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Abstract

We develop an approach for feature elimination in support vector machines (and
empirical risk minimization), based on recursive elimination of features. We
present theoretical properties of this method and show that this is uniformly consistent in finding the correct feature space under certain generalized assumptions.
We present case studies to show that the assumptions are met in most practical
situations and also present simulation studies to demonstrate performance of the
proposed approach.
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We develop an approach for feature elimination in support vector
machines (and empirical risk minimization), based on recursive elimination of features. We present theoretical properties of this method
and show that this is uniformly consistent in finding the correct feature space under certain generalized assumptions. We present case
studies to show that the assumptions are met in most practical situations and also present simulation studies to demonstrate performance
of the proposed approach.

1. Introduction. In recent years it has become increasingly easy to collect large amounts of
information, especially with respect to the number of explanatory variables or ‘features’. Learning
the functional connection between the explanatory variables and the response from such highdimensional data can be quite challenging. Moreover some of these explanatory variables or features
may contain redundant or noisy information and this may hamper the quality of learning. One way
to overcome this problem is to use feature (or variable) elimination techniques to find a smaller set
of features (or variables) that is able to perform the learning task sufficiently well.
In this work we discuss feature elimination in support vector machines and empirical risk minimization, focusing mainly on the former. The popularity of support vector machines (SVM) as a set
of supervised learning algorithms is motivated by the fact that SVM learning methods are easy-tocompute techniques that enable estimation under weak or no assumptions on the distribution [see
∗
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Steinwart and Chirstmann, 2008]. SVM learning methods, which we review in detail in Section 2,
are a collection of algorithms that attempt to minimize a regularized version of the empirical risk
over a reproducing kernel Hilbert space (RKHS) of functions with respect to a given loss function.
The standard SVM decision function typically utilizes all the input features. Hence, when the input
dimension is large, it can suffer from the so-called ‘Curse of Dimensionality’ [Hastie, Tibshirani and
Friedman, 2001]. A procedure for feature (or variable) selection is thus of importance to obtain a
more intelligible solution with improved efficiency.
It is important to note that feature selection defines a set of techniques that fall within the
much broader classification of variable selection methods. In feature selection (or elimination),
removing a feature from the functional model usually means that the main effect of the feature
is removed along with all of its complex interactions with the other features. This differentiates
these techniques from numerous other methods for variable selection which may concentrate on
establishing individual redundancy of each of the main effects and interactions in the model. One
of the earliest works on feature (or variable) selection in SVM was formulated by Guyon et al.
[2002]. They developed a wrapper based backward elimination procedure by recursively computing
the SVM learning function, known widely as recursive feature elimination (RFE). Other wrapper based selection methods exist as can be seen in Weston et al. [2001]; Chapelle et al. [2002]. Filters
have also been used for variable selection in SVMs [see for example Mladenic et al., 2004; Peng,
Long and Ding, 2005]. Embedded methods, developed mostly for variable selection in linear SVMs
include different modifications, like redefining the training to include sparsity in Weston et al.
[2003], using the l1 penalty as in Bradley and Mangasarian [1998]; Zhu et al. [2003], the SCAD
penalty in Zhang, Ahn and Lin [2006], the lq penalty in Liu et al. [2007] or the elastic net as
in Wang, Zhu and Zou [2006]. However some of the most important drawbacks of these methods
include, (i) they often lack versatility in application, or (ii) lack concrete theoretical justifications.
Most embedded methods (for example, penalized methods that add a penalty term to the SVM
training function, like LASSO, SCAD etc) work only in linear SVMs, and become ineffectual in
RKHSs with non-linear kernels (like the Gaussian RBF kernel). RFE and other RFE derived
methods help to address this issue and can be effectively used in complex situations of non linear
kernels as well. The RFE algorithm performs a recursive ranking of a given set of features. At
each recursive step of the algorithm, it calculates the change in the RKHS norm of the estimated
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SVM function after deletion of each of the features remaining in the model, and removes the one
with the lowest change in such norm, thus performing an implicit ranking of features. A number
of modified approaches have been developed since then, inspired by RFE [see Rakotomamonjy,
2003; Tang, Zhang and Huang, 2007; Mundra and Rajapakse, 2010]. The idea of feature selection
in a backward recursive method that is essentially the founding principle behind RFE, is one of
the most important ideas regarding feature selection in SVMs. It has been studied and analyzed
extensively in the Bioinformatics and Computer Science literature [see for example Zhang et al.,
