), to emphasize the fact that ¥ depends on P only through Q, Qw and g*.

Proof. First, we show that that gy is indeed the conditional density of Y, given (A*, W#) under P. To see this,

note:

B 1
p(wsvas7ys) = N pr(ws?asay)
i

1
= N pr(mws’as)hi(wsa a®)

1
= qY(ylws7a8)N Zhi(wsa a/s)a

where by the assumptions in Sectionwe note that the distribution P(Y;|W7, A?) is given by a common distribution
Qy with density gy, from which the above result follows as claimed. The equivalence ¥(P") = W(P) then follows
directly by applying the definitions of g*, Qw and Q. O

The above theorem implies that the estimator of ¥y can be obtained from the estimators of Qp and Q0.
It also gives us an alternative interpretation for our target parameter 1. Namely, the mapping ¥(P,) happens
to be equal to the parameter given by the G-computation formula for the mean outcome EYES’ under stochastic
intervention g5 and the observed data (W3, A%Y) ~ Py. That is, we take the above defined conditional den-
sity g5 := h*(G*, Qw.0)/qw (Qw o) as if this was a known user-supplied stochastic intervention on A® given W,
treating g; as fixed we then evaluate EYj: by first replacing go(A*|W*) factor of p(O*) with g, then taking the
expectation of Y under such modified post-intervention distribution P*. We also recognize that gi will be generally
unknown, since it depends on the true distribution of the data via Qw . Nonetheless, expressing the dependent-data
parameter as some function of the mixture Py implies that the estimation of this parameter can be accomplished
by simply treating the observed dependent units as if they are independent and identically distributed (iid) (see
Lemma from Section [4] for a specific case of estimating gy component of mixture p). Hence, whenever we are
concerned with estimating any parameter of Py, such as vy given above, we can ignore the dependence among units
07,1 =1,...,N, immediately providing us with an iid-analogue estimator for 1o, and in our case we will undertake
the iid targeted maximum likelihood estimation (TMLE) approach, as described in Section 4l Among a class of
iid-analogue estimators for 1y, we can choose an estimator which would be efficient for iid data, and in our case,
we will show that such an analogous efficient iid TMLE will also be semi-parametrically efficient in our dependent

data model.

3.2 The efficient influence curve

The efficient influence curve (EIC), frequently referred to as the efficient score or canonical gradient, is a key
ingredient in semi-parametric efficient estimation, because it defines the linear approximation of any efficient and
regular asymptotically linear estimator, and therefore provides an asymptotic bound for the variance of all regular
asymptotically linear estimators (Bickel, [1993). Furthermore, as discussed in Section 5 of van der Laan| (2014)), even
for dependent data problems such as ours, the EIC still characterizes the limiting normal distribution of the MLE,
thus establishing that if we want to construct an estimator that is asymptotically equivalent to the MLE, we need
to study the EIC of our target parameter. Due to local asymptotic normality of the log-likelihood, as was argued in
van der Vaart| (1998), the normal limiting distribution implied by the MLE is still the optimal limit distribution in

the convolution theorem for efficient estimators. Our first result provides the EIC DY for a data-adaptive parameter
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~N(Qo, Qw.o) == ¥(Qo, Qw.o, %) indexed by fixed g* = gk, where g} is an estimator of the true density gi. We
will refer to DV as the iid-EIC, since it is a direct analogue of the iid-data EIC for the parameter EYE,*. We then
present the EIC D for our actual parameter of interest ¥(Q, Qmo, J¢), defined with respect to the true density gg.
The self-contained derivations for the iid-EIC DY and the EIC D are provided in Appendices |B| and [C| We note
that the derivation of the EIC DY for fixed g* relies solely on the above representation of ¢y as a mapping ¥(Fp)
for the mixture distribution Py and the key Lemma 1 in technical report van der Laan! (2012), which we also restate
in the Appendix

EIC for data-adaptive parameter indexed by fixed stochastic intervention g3,

We now replace g; by a fixed density g*, set equal to some data-dependent estimator g3 of g5, which is then treated
as fixed. This allows us to define the data-adaptive target parameter ¥y (Qo, QW@)7 indexed by such fixed g*, as
Eguwo [Ege—gz [Qo(A*, W*) | W*]]. From iid results for parameters defined under fixed stochastic interventions,
such as those described in Munoz and van der Laan| (2012)), it immediately follows that the efficient influence curve
for parameter W (Py) at Py € M and O°* ~ P, is given by:

D'P(By)(0%) = (AS | W) [Y = Qo(A°, W*)] + [Eg-=g3, [Qo(A°, W?) | W*] — ¥ n(Qo, Qwio)] -

UO:\‘Q|

In other words, we have obtained an efficient influence curve for the mean outcome of Y under stochastic intervention
g*, for one observation O° ~ Py. We will thus refer to D/IP(F))(0?®) as the iid-EIC, due to just described iid-
data interpretation of parameter Wy (P). However, we don’t get to observe O°, instead, our observed data is
0° = (01,...,0%), where O; ~ P;,. Nonetheless, it follows that the EIC for the actual data-adaptive parameter
Uy (Py) at P € M and the observed data model O% ~ P§ is given by the sum of these iid-EICs, evaluated at i-
specific observations Of and scaled by 1/N, i.e, the EIC for parameter ¥y (P,) is given by 1/N Zi\il DD (Py)(03)
and we also present this EIC in the following theorem.

Theorem 3.2. Suppose our parameter of interest is defined by the mapping ¥ (P), where P € M and g* is fized.
The efficient influence curve D™ (PN)(O?®) for Wy (P), evaluated at PN € M and one observation O° (consisting
of N dependent units) is given by

DYPYYO) = 3 ([ 5481 7) (- @tk )| + [ 0045 1) | 7]~ (@, Q)] )
=}VZN;( (@.9)(0) + D (Q.Qu) (W)
where
D (Q, Qw)(W7) = Eg-[QUAL, WE) | W3] — ¥x(Q. Qw)
- [ @ W) - fvi Qg @ ) Qws (w)
Proof. See Appendix [B} 0
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EIC for parameter under true §*(g*, Qw)-

We now consider our actual target parameter W(P) := ¥(Qo, Qw.0,7;), obtained by replacing fixed g* := gk
in Un(Qo,Qw,o) with true density g5 := h(G*, Qw.,0)/dw(Qw,o). As a result, the EIC for the parameter
U (Qo, Qw.0, g) will contain an additional contributing term D9 (PN)(W) due to ¥ (Qo, Qw.0)— Y (Qo, Qw.o,35)-
This additional contribution is derived in Appendix [C| and the final EIC for our actual parameter ¥(P) is given
by D(PY)(0) = DV (P{)(0°) + D9 (PY)(W) and is provided in Theorem below. We note that the resulting
EIC provided here is to same estimating function proposed in Section 11 of technical report van der Laan| (2012])

for estimation of ¢y in a model that does not assume independence of W = (Wy,..., Wy).

Theorem 3.3. Suppose our parameter is given by the mapping ¥(P) defined in Sectzon- The efficient influence
curve for W(P) is given by:

S ([ car 1wy 02 s wen] + [ e worgrwins) - wi@.aw))

. i [ awwigw) - [ aw wgaiv).

where

g7 (W) = / I(a$(a, W) = a*)g" (a| W) djua (2).

N
WQ.Qow) =5 > [ Qg @) Qw: (),

s
as,ws

and D(PYN) above can be further simplified as:
D(PY NZ ([ a1 w) (- Quat )| + | [ Qe wegr W) - w(Q.aw)| )
i 9)(03) + Dy (Q. Qw) (W)

Proof. See Appendix [C] O

Suppose that g*/g is uniformly bounded on a set that contains (W7, A7) with probability 1, for all 4. Using
similar analysis to the one conducted in fvan der Laan| (2014), we can show that D above is a doubly robust

estimating function for parameter 19 = ¥(P,), in the sense that,

PyD(Q, go,v0) = PoD(Qo, g, %0) = PoD(Qo, Go,%0) = 0

where Pyf = [ f(0)dPY¥ (o) denotes the expectation of f under distribution P, and Q = (Q, Qw ). This implies
that any estimator that solves this equation is going to be consistent if: (1) Q. n is consistent for Qo and (2) at

least one of the two estimators Q or gy is consistent for Qg or go.
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4 The Targeted Maximum Likelihood Estimation (TMLE)

We had found a new representation for our target parameter ¥(PY) = ¥(Qo,Qw,0), which shows that our pa-
rameter 1)y depends on P} only as a function of its mixture, Py, and in particular, its a function of Qy and Qyy .
Demonstrating that our parameter can be written as a mapping ¥(Q,Qw) is hence the first step in estimation
of 1. It implies that the estimation of ¢y should now only be concerned with estimating the relevant factors of
Py and we proceed by following the usual Targeted Maximum Likelihood Estimation (TMLE) template. For the
description of the TMLE framework in iid data with static interventions, we refer to van der Laan and Rubin| (2006]);
Gruber and van der Laan| (2009); van der Laan and Rose| (2011)), and for the TMLE in iid data with stochastic

intervention, we refer to [Munoz and van der Laan| (2012).

We note that our TMLE for estimating 1y will be described in terms of the iid estimators of the relevant
factors of Py, namely, the estimators Qn, gn, gi and Qw.n of Qo, Jo, gg and Qw.o, respectively. Our next step
is then to create a targeted estimator Q% of Qo by updating the initial estimator Qx, defining the TMLE % as
the corresponding plug-in estimator for the mixture mapping \I/(Q*N, Qw,N). We define the targeted update Q*j\,
based on the loss function for Qo and the least favorable fluctuation submodel through Qg in terms of go and g;.
The model update Q% is defined in a way so that its score generates the efficient influence curve D presented in
Theorem 3.3 That is, the targeted estimator Q% updates Qx by: (1) using the estimated weights g% /gn, (2)
using a parametric submodel {Qn (¢, g4 /gn)} through the initial estimator Qn = Qn (0, g% /gn) at € = 0, where
{Qn(e,7%/gn)} is referred to as the least-favorable submodel, (3) fitting e with the standard parametric MLE,
with eV denoting this fit, and finally, (4) defining the targeted (updated) estimator as Q% := Qn(¢V, g% /gn). The
TMLE 1% of v is then defined as the corresponding substitution estimator v} = ¥(Q%, QW7 ~)- We also note that
this TMLE is actually the usual iid TMLE algorithm for estimating the quantity EYj+ under fixed (data-adaptive)
g%, treating observations O7, for i = 1,..., N as if they are iid. Finally, we note that the TMLE we present here is
a semi-parametrically efficient estimator for v, since its algebraically equivalent to the TMLE presented in [van der]
Laan| (2014), as we discuss in more detail in Appendix [E| Thus, the TMLE 17}, solves the empirical score equation
given by the efficient influence curve D from Theorem implying that 1}, also inherits the double robustness

property of this efficient influence curve.

4.1 The estimator Qw y for Qo

We define an estimator Qw, x of Qw,o by first defining the empirical counterpart Qw n of Qw o that puts mass one
on the observed W = (Wy,..., Wy), which then implies that the empirical distribution Qw; n of Qw: o will put
mass one on its corresponding observed W7 = wf(W), for ¢ = 1,..., N. Hence, for each w® € W?*, the empirical

counterpart Qw,n (w?®) of Qw,o(w?®) may be defined as follows:
_ 1
Qw.n(w’) =+ D I(WF = w?).
i=1

4.2 The initial (non-targeted) estimator Qy of Q

We assumed there is a common model Q) across all i and Y; are conditionally independent given (A$, W), for all
i. Consequently, the estimation of a common Qu can proceed by using the pooled summary data (WE, ALY,
i=1,...,N, as if the sample is iid across ¢ and one can rely on the usual parametric MLE or loss-based cross-

validation for estimating @, as described in van der Laan| (2014). Given that Y; can be continuous or discrete for
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some known range Y; € [a,b], for i = 1,..., N, the estimation of Qy can be based on the following log-likelihood

loss,

L7 A% W) = Zlog{Q (45, W)Y (1= QUAL, W2)) 1}

or the squared error loss
N
o s 2 s V)2
LQ)(0°) = = (Vi — Q(4A;, W7))
i=1

Thus, fitting Qn for common Qo = E[Y; | Af, W] amounts to using the summary data structure (W3, A$,Y;), for
i=1,...,N. In other words, we use the entire sample of N observations for predicting Y;. For example, for binary
Y;, Qn can be estimated by fitting a single logistic regression model to all N observations, with Y; as the outcome,
(W2, Af) as predictors, and possibly adding the number of friends, |F;|, as an additional covariate. After fitting
Qn, one generates a vector of unit-specific prediction values, (Qx(A$, W#))Y,, which are then used to build an

K2

updated version Q*N of Qn.

4.3 Estimating g; and g

We now describe a direct approach to estimation of gy that relies on Lemma [I.I] below. This lemma states that
a consistent estimator gy of gy can be obtained by taking a pooled sample (A$, W), for i = 1,..., N, and using
the usual iid maximum likelihood-based estimation, as if we were fitting a common-in-i conditional density for A7
given W7 and treating (A, W7) as independent observations. For example, if each component of Af is binary,
and |A?| = k for all ¢, the conditional distribution for gy could be factorized in terms of the product of k binary
conditional distributions. Each of these binary conditional distributions can be estimated with the usual logistic
regression methods. We also refer to Section [f] for a running example that describes in detail this direct estimation
approach. Suppose now that gy is known, as will be the case in a randomized clinical trial (RCT). We note that
this aforementioned approach to estimating gy can be easily adopted to incorporate the knowledge of true go. That
is, one could proceed by first simulating a very large number of observations (A, W;)jl‘il from (go, Qw,n), with
Qw,~ that puts mass one on the observed W, and then fitting the maximum likelihood-based estimator for gg, as
if we were fitting a common model for A given W/, based on this very large sample that is treated as iid.

As discussed in the previous section, g := h*(G*, Qw 0)/dw (Qw o) will generally be unknown and hence will
also need to be estimated from the data, in particular, since g5 depends on the true distribution of the data via
Qw 0. Therefore, we propose estimating g; by using the same method as for for estimating gy in case when gg
is known. Namely, we propose replacing known gy with known g* and then simulating a very large number of
observations (A*s Ws) , from (g%, Qw, n), then using the same maximum likelihood-based approach to obtain
an estimator gy of gg, treatlng this simulated sample as if iid. Finally, even when gy is unknown, such as in an
observational study on N connected units, one could obtain a better estimator of gy by utilizing the conditional
independence assumptions for observed exposures A;, given W#, for i = 1,..., N. Similar to estimation of Q, this
allows us to use loss-based cross-validation and machine learning methods to obtain a good approximation gy (a|w®)
for common-in-i density go(a|w®), resulting in an estimator gy of the joint density go. We can now repeat the
above described procedure for estimating gy when g is known, except using such data-adaptively estimated gy
instead of gp. In this manner, one can obtain sufficient approximations to true go and gg, by fully utilizing the
actual model knowledge for gy and the actual knowledge of g*. Finally, we use these fits to evaluate g3 /gn at each
observed (A3, W), yielding N predictions (g (AS | W7)/gn(AS | W?)), for i =1,..., N, which will then be used as
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unit-level weights during the TMLE modeling update of the estimator Q.

Lemma 4.1. (Lemma 2 injvan der Laan (2014))). Let the density go be defined as go(a®|w®) := ho(a*,w®)/qw.o(w®),

where qw.o and ho are as previously defined in Section[3.1] Let H9 be a set of functions that contain true gy, then

B 1 _ s s
Jo = arggrrelgl)ng({V {NZIOgQ(Ai |Wz)}

A consistent estimator gn for go can be obtained by plugging in the empirical counterpart of P above, resulting in

an estimator:
1 N
— _ — s S
gy = arg max {N §110g9(AZ- | W )}.
i=

That is, gn is the mazimum likelihood estimator of o that uses the pooled sample (A, W£), fori =1,...,N,

treating the dependent N units as iid.

Proof. See Appendix [A] O

4.4 The TMLE algorithm v} for N connected units

Having defined the estimators Qn, gn, gi and Qw .y, the TMLE 1% is obtained by first constructing the model
update Q*N for Qn, as described in step 1. below, and then evaluating ¥y as a substitution estimator for the
mapping W, as described in step 2. below.

1. Define the following parametric submodel for Qy: LogitQx(e) e + LogitQy and define the following

weighted log-likelihood loss function:

N =%
L¥(@n(e)(0%) = — Zlog {Qn (A7, W) (1 - Qn(e) (47, W)} %(Af | W)

The model update Q% is defined as Qn(eV) = Expit (LogitQN + sN), where ¢V minimizes the above loss,
ie., eV = argmin. L*(Qx(¢))(0*). That is, one can fit ¢ by simply running the intercept-only weighted
logistic regression using the pooled sample of N observations (W7, A?,Y;), for i = 1,..., N, with outcome Y7,
intercept ¢, using offsets LogitQ (A3, W), predicted weights g (A3 |W?)/gn (A3 |W¢) and no covariates. The
fitted intercept is the maximum likelihood fit ¢V for ¢, yielding the model update Q% ,which can be evaluated
for any fixed (a®,w®), by first computing the initial model prediction @y (a®,w®) and then evaluating the
update Qn (eV).

2. The TMLE ¢}, = \TIN(Q?V, QW’N) of 1g is defined as the following substitution estimator:

N
’l/)N: NZ/ QN(CL ’Wi )gN,NpMLE(CL |W1 )d'u(a )7
i=17a’

where gy yparrp 18 @ NPMLE substitution estimator for gg := h*(G*, Qw.0)/qw (Qw ), obtained by plug-
ging in the user-defined G* and the empirical counterpart Qw,n for Qw o which puts mass one on observed
W = (Wi,...,Wnx). Hence, the estimator gy ypyrp is defined as follows:

1 N hz G*v S’ ’
gnnpure(a’lw®) = / %:;Né QV?/WNA(II)U(SC; . ),
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for each (a®,w®) € (A*, W?). The above TMLE 1}, might require evaluation of gy ypaspp for every possible
a®(a, W) in the support of A*, and hence could be computationally challenging to implement in practice,
especially for non-degenerate g* and multivariate (af : i = 1,..., N). However, we also note that the above

?

TMLE #}, takes on the following algebraically equivalent form:

RREAR
=y 2 [ Qe W) wr (W) (a | Wyduta).

which does not require computing gy yprp- For non-degenerate g*, the latter expression for ¢% can

be closely approximated by sampling from g* and performing Monte Carlo integration. That is, we pro-

pose evaluating ¢} by iterating the following procedure j = 1,..., M times: (1) Sample N observations
= (A5 1,..., A} y) from g*(a|W), conditionally on observed W = (Wi,...,Wy); (2) Apply the sum-
mary measure mappings, constructing the following summary dataset (A;‘SZ, W#), fori =1,..., N, where each

A35 = ai (A}, W); and (3) Evaluate the Monte Carlo approximation to ¥} for iteration j as:
X
= D QN (AT ).
i=1

The Monte Carlo estimate 1%, of 1% is then obtained by averaging Y yacross j =1,..., M, where M is chosen
large enough to guarantee a small approximation error to ¢} . Finally, we note that one could substantially
reduce the computation time of this algorithm by simply re-using the summary datasets (Aﬁ, W?) that were
already constructed while performing direct estimation of gg from Section [.3]

5 Asymptotic normality and inference for the TMLE

Having defined the TMLE % = ¥(Q%, Qw.n) for our parameter ¥(Qo, Qw.o), our goal now is to conduct infer-
ence. However, we start with an asymptotic analysis of the process (¥ — ¥ (Qo, Qw,0)), where ¥ (Qo, Qw.o) is
a data-adaptive target parameter indexed by fixed g3,. We then show that our results can be easily extended to
allow inference for our original parameter of interest ¥(Q, QW,O) defined with respect to true gg.

As described in Appendix@ TMLE ¥ (Q%, Qw.n) is constructed to solve the following empirical score equation:

¥ 20" @3 Quir 3w 01 =0

L'MZ

where DV (Q, g) is the EIC for the data-adaptive parameter ¥y (Q) := EYg*:g;\r (Theorem . Using the identity
for DV(Q, g) shown in Appendix@ we have that:

TN (Q) — Un(Qo) = —PoDN(Q,3) + R2(Q. Q0. 3, 90)-

where we use the notation Q = (Q, Qw ) and Ry is second order term provided in Appendix @ Since Py is defined
as a mixture 1/N ). Py ;, and combined with the fact that our TMLE solves the above efficient score equation, we

obtain:
Un(QN) = ¥n(Qo) = ~ Z [DY(QN,gn)(0F) — Poi DY (QN,gn)] + Ron.
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By having fast enough rates for gy and Q%, one can show that Ry y = op(N -1/ 2) and by the empirical process
and asymptotic equicontinuity analysis conducted in [van der Laan| (2014]), using the same conditions as in Theorem
2 of fvan der Laan| (2014)), it follows that this empirical process applied to estimated DV is up to op(N~1/2) equal

to the empirical process for the fixed limit, where we use D{'(O3) to denote this limit and we have:

T * NT 1 M s D —
YN (QN) — ¥n(Qo) = NZ [Dg'(05) = PoiDg'] + op(N71/2),
i
Finally, using the analogue analysis to the one conducted in van der Laan| (2014), we can show that the above
process converges to a normal limiting distribution at v/N rate, with its asymptotic variance given by the following
limit: )
2 I T .. i s\ N s
00,5 = A}E)HOCN ZR(%J)E[DO (07)Dy (Oj)L
i,
for (i,j) € {1,...,N}? and R(i,j) = 1 when F; N F; # 0, and R(i,j) = 0 otherwise, and we always have that
R(i,i) =1, for all i = 1,..., N. We also refer to Theorem 2 in [van der Laan| (2014) for the full list of assumptions
required for asymptotic normality of v N (U x(Q%) — ¥n(Qo)).