2006; Aksu et al., 2010; Aksu, 2012]. Although RFE was first formulated in 2002, it still remains
one of the most studied feature selection methodologies in SVMs in absence of other ideas that can
effectively deal with the non linear setup [RFE has been used for feature selection in many recent
applications, see for example Hu et al., 2010; Hidalgo-Muñoz et al., 2013]. However, one important
drawback of these methods remain that arguments for using them have mostly been heuristic, and
their ability to produce successful data-driven performance has been examined only in simulated
or observed data, and their theoretical properties have never been studied rigorously. A key reason
behind this lack of theory is the absence of a well-established framework for building, justifying,
and collating the theoretical foundation of such a feature elimination method. This paper aims at
building such a framework and modifying RFE to create a recursive technique that can be validated
as a theoretically sound procedure for feature elimination in SVMs.
So one important contribution of this paper is to formulate a way to develop the theoretical
framework that can validate recursive feature elimination in non-linear SVMs. This is challenging,
because at each stage of feature elimination, we move down to a ‘lower dimensional’ feature space,
and the functional space needs to be re-adjusted to cater to the appropriate version of the problem
in this new feature space. Euclidean spaces, for example, as well as many specialized functional
spaces admit a nested structure in this regard, but that is not true in general. The SVM algorithm
attempts to minimize the empirical regularized risk within an RKHS defined on the initial input
space X , so starting with a given RKHS H(X ), one necessary task is to redefine H(·) on each
of these lower dimensional domains so that it retains its RKHS properties and such that each of
these spaces remain connected to one another. The basis for the theory on RFE depends heavily
on correctly specifying these pseudo-subspaces.
Another contribution of this paper is a modification of the criterion for deletion and ranking of
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features in Guyon et al.’s RFE to enable theoretical consistency. Here we develop a ranking of the
features based on the lowest difference observed in the regularized empirical risk after removing
each feature from the existing model. The heuristic comes from observing this: by definition, a
feature is called a signal if and only if risk of the model gets inflated in its absence, and hence
equivalently, if a feature does not contribute to the model at all, the increase in risk (regularized
or non regularized) on its removal will be inconsequential. This allows RFE to be generalized to
the much broader yet simpler setting of empirical risk minimization where we can apply the same
idea to empirical risk (for more on this please see the Supplementary Section).
The most important contribution of this paper is to establish asymptotic consistency of the
modified RFE algorithm in finding the ‘correct’ feature space in support vector machines. First
we show that if the functional space admits the nestedness or the denseness property, then under
reasonable regularity conditions, the assumption of a null model is enough to guarantee that modified RFE is asymptotically consistent in finding the ‘correct’ feature space. We also show through
interesting examples that in general risk minimization problems involving a given functional space,
existence of a null model may not be enough to guarantee consistency of an algorithm based on
recursive search, but it can be achieved under additional assumptions of certain natural rules. We
then go on to establish our consistency arguments in this setting. The notation and the type of
oracle bounds used in this paper will closely follow Steinwart and Chirstmann [2008] [hereafter
abbreviated SC08].
In Section 2, we give a short preliminary background for support vector machines and other
related concepts. In Section 3, we present the version of RFE for SVMs, and in Section 4, we
discuss the assumptions required to establish consistency in the simpler yet practical settings of
nested or dense models. The main consistency results are provided in Section 5, and the implications
of these results in some known settings of risk minimization are discussed in depth in Section 6.
Next in Section 7, we relax the earlier assumptions to allow us to establish consistency of the
algorithm in more complex functional spaces. Finally in Section 8, we prove our main result under
this most general setting. In Section 9 we discuss the scope of the algorithm in situations where
the size of the covariate space grows with the sample size, and in Section 10, we provide some
simulation results to demonstrate how RFE works and how it can be used in intelligent selection
of features, and compare it with penalized methods for feature selection. A discussion is provided
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in Section 11, and additional materials along with the detailed proofs are given in the Appendix.
Some extra resources and necessary software codes are given in the Supplementary Section.
2. Preliminaries. In this section, we introduce some preliminary concepts and a few related
definitions. Consider the measurable space (X , A, PX ) such that X ⊆ B ⊂ Rd , where B is an
open Euclidean ball centered at 0. Let Y be a closed subset of R and P be a measure on X × Y,
such that PX is a restriction of P on X . A function L : X × Y × R 7→ [0, ∞] is called a loss
function if it is measurable. A loss function is convex if L(x, y, ·) is convex for every x ∈ X and
y ∈ Y. It is locally Lipschitz continuous with Lipschitz local constant cL (·) if for every a > 0,
sup