The above result provides us with inference for the parameter ¥ (Qp) (i.e., the data-adaptive parameter indexed
by gx)- We now perform the derivation which will also allow us to conduct inference for the parameter T(Qo)
defined with respect to true g;. Specifically, by applying the same arguments as above, we can perform the following

asymptotic expansion:

L

— \IJN(Q()) + \PN(QO) - lI](QO)
> [D5(05) = PoiDy] + %Z [D3(08) = PoaDf | +op(N7V2)

2= =2l

Z [Di,O - PO,iDi,O} + Op(N_l/z)7

where the contribution Dg =1/N}, D above was defined in the EIC in Theorem We also note that the
above expansion must hold for our TMLE \II(Q};,, QW, N ), since is solves the score equation given by:

’L

N
1 _ooe o
N ZDig (QNafﬁVPMLE,N)(W) =0.
i=1
By using the same set of arguments as before, we can now conclude that the above process will converge to a normal

limiting distribution, i.e.,:

VN (U (Q%) = ¥(Qo)) =a N(0,07),

with o2 given by the following limit:

= lim —ZR i,j)E[Do(O;7)Do(03)],

N—oco N

which includes additional terms DZB and we assume R(i,j) = 1 when F; N F; # (), and R(4,j) = 0 otherwise,
and we always have that R(i,i) = 1, for all i = 1,...,N. We also note that this TMLE Wy (Q%) will achieve
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the semi-parametric efficiency bound if both Qx and gy are consistent for Qg and gg, under regularity conditions

stated in [van der Laan| (2014), meaning that such an estimator is locally efficient at PZ".

Having a consistent estimator of o would yield asymptotically valid confidence intervals for 1y. A reasonable
approach to estimating o2 is to plug in the estimates Qn = (Qn, Qw.n), In, §i and ¥(Q% ), obtaining the plug-in
estimator Dy for Dy, and then evaluate the above expectations E[Dy(O;)Dy(03)] with respect to their empirical

counterparts, resulting in an estimator o3, of 2. We thus arrive at the following estimator of o3:

1 _ _
,J
where
=%(Af | W) [Vi — Qn(AS W) + [9(Qn. Qw,n) — I (QN)] 5
for
Vi(Qu Q) = [ Quvla(a W), wf (W))g" (a| W)
and

(@) = O [ Qvlaia W), wi(W))g'(a| W)

Given an estimator o%, one can construct a 95% confidence interval (CI) ¢} + 1.960y/ VN, which, under the
assumption of consistency of o3, for o2, will have correct asymptotic coverage. We note that the this estimator
does not require assuming that Wi,..., Wy are independent, beyond the modeling assumptions on Qw,o € M
from Section 2] Furthermore, we know from the results in iid data that the such EIC-based confidence intervals
will generally provide correct coverage when Qx and gy are correctly specified, and will be conservative if only
gn is specified correctly. Thus, we would expect our estimator 0% to be also conservative when the model for Qo
is misspecified, analogous to the result from the iid data, and we also test the validity of this conjecture with a

simulation study.

6 Simulation study

We performed a network simulation study evaluating the finite sample bias and variance of the TMLE presented
in Section We also evaluated the finite sample coverage of the confidence intervals described in Section
In addition to TMLE, we also used the Inverse Probability Weighted (IPTW) estimator and the G-computation
substitution estimator, where both of these estimators are defined below. All estimation was performed in R
language (R Core Team! [2015) using a stand-alone package tmlenet (Sofrygin and van der Laan, 2015). The results
are reported for networks consisting of N = 500 and N = 1,000 observations. The estimation was repeated by
sampling 10, 000 datasets. Due to computing time limitations, each unit in the network was allowed to be connected
to at most two other units (at most two friends in Fj;, for each ¢ = 1,..., N). However, we note that since the
same estimand would generally be obtained only once when using the actual observed data, one should be able to
employ the tmlenet R package for estimation in more realistic network datasets where observed units may have

much higher degrees of connectivity. The data generating distribution used in these simulations is described in
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more detail in Appendix Briefly, we first sampled N iid baseline covariates, W = (W1, ..., Wy). For each unit i,
we then generated F; by first sampling its size, |F;|, uniformly from {0, 1,2}, followed by uniform sampling without
replacement of F; from the population of N — 1 units (all units, except 7). The network-induced dependence among
units was then simulated in the following manner. Each treatment A; was sampled as a Bernoulli random variable,
with its probability of success depending on the baseline covariate values of units in F;U{i}. Similarly, each outcome
Y; was sampled as a Bernoulli random variable, with its probability of success depending on the baseline covariate
values and treatments of units in F; U {i}. The probability of success for each A; was defined as a logit-linear

function of the 2-dimensional summary (W;, >, W; 1 j € ), given as:

P()(AZ =1 ‘ Wls) = expit(ao + a1Wi + a9 Z W])

JEF;

Similarly, the probability of success for each Y; was defined as a logit-linear function of the 4-dimensional summary
(Wi, 22 Wy, Aiy 325 Ayt j € Fr), given as:

Qo(A;, W) = expit(Bo + Brds + B D Aj+ BiWi+ By Y W),

JEF; JEF;

In contrast, the estimation of the common-in-i Q¢ and the mixture density gy was based on non-parametrically
defined summary measures, i.e., we let W7 = (|F;|,W;,W; : j € F;) and A} = (A;, A, : j € F;), such that, for all 4,
|[W?| = 4 and |A7| = 3. Whenever unit ¢ had fewer than 2 friends (|F;| < 2), the remainders of W} and A were filled
with zeros to ensure the same summary measure dimensionality across i. The common-in-i model Qy for Qo was
then estimated by fitting a logistic regression model to a pooled sample of N units, using covariates (A$, W?). The
estimation of the conditional mixture density go(a® | w®) proceeded as follows. First, for any (a®, w®) € (A x W*),
such that a® € {0,1}3 and a* = (a*(1),a*(2),a*(3)), we factorized P(A® = a® | W* = w®) as:

PA*=a* |WP=w®) = P

[l
b
»
—
[\)
—
|
IS}
»
—
[\)
—
b
»
—
w
=
I

a*(3) [ =)

) )
= P(A°(1) =a*(1) | W* =w)
xP(A%(2) = a®(2) | A°(1) = a® (1), W* = w®)
x P(A%(3) = a®(3) | A*(1) = a®(1), A%(2) = a*(2), W* = w®)

We then fit three separate logistic regression models, each estimating one of the factors in the above factoriza-
tion, as if we were fitting common-in-i models using an iid sample of N observations (A, W7). That is, the first
factor P(A%(1) = 1|W?*) was fit as if we were estimating a common-in-i model P(A$(1) = 1|W?#) for N iid ob-
servations (A;, W7)N, (note that A$(1) = A;). Similarly, the second factor was fit as if we were estimating a
common-in-i model for P(A?(2) = 1|4;, W?), and so on. The resulting three fits were then combined in order
to obtain the estimate gy (a®|w?®) of go(a®|w®). We estimated gj in a similar way, except that we first sampled a
large dataset of observations (A}, W;) from g* and Qw n, for i = 1,...,mN, then constructed the summary data
Wi =Wy, W; : jeF), A = (4}, 45 : j € F;), and finally estimated gy by factorizing P(A* = a® | W* = w*®)

into three factors and fitting three logistic regressions to a pooled sample (A}, W;) of mN observations.

The stochastic intervention g*(A|[W) was defined as a common-in-i intervention g on each A;, which assigned
A; = 1 with some constant probability p, i.e., P(A} = 1) = p. Our target parameter was then defined as the sample-
average of N outcomes under gy, where we use ¢(g;) to denote the parameter’s true value. In our simulations we

then estimated a discrete dose response curve {¢)y(g,)} for p € [0,0.1,...,0.9,1]. We also truncated the observation-
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specific weights g% (a® | w®)/gn(a® | w®) when their values exceeded 10°. Finally, the confidence intervals for the
TMLE were constructed based on variance estimator 0%, from Section Lastly, we compared 0%, with an alternative
asymptotic variance estimator 53, presented in [van der Laan| (2014), which requires the consistency of Qx and gy

and is given by:

2

N
Z fW,ilfW,iQI(Fh ﬁFiz # @),

11 22:1

5% = lZgN (A5, W)(Y; — Qu (A3, W)

for

wi = [ Qtat@.ut g - [ | [ Qvtatta).ut )t elo)| Ques(w)

6.1 IPTW (Horvitz-Thompson) estimator

The IPTW estimator is based on the TMLE weights go/gg from Section and is defined as the weighted average
of the observed outcomes Y;, weighted by g /gn:

N
"/JIPTWN—N; [gN AQ|W)}

where gy is an estimator of the conditional mixture go(Go, Qw ) defined in Section and g} is an estimator of
36(G*, Qw ), also defined in Section The estimators gy and gy are described in general in Section and are
also described above for the case of non-parametrically defined summary measures. We also conducted inference for
Yrprw,n by relying on the same ideas described in Section |5| That is, we used the iid-data influence curve IC (Po)
of Yrprw,n in a model that assumes g; and gy are known, characterizing the asymptotic variance of v;prw, N by

the following limit:
. 1 . = =
oFprwo = Jim 3" R, )Er, [IC(R)(0)IC(R)(0;)],
(2]

with R(i,j) = 1 when F; N F; # (), and R(i, j) = 0 otherwise. Replacing the unknown components of Py in IC(Fy)

with corresponding estimates, we then obtained the following estimator o% prw.N Of o2 PTW.0"

g*

: - g* S S
J%PTW,N = N [R(Z»J)(Yi N (A5 | WE) = brprw,n)(Y;
gN

(AS | W?) = Yrprw.n) |

for IC(Py)(03) = Y; [g5/90] (A5 | W) — 19. We then constructed 95% Cls as 11 prw N & 1.960?PTW7N/\/N.

6.2 G-computation estimator

The G-computation substitution estimator Ygconmpny = ¥(Qn, Qw.n) for g is based on the un-targeted model
Qn for the common-in-i conditional expectation of Y;, as a function of the summary data (A3, W?). Given stochastic

intervention g*, the G-computation estimator is obtained as:

1o [ -
vacour = 33 [ Qulai(a W)W a | W)

where Qw,n is a NPMLE that puts mass 1 on observed vector W. Evaluation of this estimator is equivalent to
the Monte Carlo integration procedure described for the TMLE %, in Section @, except that we use the initial
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estimator Q for Qq instead of its targeted version Q% . The asymptotic variance of Yoo p,n Was not estimated

and no CIs were constructed.

6.3 Results

Our simulations compared three different model specification scenarios for Qo and g /go: “(a) Q and g*/g correct”
indicates that the models for both estimators, Qo and gg/go, were correctly specified; “(b) only g*/g correct” in-
dicates that the model for the estimator of @)y was misspecified, while the model for the estimator of g;/go was
specified correctly; finally, “(c) only Q correct” indicates that the model for the estimator of Qo was specified
correctly, while the model for the estimator of gj/go was misspecified. Figures present the simulation results
for finite sample bias and empirical variance. Bias was plotted as the estimate minus the true parameter value
(¥n(gy) — olgy)), with different stochastic interventions g, presented on the x-axis as “% Treated”. Overall, our
simulation results suggest that TMLE performs well in finite samples with dependent observations. We were able
to demonstrate the double robustness property of TMLE, with it being unbiased in each of the three considered
scenarios. Our results also indicate that the other two estimators are unbiased for scenario (a), but can perform
poorly in alternative scenarios (b) and (c¢). Overall, we found the IPTW estimator to be the most variable and also

most susceptible to near-positivity violations.

The coverage results are presented in Figures where we plotted the 95% CI coverage for various asymptotic
variance estimators, along with the mean CI length. We first compared the TMLE coverage of our proposed vari-
ance estimator, 0%, from Section [5| to the TMLE coverage based on the iid variance estimate o%; p.n that made no
adjustments for correlated observations, i.e., o%; p,n 1s the EIC-based variance estimator that assumes data are iid.
Our results in Figure 4| indicate that o%; p. v tended to under-estimate the variance of TMLE, resulting in CIs that
were too narrow for both sample sizes. We expect the coverage issues for o7, p,n to become even more pronounced
when the between-unit dependence increases, as may be the case in more realistic network scenarios with units

having much higher degrees of connectivity.

In addition, the CIs for our dependent-data variance estimate o', become conservative when Q y was misspecified.
The latter result was expected based on the predictions from the semi-parametric efficiency theory for iid data. In
Figure [p| we compared the coverage of IPTW with that of TMLE. Finally, we compared the TMLE coverage for our
dependent-data variance estimate o%; to the alternative asymptotic variance estimate 6% from van der Laan| (2014).
The simulation results of this comparison in Figure EI show nearly identical coverage under correctly specified Q .
However, when Q) is misspecified, the two estimators behaved differently, with 53, showing slightly lower coverage
for some sections of the estimated dose response curve. We also note that near positivity violations will generally
increase the variability of our estimators. In particular, one would expect the near positivity violations to be more
pronounced closer to the tail-ends of the discrete dose response curve {ty (g;;)}, namely, for values of p close to 0
or 1. Indeed, this is also demonstrated in our simulations, where we noted increasing variability of all estimators

closer to the edges of the estimated dose response curve, which also contributes to a small drop in coverage.
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Figure 1: Empirical distributions for TMLE, IPTW and G-COMP, centered at the truth and estimated over 10,000
simulated data sets of size 500 (top row) and size 1,000 (bottom row) for scenario (a) - correctly specified ) and
g*/g. Colored ribbons mark the 2.5th to 97.5th percentile ranges of the estimands. The centered IPTW estimates
outside the range of +1 were removed.
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Figure 2: Empirical distributions for TMLE, IPTW and G-COMP, centered at the truth and estimated over 10,000
simulated data sets of size 500 (top row) and size 1,000 (bottom row) for scenario (b) - only g*/g correctly specified.
Colored ribbons mark the 2.5th to 97.5th percentile ranges of the estimands. The centered IPTW estimates outside

the range of =1 were removed.
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(¢) only @ correct
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Figure 3: Empirical distributions for TMLE, IPTW and G-COMP, centered at the truth and estimated over 10,000
simulated data sets of size 500 (top row) and size 1,000 (bottom row) for scenario (c) - only @ correctly specified.
The colored ribbons mark the 2.5th to 97.5th percentile ranges of the estimands. The centered IPTW estimates
outside the range of +1 were removed.
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Figure 4: Comparing the 95% CI coverage (top row) and length (bottom row) for the TMLE using two alternative variance estimates: o%; -

variance estimate that correctly adjusts for the dependence between observations; 0%, p,n - 1id variance estimate that ignores the dependence between
observations. The estimates are obtained from 10,000 simulated data sets of size 500 (‘Sim N500’) and size 1,000 (‘Sim N1000’). Scenarios: (a) -
correctly specified @ and g*/g; (b) - only g*/g correctly specified; and (c¢) - only @ correctly specified.
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Figure 6: Comparing the 95% CI coverage (top row) and length (bottom row) of the two TMLE variance estimates, 0% and 6%, both of which adjust
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7 Intervening on groups of friends and intervening on the network struc-

ture

7.1 Estimation for an arbitrary collection of stochastic interventions

We now show that the estimation framework presented thus far can be easily adapted to the estimation of the
sample-average treatment effects for an arbitrary collection of i-specific stochastic interventions gz. , where each g,
may intervene on the treatments of i’s friends in addition to intervening on the treatment of 7 itself. A collection
of such interventions involving all units, { gp, i=1,...,N }, generally cannot be described by a single intervention
g*on A = (Ay,...,An) given W = (Wy,...,Wx). For example, consider the problem of estimating the direct
average treatment effect in a network of N connected individuals, where we define each gf. by intervening on a
unit-specific treatment, A;, setting it to a constant (zero or one), but leave unchanged the distribution of A; for i’s
friends j € F; intact. That is, we assume the intervention for each A; is stochastically sampled from its observed
distribution Go(A;|W?) or instead deterministically set to its observed value a;. This type of direct effect parameter
has been previously explored in spillover studies, for example, in the study of the effects of deworming among rural
Kenyan primary schools by Miguel and Kremer| (2004) and in its replication study by Davey et al|(2015). We are
interested in estimation of the following target parameter,
1 & :
bo = W(PY) = =3 Favaz, [V

i=1

defined as the average of expectations of YigF"’, where each outcome Y;'*

. is generated under the i-specific post-

intervention distribution that replaces the observed treatment allocation for i and j € F; with gy, as just described.
Clearly the collection of such i-specific interventions across all N units is incompatible with a single joint stochastic
intervention g* on A given W, since the intervention g}j for j # i and j € F; requires setting A; to a constant one
or zero, while the intervention g7, requires that A; is randomly sampled from go or is set to a;. Nonetheless, this
target parameter 1o remains well-defined with respect to a collection {9;1 :i=1,...,N}, and we may apply the
same arguments as in Section noting that 1y can be equivalently written as:

1N

Yo = NZ Qo(af(a,W)>wf(w))g}‘,ﬂi(a|w)qw70(w)du(a’W)
i=1 a,w

1Y _
- N;/a QO(GS;ws)hio(as,ws)dﬂ(asva)

s ws

Qo(a®, w*)hg(a®, w*)du(a®, w*),

s s
as,w

where h; (9%, , qw o) is the density determined by g, (a|w), qw o and the i-specific summary measures af (a, w), w; (w),
and hj} is a mixture of h; o, defined as hi(a®,w®) == 1/N Zf\il Tola®,w?®). We also note that when (W, A) are

K2

discrete, one obtains:
h;o(as,ws) = / I(aj(a,w) = a’,w;(w) = w®)gF, (a|w)qw,o(W)dia,.(a, W).
a,w

Thus, this new target parameter W(P2") can still be represented by an equivalent mixture mapping ¥(F,) from

Theorem and hence, the efficient influence curve of this new W(PY) is given by the same D from Theorem
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In the above, we also assumed that such i-specific densities h;?‘,o(as, w®) are well-defined with respect to some
common dominating measure fi,.,, With h{ being factorized as h§(a®, w®) = g§(a®|w®)Gwo(w®), which provides
the definition of gj. Hence, the TMLE framework from Section [] can be directly applied to estimation of these
types of parameters, with the only modification that we now require that each i-specific summary A}* is sampled
conditionally from its i-specific intervention gz on A given W. In particular, we use Lemma @ to obtain a
reasonable approximation for gj by modifying it’s direct estimator from Section [f.3]in the following manner: First,
obtain a large simulated dataset of i-specific summaries (A}*, W¢), for ¢ = 1,..., N, where each A}* is derived by
sampling (A F; , W) from (g%, Qw,~) and then applying the summary measure mapping a; (Ag?i , W). Next, fit an
estimator gi of g by treating the simulated sample (Af®, W7) as iid, applying the same maximum likelihood-based
approach as earlier. Similarly, the Monte Carlo evaluation step for the TMLE v}, from Section @ is modified to
take into account these i-specific interventions gz. . That is, instead of sampling (A*, W) from g*, each Monte Carlo

. L . . 9F, 95,
iteration j now consists of sampling A" = (Ajyf, ..

.7A?§Q) from g7, (a|W), for each i = 1,..., N, conditional
on the observed W, with a resulting dataset of N summary observations (A%%, W§) constructed by applying the

7,80 '

i-specific mappings A7 1= af(A?F" , W), fori=1,...,N.

7.2 Estimation for interventions on the network structure F

Overview. Observed network data structure. We note that our framework can be also applied to estimation
of the effect of intervening on the network structure. Suppose that we observe at baseline some initial network
FO = (F?,...,FY) for the community of N connected units and we are treating F° as fixed. As before, we are
assuming that the maximum number of friends for each unit (i.e., the dimensionality of each F?) is bounded by
some constant K that doesn’t depend on N. We then collect data on N baseline covariates W = (W1, ..., Wy),
followed by a random draw of another network profile F = (F},...,Fy) and the outcomes Y = (Y7,...,Yy),
where each F; is now based on the initial network F?. Thus, the observed data on N connected units is given by
O = (F°, W,F,Y) and we assume the exposure for each unit i is given by the set F;. Since we are interested in
interventions which will modify the observed network profile F (e.g., adding or removing some friends in each F;)
it is natural to allow F; to be random, but driven by i’s own covariates and the covariates of i’s friends from F}.
Thus, we assume that the i-specific conditional distribution G, o for F; given (F°, W) only depends on the initial
network offset F? and the baseline covariates (W;, W;:j¢€ F?). Furthermore, we assume its conditional density
gr; o(F; | FO, W) is well-defined. We also assume that Qy,o, the common-in-i conditional distribution of Y; given

W, depends only on (W;,W; : j € F}), i.e., units j from this newly drawn friend set Fj.

Network interventions and target parameter. We follow the framework outlined in Section [2| and define the
intervention on a network profile F' as a user-supplied density g*(F* | W) that replaces the observed conditional
density go(F | W), where we also assumed that the initial network offset F is included in W. Alternatively, we
could also follow Section and define our intervention as a collection of the user-supplied i-specific densities
{95, :i=1,..., N}, where each g3. (F;" | W) replaces the true i-specific density gr, o(F; | W). As noted in Section
[71] a collection of such i-specific stochastic interventions generally cannot be described by a single multivariate
intervention g* on F = (Fy,..., Fy) given W = (Wy,...,Wy) and may result in an incompatible network inter-
vention. Nonetheless, these are still well-defined interventions and we note that the target parameter indexed by
such i-specific interventions g3, (F;" | W) is still well-defined. We also note that the types of interventions we will
consider will generally use the current network sets F; as inputs, to produce intervened network sets F;*. Therefore,
we are concerned here with stochastic interventions which depend on the current sets F;. Even if the intervention

itself is a deterministic function of F; (e.g., always remove the first friend), it is still stochastic by the nature of its
28
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dependence on Fj.

As a motivating example, consider an intervention defined for ¢ = 1,..., N that removes certain friends j € F;
of each unit ¢ when 6(W;) > r, where r is some pre-defined cutoff value and 6(W;) is some user-defined function
mapping W; in R (e.g., §(W;) characterizes the baseline “risk-profile” of j). This intervention defines the post-
intervention distribution that replaces Qy,o(W; : j € F;), i.e., the observed conditional distribution of Y; given W,
with a new distribution Qy,o(Wj : j € F;"), where F;" is the intervened friend set such that the unit k£ € F;" only
if k € F; and §(W}) < r. We now define our statistical parameter as the sample-average of the expected outcomes
under the i-specific post-intervention distributions that replace each observed network allocations gg, o with such

intervention densities gr. :

N
1 9%,
U(PyY) = Nquo,g}i [Yz F’} .
i=1

Statistical model and dimension reduction assumptions. We have described how the interventions on the
networks sets F; fit within our previously outlined framework in Section [2] where F; defines the exposure for each
unit 7. Our next step is concerned with dimensionality reduction, where we define the appropriate summary mea-
sures (W7, A?), for i = 1,..., N, and then model conditional distribution of Y; as a fixed-dimensional function of
(W, A?). In order to be able to intervene on F; we have to assume that the conditional distribution Qy ¢ depends
on all W through an N dimensional set (W;I(j € F;) : j =1,...,N). That is, we have so far assumed that Qy
is a function of (W;, W, : j € F;). Replacing F; with the intervened friend set F;* implies that Qy,o becomes a
function of (W;, W; : j € F}). In that sense, Y; depends on all W, except that for most j, we have I(j € F;) =0
and hence W; makes no real contribution to Qy,p, unless j € F;. In summary, we change the dependence of Y; on
particular W; in W by changing the composition of the set F; and we only intervene on the way Y; may depend on
a particular W; through indicators I(j € F;), for j = 1,..., N. This also implies that the conditional distribution
of the outcome Y; is now truly a function of the entire N dimensional set W = (W7y,..., Wy), making estimation
of Qy,o particularly challenging. Thus, we first need to make additional simplifying assumptions which would allow

us to estimate Qy,o.

For convenience, we now assume that i € F, i € F; and i € F, for all i = 1,..., N (i.e., i is always connected
to itself). Assume that the i’s network draw F; is always a finite dimensional augmentation of the initial network
offset F?. That is, the set of possible realizations of Fj is restricted to be within some close proximity of F?. We
note that the network profile F can be viewed as an N x N adjacency matrix of indicators and our assumptions
imply that rather then allowing F to be any possible realization of an N x N adjacency matrix, we restrict F to
finite-dimensional perturbations of matrix F?, allowing F to only change locally as a function of Fy and W. For
example, rather than allowing F; to draw any new friend j € {1,..., N}\i, one may assume that F; is restricted to
drawing a new friend j only when j is in a set FiO+ = Uje{piui}F]Q. In this case we are assuming that in the new
network realization F; can only add friend j if ¢ and j had at least one friend in common at baseline (i.e., there was
at most 2nd degree of connectivity between ¢ and j). Such an assumption implies that F; is no longer of dimension
N, but is rather of a fixed dimension that only depends on K. The set of possible network interventions on Fj,

namely, each intervened F}, is now similarly restricted to realizations of the same finite-dimensional set F\'*.
Having defined F; as a realization of the finite dimensional set Fﬁ', we define the unit’s exposure A;, for
i=1,...,N, as a finite-dimensional set of indicators (I(j € F;) : j € Fl-OJr), namely, each A; is a binary vector of

the common-in-i dimension K, with each non-zero entry in A; denotes which units in Fio+ are actual friends of 4.
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The i-specific network intervention A¥ can be defined by directly intervening on the indicators I(j € F;) in A;. We
define the baseline summary measure W7 := w$(W) as a finite dimensional set (W; : j € F"), fori =1,...,N.
Additionally, we define the exposure summary measure af(A;, W7) that depends on (A;, W7) only as a function of
the set (W;I(j € F;):j € FT), ie.,

AL =0} (AL W) = a;(WiI(j € Fy) - j € F)F),

fori =1,..., N, and we assume each a;(-) maps into R?, for a common-in-i dimension d. Next, we model the condi-
tional probability of the outcome Y; as a common-in-i function Qv that depends on (A, W) only as a function of the
summary A?, for i = 1,..., N. Note that the crucial assumption that a(-) is a function of (W;I(j € F;) : j € F/'")
allows us to take full advantage of the dimensionality reduction due to af(-) and still define the target parameters
which actually correspond to the effects of intervening on the observed network realization F. We may also assume
that Y; depends on some common-in-i summary @°(W; : j € F{1) = @*(W) that is unrelated to the new network
draw Fj, and hence would not be affected by an intervention F;* on F;. Note that such modeling restrictions on F;

now make it possible to estimate our parameter W(PgY).

With a slight abuse of notation, we use gg, 0(A;|W) to denote the conditional density of A; given W, and
similarly, we use g. (A} | W) to denote the i-specific stochastic intervention on A;, implied by F}. We also
note that due to our modeling assumptions for the conditional distribution of F; given (F, W), we have that
gr, 0(Ai|W) = gr, o(Ai| W) and g, (A|W) = g, (Ai]W}*), which also leads to the following representation of our

target parameter:
1N
UEY) = =Y Baue | Eap, [Qolal (A7, W7), " (W) | W] |
i=1

N

1 2 s s ~S s * s s s

- N Z Qol(a; (ai, wi), w*(w7))gF, (ai|w])aw; o(w;)dp(a;, wi)
1=1

S
ai,w;

s
,Ww

1 < _
- NZ/ Qo(a®, w* (w*))h; o (a®, w*)dp(a, w®)
i=1"a°
= [ Gl @it w)duet, )

= Qo(a*, " (w"))g5 (a” [w*)qw,o (w*)du(a*, w*)

a,ws

= Ef?w,o [Eg(*] [QO(ASawS(WS)) | WS]] '

This shows that the new target parameter ¥(PZY) can be represented by an equivalent mixture mapping ¥(Fp) from
Theorem Consequently, the efficient influence curve of this new W(P2V) is given by the same D from Theorem
It follows that the estimation procedure described in Section [d] remains unchanged when estimating this new
parameter W(PJ). As before, we also assume that the i-specific densities hjj(a®,w®) are well-defined with respect

to some common dominating measure, and that b} can be factorized as h(a®, w®) = g&(a®|w®)gw (w®).
As we describe in an example below, given a particular context, one might assume that the summary measures

A? are of lower dimensionality than the identity mapping (W;I(j € F;) : j € F;H). For instance, one may be able

to define some low-dimensional summaries of (I(j € F;)W; : j € FP"), which incorporate various features of unit
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i’s network and the covariates of ¢’s friends. One then has to assume that the conditional outcome model Qv
for each Y; depends only on such low-dimensional features. Furthermore, if a} (-) and @*(-) depend only on some
subset of (W; : j € Fi0+), then W can be also redefined as a summary of lower dimension that only includes the

subset of (W; : j € F{") or the specific features of this subset. The direct estimation of the conditional mixtures

go and gg is then performed conditional on this lower-dimensional summary W.

Example. Suppose that we gather some initial data on a network of sexual partners (F = FP ... F{) in a
community-based observational study of HIV risk factors. For each unit i, we measure the baseline covariates, W;,
which may include baseline HIV infection status (H;) along with various risk factors. We also assume that after
some period of time the network of sexual partners on each unit was measured again. This new network realization
for unit 7 is denoted as set F; and it defines our exposure of interest. Suppose that several months later data was
collected on the binary outcome Y; which indicated whether subject ¢ contracted HIV during the follow-up period.
Our scientific question of interest is to determine the expected incidence of HIV under a hypothetical intervention
on the network of sexual partners of each unit . We note that our dimension reduction assumptions imply that
the set of possible realizations of i’s partners in a new network draw F; is restricted to units who were already
connected to ¢ at baseline through a common partner, the set we previously denoted as F;H. The exposure A; is
defined as a vector of indicators I(j € F;) based on the set of all possible partner realizations j € Fi0+. We now
assume that Qy o, the conditional probability of unit ¢ contracting HIV, depends on ¢’s baseline covariates (W;) and
the total number of i’s current partners (nF; := ZJK; A;(j)). We also assume that Qy,¢ depends on the covariates
of i’s current partners in A; only as a function of a lower-dimensional summary measure. For example, we suppose
that the risk of contracting HIV for unit ¢ also depends on the proportion of the total number of ¢’s partners

who had HIV at baseline (pH; := (1/nF}) 3 ;cp, Hj), as well as the proportion of i’s partners with high-risk as

determined by 6(W;) > r1, i.e, the summary pR; = (1/nf3) 3 ;cp 1(6(W;) > 1), where §(-) maps the covariates
in W; into a real line. We now suppose that the exposure summary is defined as A := (nF;,pH;,pR;), and the
baseline summary is defined as W7 = (W;,6(W;) : j € FYT). We also consider individual interventions gp, on

F; that replace the observed partners of ¢ in F; with another set of partners F;. For example, we consider the
i-specific intervention gz, that decreases the total number of i’s partners by stochastically removing some j € Fj,
where this probability of removing a partner j € F; can be a function of j’s baseline risk-profile §(W;). Such
an intervention gy implies a new exposure set A7 and an intervention-specific summary A;* := (nEF,pH},pRY),
where nF; := Zf:l Ax(j), pHf = (1/”Fz‘*)2jeF; H; and pR} := (l/nFi*)ZjeFi* I(6(W;) > r). One can now
directly apply the TMLE framework from Section [f] to estimate the sample-average of the expected outcomes Y;
under such network interventions gp-, for i = 1,..., N. In particular, we first need to estimate the conditional
mixtures go(AZ|W7F) and g§(AF|W?) using the direct estimation approach, which then allows us to evaluate the
clever covariate based on N predictions [g4/gn] (AS|W). We then proceed to fit a common-in-i initial model Qy
for the regression of Y; given (A$, W;), followed by the TMLE update Q}‘\, for Qn-.

8 Discussion

In this paper we describe a practical application of the TMLE framework towards the goal of estimation of the
sample-average treatment effects in network-dependent data. Our first objective was to assume a realistic semi-
parametric data generating model, which reflected the types of between-unit dependence one may encounter in
real-life observational network study, for example, when the study units are connected via a social or geographical

network. Our approach included a number of statistical assumptions, such as, the assumption of a certain condi-
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tional independence of outcomes and the assumption of fixed-dimension summary measures, which allowed us to
perform estimation and inference in sample size one problems. Having defined our semi-parametric statistical model
M, we also defined our target of estimation W(P™) as a mapping from the joint distribution P on N connected
units, for PY € M. We then showed in Section that this target parameter depends on the joint distribution
of the data only as a function of the mixture distribution P, where P was given as a mixture of the unit-specific
components P; of PN. While this gave us a novel iid interpretation for our target parameter, such mixture mapping
representation also implied that our estimation problem was reduced to the problem of estimating the relevant
factors of the mixture P. We have argued that such dependent-data parameters can then be estimated by simply
ignoring the dependence between connected observations (e.g., Lemma , suggesting that an entire class of the
iid data estimators, such as the iid TMLE algorithm we described in this paper, may be applied for estimation in
dependent data models. That is, we presented the dependent-data TMLE from [van der Laan (2014) as a typical
iid-data TMLE, with an unusual caveat that our iid-data stochastic intervention g§ depends on the true distribu-
tion of the observed data. We also used the efficient influence curve (EIC) for our target parameter, to provide a
simple and consistent estimator of the true asymptotic variance of our TMLE. Our proposed variance estimator
took into account the known network structure, making adjustments for correlated outcomes of connected units.
We assessed the validity of our inferential framework with a finite sample network simulation study. In particular,
the finite sample performance of our proposed TMLE was compared to the parametric G-computation estimator
and the IPTW estimator. Lastly, we assessed the finite sample coverage of our estimated asymptotic confidence
intervals, e.g., comparing our dependent-data inference to one that ignores the dependence among units (i.e., using
the EIC-based variance estimator that treats units as iid). While our simulation results do not necessarily show
as low of a coverage as one would expect from the latter iid variance estimator, we nonetheless observed coverage
that was consistently below the expected 95%, and was not improved by increasing the sample size. Moreover, we
expect coverage for such iid variance estimators to become increasingly worse as one moves towards more realistic
network scenarios characterized by denser networks and higher levels of between-unit dependence. We leave this

topic to be explored in future simulation studies.

We extended the dependent-data TMLE framework first described in [van der Laan| (2014) towards the estima-
tion of a much larger class of parameters, such as the direct effect under interference. We have also shown that our
framework can be extended to define interventions on the network itself. In particular, in Section [7.2] we described
how one can estimate the post-intervention outcomes for interventions that statically or stochastically modify the
initial network structure F°. Furthermore, we no longer require complete independence of the baseline covariates
for conducting valid statistical inference for our TMLE. Finally, we believe our work provides an important proof
of concept, demonstrating that estimation and valid statistical inference for dependent data collected from a single

network are possible in this large class of semi-parametric models.

We note that the TMLE update Q*N presented in this paper differs slightly from the one described in [van der
Laan| (2014) in terms of its suggested parametric submodel fluctuation, {Qy(¢) : €}, with the latter TMLE update
being based on the following parametric submodel: LogitQy(g) = LogitQn + £ /go. Both of these fluctuations
result in TMLEs with equivalent asymptotic properties, as both updates solve the same empirical score equation.
However, the two may differ in their finite sample properties. In particular, the TMLE we present here may be less
sensitive to practical positivity violations, while providing similar bias reduction as the TMLE from jvan der Laan
(2014). We also note that the TMLE update presented here may be less computationally intensive, since it only
requires N evaluations of the clever covariate [y /gn] (AS|W?), for i = 1,..., N. The TMLE algorithm proposed
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in [van der Laan| (2014)) may require computing g /gn (af|W}) for every aj in the support of Af®, fori=1,...,N
(i.e., all a? such that g*(ai|W7) > 0) due to its specific parametric submodel update.

We now note a few possible directions for future research. First, additional simulation studies should explore the
performance of our TMLE in more complex networks, such as, networks generated from the preferential attachment
model with power law node degree distribution (Barabasi and Albert), [1999) or networks generated under the small
world model (Watts and Strogatz, [1998). Second, it would be of interest to study how our proposed framework
may be applied to estimate the change in the observed sample-average outcome when an intervention is applied
to another community with a different network structure and different distribution of baseline covariates, a notion
known as transportability (Pearl and Bareinboim/ [2011}; |Bareinboim and Pearl, 2013; |[Pear] and Bareinboiml [2014)).
Third, it is of scientific interest to explore how our estimation framework can be extended to real-world problems in
which data on only a subsample of the full network is available. Moreover, the network structure on the observed
units themselves is frequently not fully known, in which case it may be necessary to incorporate the uncertainty
introduced by inferring the network structure from the observed data (Goyal et all [2014). Finally, future work
will investigate the estimation of causal parameters in longitudinal settings where the effect of a single time point
intervention can propagate over time through the network, as is typically the case when one describes contagion in
social networks (Eckles et al., 2014; [Ugander et al., |2013]).
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A Proof of Lemma 4.1
We first show that
— 1 —(AS s
Jo = arg 5;161?{)2 Ep, {N glogg(Ai | W; )} a.e.

when gg € H9. To see this, note

Ep, {;Zlogﬁ(z‘ﬁ | Wis)} B % Z/a loggla” [w)dPay quo (A7 = a®, Wi = w’)
= /as y log g(a® | w®)ho(a®, w®)
N /a ws log g(a® | w*)go(a” | w*)qw,o(w®)
— By, [Bo [logg(A° | W°) | 177]]
Consider now the KL divergence between go(a® | w®)qw,o(w®) and g(a® | w®)gw,o(w®), for g € HI,

B B g(A* | W*)gw,o(W*)
Drcr(godwo || 9awo) = = Epylog — w3 -
kL(0qw,o |l 9qw,0) P08 G (A [ W) G o (W)

—— [ toglg(a® | w*)anla® | w)awo(w?)

+ [ toglan(a® [u)goa” [ w)awo ()],

where the second term does not depend on g and we get,

1 = S S . - = - —
arg max Ep, {N Z log g(A7 | Wi )} = arg min Dicr,(Goqw.o || 92w.0) = go, a.c.

This demonstrates that
_ 1 _ s | TS
L(g0,9) = —Ep, {N > log (A | W )}

is a valid loss function that is uniquely minimized at true gy, almost everywhere. We now replace the expectation
Ep

, With its empirical counterpart, Fp,, where Py puts mass 1 on each observation (A7, W?) and define the

i
maximum likelihood estimator gy = arg maxsys {1 /N Zf\il log g(A? | Wf)} over a class of models 9. The asymp-
totic consistency of such a maximum likelihood based estimator relies on each (A7, W7) only being dependent on
(A3, W?) for a finite (universal in N) number of j # 4. In particular, for consistency we need the empirical process
conditions, such as, (1) H9 € Donker Class; and (2) each observation (A, W?) depends on a finite (not a function
of N) number of other observations j # i. These conditions allow us to prove convergence of the empirical mean
process to the true mean process uniformly in large parameter spaces for g, using similar techniques to Appendix

of van der Laan (2014) that are based on the weak-convergence theory from van der Vaart| (1998).
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B Deriving the efficient influence curve DV (P) for the data-adaptive
target parameter Uy (Q, Q) for fixed §* = g

Similar to the EIC for stochastic interventions in Mufioz and van der Laan| (2012), the EIC for the parameter ¥ (P, g*)
in iid data model P € M, for fixed user-supplied stochastic intervention g* and observation O* = (W?*, A% Y) ~ P,

is given by: B
DIP(P)(0%) = L (A% | W*) (V — Q(A*, W) + (Eqy 5[V | W*] = U(P)),

where

We now assume W, A® and Y are discrete, so that the NPMLE estimator \il(ng*) of W(P,g*) is well defined.
One can then obtain the EIC D' (P) above by writing a linear first-order approximation to ¥(P,, g*) — ¥(P, g*)

as:

U(Poe1,5") = U(P,§") = (Puzy — Po) DY (P) + 0, (1/v/n).

We now note that in reality we don’t get to observe the iid copies of O® from P, and instead, we only observe
one dependent data sample of summary data O° from PV of size N and we have shown that each PY € M
implies a particular P € M, where P is a mixture of the i-specific components of PV and ¥(P,g*) = ¥ (PN, g*).
Nonetheless, it will follow that the above iid-EIC DIP(P)(0?®) for ¥(P,g*) also yields the EIC DV (PV)(0®) for
the dependent data model parameter W(PY,5*) in PV, evaluated at the observation O ~ P:

DN (PY)(0") = + Z (2 s 1we) v = QUL WP + By g W7 = WP )
where
By %1 W3] = [ Qe W2)g" (@ W du(a)
and
1
N — . .
W) = Y wr)
1< .
= S Qe @l aws ()
i—1 Y a%w
= [ @ e @) (w)
= lI/(P)a
for fixed g*. This result is a direct consequence of the Lemma below, which demonstrates that the EIC

of U(PY,g*) is just a sum of the iid-EIC for ¥(P,,g*), evaluated at individual summary observations Of =
(Wg,A2)Y;), for i = 1,...,N. To see this, we first note that the EIC is not affected by the choice of the model
for g, since W(PY) is only a function of the Q-factors of the likelihood P¥(0O*) and this likelihood factorizes as
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PN = Qg. Next, we consider an initial gradient

2

= [1/N]D;(P{)(O5)

i=1
obtained from the above representation W(PY) = [1/N]Y_ ¥;(P?), where [1/N]D;(P$)(O3) is the EIC for the
i-specific parameter ¥,;(P#), for i =1,..., N:

Di(P7)(07) = %(ASIWS) [Yi = QAT W) + [Bgy g (Vi W) = Wi(P)],

and gf (a$|w$) above is the i-specific conditional density for A$ given W?. We then obtain the EIC DY (PY)(0?)
by projecting this initial gradient D(P")(O?%) onto the corresponding tangent spaces for factors Qy,Qw of P =
Qv egQw and using Lemma below. We also note that the function D(y|a®, w*) defined in Lemma happens
to be equivalent to the component of the iid-EIC D'P(y|a®, w*) given by [g*/g] (a* | w®) (y — Q(a®,w*)), since

s s s s g s 5 ) s s
E(D;|Y;, A7, W}) — E(D;|A7,W}) = ?(A W3) [Y; — QA5 W7)]
J

and

Yoy g5 (af[w)qws (w*) { E(D;|Y; =y, A3 = a*, W} = w®) — E(D;|A3 = a*, W§ = w®)}
Sl g3 (as [we)qws (w?)

(a®w®) [y — Q(a*, w*)] }

N
Zj:l 95 (a® |wS)QWj (w?)

D(y|a®,w") =

—%

N g
Zj:l 95 (a® |wS)QWf (w?) { E

J

_ ~ N
g*(a®lw®) |y — Q(a®, w* 1
7wl - Qe [
N s(qs|ips s : ’
N Zj:l g; (a®|w )qu (w*)
g* N oS s

= g(aﬂws) [y — Qa®, w*)],
where we used the fact that gy (w?®) := 1/N Z;V=1 qws (w?®) and that the mixture 1/N Z;V=1 g; (@*|w®)qws (w*) has
to factorize as g(a®|w®)qw (w?).

Lemma B.1. (Lemma 1 in|van der Laan| (2012)) Let D € L3(PN) and let T be the tangent space of the Qy
factor of the likelihood PN = QvgQw given as

N

To = {Z S(Ye | AR W) / S(yla®, w*)ay (yla®, w*) = o} ,

k=1 y

for all bounded functions S(y|a®, w?®). The projection of D on this tangent space Tg is given by:
N

H(D | TQY Z Yk | A )] s

k=1
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where

Z;.V:l g; (@®|w®)qw: (w?) {E(D|Y; =y, A% = a*, W = w®) — E(D|A; = o, W} = w®)}
Y g5 (at|w®)gws (w?)

D(y|a®,w®) =

and gj(as\ws)qW; (w®) is the joint density for the distribution of (A%, W?), and in discrete case we have:
930 [0*)qw; (") = Pg.gs (45 = 0, W} = w?).

Proof. See p.32 of van der Laan| (2012]). O

C The additional contribution ¥y (Q, Qwo) — V(Q, Qw, g*) to the EIC

We now find the additional term that will contribute to the EIC for our actual parameter ¢y := W(PJV) for g;
that depends on the true distribution of the data (i.e., g(g*, Pw=0)). We derive this EIC by assuming that we get
to observe n iid communities, each community consisting of a connected network of size N, where N is fixed and
the network profile, F, is fixed (i.e., F is held constant across all communities) and each community is a sample
drawn from PY¥. We examine the asymptotics of estimating ¥(P¢¥) when n — oo, holding N fixed. As discussed in
van der Laan| (2014) and the technical report [van der Laan| (2012)) the NPMLE estimator for ¢y when observing n
iid communities, each of size NV, with N fixed and the number of communities, n, growing to oo, will have the same
asymptotic variance as the NPMLE when observing only one dependent community of size IV, that is n = 1, but
where the community size now, N, is growing to co. Hence, characterizing the semi-parametric efficiency bound
for estimators based on n — oo and fixed N is equivalent to characterizing the semi-parametric efficiency bound
for estimators with n = 1, but N — oco. Equivalently, finding the efficient influence curve (EIC) D(P{) for the
estimator W(PYY) based on n iid communities with fixed N and evaluating it at one observation n = 1, yields the
EIC for estimators based on n = 1 by growing community size N. Thus, we find the additional contribution from
g dependence on Qw o, i.e., the asymptotically linear representation of ¥(Qo, g5, Qw.0) — ¥(Qo, 35, Qw .0), for g;;

a NPMLE for g§ in n iid communities, is then given by Dg- below:

Dy =530 [ Qola i (W)l @ W) = " (W)

where
g! (a*|W) = / I(a(a) = a*)g" (] W),

a
and g* is the user-supplied stochastic intervention (without any additional assumption on the factorization of

g"(alw).

To show above, we first suppose that we observe n iid copies of O = (W, A,Y) ~ P} and we index different
copies of O with OF = (W* A* Y*) fork =1,...,n. We assume that W € W and A € A are discrete multivariate

random variables. Define gg := g(g*, Qw,0) as

BgEQW,O (a57 ws)

9g*.Qw .0 (as | ws) = ho (’U)‘S)
w0
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where

hes,Qw (@ w") = % Z Y ((aj(a) = a*, wi(w) = w’)g” (alw)Qwo(w))

and
N
Pawa0) = 5 323 (1w (w) = u*)Qwa(w)

and we assume the inside sums for hg+ o, , are over all w € W and a € A, and the inside sum for hg,, , is over
all w € W. We also assume that g* is a known stochastic intervention on the network exposure A and we make
no additional assumptions on g*, beyond the fact that it is a well defined conditional multivariate density with

g*(a]w) being known for any a € A given any w € W.

Define Qw », as the estimator of Qw o that puts mass 1/n on each observed Wk ie., Qw (W) is defined as:
1 n
QW,n(W) = Pnfw = ﬁ kZ:l fw(ok)v

for fw(O) = I(W = w) and we use Pf to denote [ fdP, thus, Py fw = Qw,0(W).

Now define g} := hg+ Qw ./how., as a substitution estimator of g; obtained by replacing Qw o with Qw ,, in

the definition of gg above, where

N
hge (0 10°) = = 503 (I(a3(a) = 0, wi(w) = w)g" (alw) P fu)

and

and we have that Py [hg« 1, | (a%,w®) = hg+ guw,(a®,w®) and Py [hy, | (w*) = hoy o (w*). We also note that since

fw = I(W = w), the integrals/sums over w above simplify to

e (0 l0?) = - 375 (a3 (a) = o, wi (W) = w)g* (] W)

and

We find the additional contribution to the EIC for U(P) due to §*(g*, Qw,o) by finding the first order linear
approximation to ¥(Qo, %, Qw.o) — ¥(Qo, g, Qw.o), using the same techniques discussed in van der Laan and
Rose| (2011)).
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First find the influence curve I C;* for g} by directly linearizing g} — gg:

Pnﬁg*vfw _ Poﬁg*vfw

In — 9o = Pnilfw Poﬁfw
R B N Puhgy = Polys,
= i (P g = P ) = (Palge ) ( Wy )
1 _ _ (P — Po) by
=— (P, - F, h*’w—Ph*)wi‘"-ﬁ-o 1/v/n
Pohfw< 0) hg= o, = (Pohg- 1.,) (Foir)? p (1/vn)
1 . . P, — Py) hy,,
= 7 (Pn - PO) hg*,fw - hg*,Qw,o% +0p (1/\/ﬁ)
Qw0 (th,o)
1 ) Fgr O )
= [P = P B - T2 (b, R ] 0, (1/vR)
Qw0 Qw0
1 - _
= (Pn - PO) [hQ (hg*7fw - gg*wa,ohfw)] +0p (l/ﬁ)
W,0

= (P = Ro) [1C}. ] + 0, (1/v/n).
We also note that ¥(Qo, 55, @w.0) is linear in g*, hence, plugging the above linear expression for g — g; we get:

\IJ(QOag:m QW,O) - W(Q(ﬁgga QW O)
= Y Qu(a®,w*)hgw o (w*) g5 (a°|w®) — g5 (a®[w*)]

= (Po—P) | Y Qola®,w*)hqy ,(w)IC;. (a*,w*) | + 0, (1/v/n)
(P — Po) Z Qo(a®,w*) [hg- 1, (a”[w*) = Gg= Qw0 (a”[w*) Py, (W)] | + 0, (1/v/n)
= (Pn_PO)Dg* +0p (1/\/5) .
Finally, we note that the sums/integrals over w®, a® and a above simplify to:
2 ol w)hg: s (a”w)
1N
= Z Z Z I(ai(a) = a*,wi (W) = w")g"(a|W))
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and

S (Qola®,w*)gg(a*|w) o, ()

= LS S (Gl ) a0 (W) = )

1=1 a®,w*

N ZZ W))Jg- Qu o (a°|w (W))).

=1 a*®

Thus, the additional contribution to the EIC for W(PZ) is

Dg = (djlgﬁ) 1f> (Po=1— )

N
—w | @ W w) - [ ol (Wit (W)
1 & _
S QW) g @ W)~ gt (W),

where

62° (a*|W) = / I(a3(a) = a*)g" (2] W)dpia(a).

D Dependent data TMLE as an empirical process when g* is fixed.

The target parameter 1o depends on Qo, Qw,o and g; , where we use notation ¥ := ¥(Qo, Qw.0, ;) to denote this

fact. We also note that the target parameter can be written as:

U(Py) = Qo(a®, w*)hy(a®, w®)du(a®, w®)

a’®,w’

= Qo(a*, w*)g5(a[w*)dQw,o(w*)

s s
as,w

= Qo(a”, w*)gg (a®|w?) [ ZdQW 0 ]

s s
as,w

N
1 ) —%( S|, S s
— 2 [ Qe wgs(at et dQur o),
i=17a%w?

where Qw0 is the marginal distribution of the i-specific baseline summary measures W7 := w; (W) implied by
the true data-generating distribution PY¥; and gg = h{(a®,w®)/dQw,o depends on the user-defined stochastic
intervention g(A*|W) and P through QW’O. We now replace g; with fixed g* = gy, where gj is an estimator of

g, and it is treated as fixed. We define a data-adaptive target parameter ¥ (Qo, Qw.0) := ¥(Qo, Qw.0, ") that is
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indexed by g* = g&. The TMLE % for such parameter ¥y (Qo, Qw,) is a substitution estimator given by:

i =Un(QN, Qw,N)-

/ Qe (a®, w*)g" (a*|w®) dQuw, v (w*)

]' )k S S\ =% S S
=N E / Qy(a®, W)g* (a®|Wy).
i=179°

We now perform the typical TMLE analysis, writing as an empirical process the following difference:
N(QN, Qw.n) — YN (Qo, Qw,o).-

First, we note that, by construction, TMLE has to solve the following empirical score equation:

QNvgN O ):0’

uMz

for _
sy _ GT(ATWY)

Dy,(Q,9)(05) = W(Yi — Q(A;,W?)).

In addition, this TMLE will also solve the following score equation:

N
Z QN Qw,N)(0f) =

N
for
Divz (@00 = [ @ W @) = [ Qe w0 )dQuw (),
since the mixture distribution QW,O for N observations (Wy,...,W5) is estimated with empirical QW, ~ that put

mass 1/N on each W7, implying that the empirical mean of DW,f above will be exactly 0. Thus, it follows that this

?

TMLE solves the empirical score equation given by the iid-EIC DV from Theorem
L
NZ QN Qw,n,Gn)(07) = 0.
We now analyze the following empirical mean:

N
*ZPOZDN(QN,QWN,QN = Z Po,iDy,(Qn,9n) + PoiDw: (Q, Qw,n)] -
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For the first term above, we get:

N
1 _
N > PoiDy.(Q¥,9n)
=1

1 3 7* s S s s
R L@ - QAL )
1 N g*
=% 2 [ @0~ Gt e o)

— [ L)@ - Gl ) goa’ ) i)

s s
a’,w

- / 7 (@*w*)(@o — Q) (a®, w*)dQwo(w)
+

/as’ws (_9* - €*> (a®|w*)(Qo — QN ) (a®, w*)go(a®|w*)dQw,o(w®)

gN go
=Un(Qo, Qw,0) — Un(QN, Qw,0) + Ron(QN, Qo, N, Jo)

where we use Rz v to denote the second-order integral term. We also have that:

N
Nz 01 QN(a W?)g (S|Wis)] - Qn(a®,w*)g" (a®lw® )dQWN( °)

a’®,w’

N
Nz_:/ , a ’LU) ( Iw)dQWs ; Z/ QNa W (S|Wis)
_ 1 N
:/S . Q?V(QS,wS)g*(aS|wS) [NZdQW 0 ‘| Z/ QN Wls ( S|Wis)

Qila’ w)g (@l )dQuwolw’) - Y- [ Qkla’ WE)g' (@ W)

s s ;
as,w i1

=Un(QN,Qw,o) — YN(QN. Qw,N).

Combining the above results together we now obtain:

Un(Qn, Qw.n) — YN (Qo, Qwyo)
- [ (QO?QWO) U(Qn; Qwo) + ¥(QN: Qwo) — ¥(QN, Qw.n) + Ran] + Ran
1

=— = [Po,iDy,(QN,gn) + PoiDw:(Qn, Qw,n)| + Ran
Sl

=

[(Dws + Dy,) (@~ 3n, Qw,n)(0;) — Poi (Dws + Dy,) (Qn, gn;Qw,n)]| + Ran

I
2|5
M-

1

-
Il

[DN(Qx, Qw.n, Gn)(O5) — Poi DN (Qx, Qw.n, gn)] + Ran-

[
2| =
‘MZ

1

s
Il
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Thus, we succeeded in writing the TMLE as an empirical process for the iid-EIC and the data-adaptive parameter
U N (Qo, Qw,o). By making the same assumptions stated in Theorem 2 of [van der Laan| (2014), namely assuming
the second order term Ry n above is 0p(1/\/N), assuming Donsker class conditions for Q%, gy and (D?,V +
D;‘Q)(Q}‘V,gN,PN,Ws) and by assuming that Djj,. + Dy. for each i depends only on the finite number of other
observations j # 4, one can prove (e.g., see Ap})Lendix invan der Laan (2014)) that the above empirical process
will converge to normal limiting distribution at the usual /N rate, with its asymptotic variance characterized by
the limit variance of its corresponding iid influence curve (where the influence curve above is given as the sum of

i-specific influence curve Dy, + DW;).

E Equivalence of the TMLE from van der Laan| (2014) and the iid TMLE

We now show that the dependent data TMLE ¢} from Section @ is, in fact, algorithmically equivalent to the
dependent data TMLE presented in [van der Laan| (2014]).

Theorem E.1. Assume that we observe one draw O = (W,A)Y) ~ Pdv of N connected units, with Pdv €
M and M subject to modeling assumptions in Section [3 In particular, there are known summary measures
(ai(A, W), w;(W)) that imply the summary data Of = (W7 A;Y;) ~ Pig, fori = 1,...,N. We assume
that the conditional mizture densities g; and go are as described before. Define the iid TMLE algorithm ¥y =
VN (Qus Qw.n) for estimating 1y from Section as a substitution estimator for the mizture mapping ¥ from
Section @ It follows that the this 1id TMLE 1} is identical to the dependent data TMLE presented in |van der

Laan| (2014). That is, the two algorithms produce identical results when applied to the same observed data.

Proof. The result follows easily by direct comparison of the empirical score equations solved by the two TMLEs.

We now outline how each estimation step of the two TMLEs makes them equivalent.

1. As already described, the initial fit for Qg is estimated using the maximum likelihood, by pooling across
all observations (W7, A7, Y;), ¢ =1,..., N and treating them as if iid, in the same manner as one would estimate
Qo( A%, W) = E(Y | A*,T%).

2. As described above in Lemma and as presented in|van der Laan|(2014), go(a®|w®) = [I/N' Y, Pay qw..(4; = a®, W7 =
can be estimated by using the iid maximum likelihood approach that fits a common conditional density to pooled

samples (W$, A?) and treating them as if iid.

3. Constructing the model update Q% for Qy is identical for both TMLEs. Namely the parametric submodel
through Qu is fit by running a weighted logistic regression with weights g% (W?, AS)/gn (WS, AS), i = 1,...,N
with no covariates and an intercept, using the outcomes Y;, i = 1,..., N. Thus both TMLEs are solving the same

empirical score equation.

4. The TMLE ¢} from Section [£.4]is the following plug-in estimator:

N
wN = N Z/ QN(a37 M/is)gN,NPMLE(as | ]Iri )d’u(a‘g)7
i=179°

where g% yprp 18 @ NPMLE substitution estimator for gj obtained by plugging in the user-defined G* and the
empirical counterpart Qw,n for Qw,. It also follows from Theorem that this TMLE % is algebraically
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equivalent to the following substitution estimator:

1o [ -
U=y 3 [ Qilai(a W), wi (W))g'a | Wi(a)

which is precisely the TMLE substitution estimator presented in jvan der Laan| (2014]). O

F Simulation Study. Data generating distribution

We implemented a simulation with observed data consisting of N dependent units O = (F,W,A,Y), where

F = (Fy,...,Fy) is a vector of friends for each unit, W = (Wy,...,Wy) is a vector of baseline covariates,
A =(A4,,...,AN) is a vector of binary treatments and Y = (Y7,...,Yy) is a vector of binary outcomes. The data
for each unit ¢ = 1,..., N is generated as,

W, ~ Ber (0.35)
|Fi| ~U(0,1,2)
Fi | |Fi| ~ Samplejp, ({1,...,N}\i)
A; | W, F; ~ Ber (go (Wi, (W; : j € Fy)))
Y; | AW, F, ~ Ber (Qo (A, W;, (A4;,W; : j € F}))) ,
where F; € {1,...,n} is a set of of unit indices of size |F;| randomly sampled without replacement, A; is generated

conditionally on the entire vector of baseline covariates W and Y; is generated conditionally on W and all treatment

assignments A.

We generate A with gy that depends on unit and unit’s friends’ baseline covariates,

o (Wi, (W : j € Fy)) = expit [ —1.2+ 1L5W; + Y _ 0.6W; |,
JEF;

with Qg defined as

Qo (Ai, Wi, (A;,W; 1 j € Fy)) = expit | =25+ 1L5W; +0.54; + Y L5W; + Y 1.54;
JEF; JEF;
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Notation index

e O=(W,A)Y): the observed data on N units

e W = (Wi,...,Wx): the observed baseline covariates on N dependent units

o F = (Fy,...,Fy): the observed network on N units (“network profile”)

e A =(A,...,Ax): the observed exposures on N dependent units

o A*=(A7,...,A"): intervened exposures sampled under conditional distribution G*, given W

e Y = (Y1,...,Yn): the observed outcomes on N connected units

o W5 =wi;(W), A7 = af(A, W): fixed-dimension summary measures, dimensionality is the same across all 7.

?

e O° = (W*® A®)Y): observed summary data, where W* = (W¢, ..., WZ%) , A® = (45,...,A%), for i =
1,...,N

e O™ = (WS A* Y*): summary data sampled from post-intervention distribution under stochastic interven-
tion g*, with A* = (A3®,...,A%) and Y* = (Y,...,Y})

e PY: true joint distribution of the observed data O

e p): true joint density of the observed data O

o Qw o: true joint distribution of N observed baseline covariates W

e qw,o: true joint density of N observed baseline covariates W

e Go(A | W): joint conditional distribution for the observed exposures A, given baseline covariates W
e go(A | W): joint conditional density for the observed exposures A, given baseline covariates W

o Go(A;|W$): common-in-i conditional distribution for the observed exposure 4;, given the i-specific summary

measure of the baseline covariates

o go(A; | WF): common-in-i conditional density for the observed exposure A;, given the i-specific summary

measure of the baseline covariates

o G*(A* | W): user-specified distribution of the intervened network exposure vector A* = (45,..., Ay ), con-

ditional on baseline covariates W = (W1, ..., Wx)

e g*(A* | W): density for the user-specified stochastic intervention of the intervened exposure vector A* =

(A7, ..., A% ), conditional on all baseline covariates W = (W7, ..., Wy)

e (Qo(a®, w*): conditional expectation of the outcome, defined as Epn[Yi|Af = o, W = w?], assumed common

across 7 when conditioned on the same fixed summary measure values a®, w?®

e H; (A3, W#): i-specific summary measure distribution for (A%, W)

o h;o(AS, W?): i-specific density for the distribution H; o(A$, W5)

K2

o H}\(A;, W?): i-specific summary measure distribution for (A}*, W?)
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h;o(A;*, W?): i-specific density for the distribution H;(A7®, W7)

ho(A%, W*): mixture density 1/N Y, h; o determined by go and Qw o, with (A%, W) being a random variable

sampled from hy

hi(A*s W#): mixture density 1/N >_ihio determined by g* and Qw o, with (A** W*) being a random

variable sampled from A
go(A® | W#): the conditional mixture density implied by factorization ho(A*, W*) = go(A* | W*)Qw o(W?)

Gs(A*$|W*): the conditional mixture density implied by factorization h*(A*$, W*) = g (A** |[W*)Qw= o(W*).
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