|L(x, y, s) − L(x, y, ś)| < cL (a) |s − ś| , s, ś ∈ [−a, a]. For any measurable function f : X 7→

x∈X ,y∈Y

R, we define the L-risk of f with respect to the measure P as RL,P (f ) = EP [L(X, Y, f (X)]. The
Bayes risk R∗L,P is defined as inf f RL,P (f ), where the infimum is taken over the set of all measurable
functions, L0 (X ) = {f : X 7→ R, f is measurable}. A function fP∗ that achieves this infimum is
called a Bayes decision function.
Empirical risk minimization: Let F ⊆ L0 (X ) be a non-empty functional space and L be any
loss function. Let fP,F = arg minEP [L(X, Y, f (X)] = arg minRL,P (f ) be the minimizer of infinitef ∈F

f ∈F

sample risk within F. We define this minimal risk as R∗L,P,F = RL,P (fP,F ). The empirical risk
n
1X
is given as RL,D (f ) ≡ Pn (L(X, Y, f (X)) =
L(Xi , Yi , f (Xi )), where the subscript D denotes
n
i=1
the empirical measure invoked by the observed data D = {(X1 , Y1 ), . . . , (Xn , Yn )} ∈ (X × Y)n . A
learning method whose decision function fD,F minimizes empirical risk RL,D (f ) among the class
of functions {f : f ∈ F}, for all n ≥ 1 and data D is called empirical risk minimization (ERM)
with respect to L and F.
Reproducing kernel Hilbert space: Let H be an R-valued Hilbert space over X . H is called
a reproducing kernel Hilbert space (RKHS) if it is characterized by a unique real-valued symmetric
function k : X × X 7→ R, called the reproducing kernel of H. The kernel k has the reproducing
property that f (x) = hf, k(·, x)iH for all f ∈ H, and all c ∈ X , where h·, ·iH is the inner product
induced by H. Moreover, we also have k(·, x) ∈ H, ∀x ∈ X .
Support Vector Machines: Let L be a convex, locally Lipschitz continuous loss function and
H be a separable RKHS of a measurable kernel k on X , and fix a λ > 0. The general SVM solution
is the function fP,λ,H ∈ H that satisfies λ kfP,λ,H k2H + RL,P (fP,λ,H ) = inf λ kf k2H + RL,P (f ). The
f ∈H
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approximation error or bias is defined as the difference between the regularized risk of fP,λ,H and
2
the minimum risk achieved within H, and is given by AH
2 (λ) = λ kfP,λ,H kH + RL,P (fP,λ,H ) −

inf RL,P (f ). For the observed data D, the empirical SVM decision function is then given as

f ∈H

fD,λ,H = arg minλ kf k2H + RL,D (f ).
f ∈H

Entropy Numbers: For (T, d) a metric space and for any integer n ≥ 1, we define the n−th
entropy number of (T, d) as


n−1
2[


en (T, d) := inf  > 0 : ∃s1 , . . . , s2n−1 ∈ T such that T ⊂
(1)
Bd (si , ) ,


i=1

where Bd (s, ) is the ball of radius  centered at s, with respect to the metric d. If S : E 7→ F is a
bounded linear operator between normed spaces E and F , we write en (S) = en (SBE , k · kF ), where
BE is the unit ball in E. Also note that EDX ∼PXn will be defined as the expectation with respect
to the product measure PXn for data DX ≡ {X1 , . . . , Xn } being i.i.d. copies of X ∼ PX .
Note: The results developed in this paper are valid not only for classification, but also for
regression under certain general assumptions on the output space Y. For simplicity however, we
will refer to both of these variants in this paper as SVM, unless otherwise mentioned.
3. Feature elimination algorithm. The original recursive feature elimination (RFE) algorithm for SVMs was proposed by Guyon et al. [2002], and its performance was evaluated under
experimental settings. Limitations of this method as a margin-maximizing feature elimination were
studied explicitly in Aksu et al. [2010]. The modified algorithm (risk-RFE) we propose here differs
from that of Guyon et al. in the elimination criterion. While Guyon et al. used the Hilbert space
norm λkf k2H to eliminate features recursively, we use the entire objective function (the regularized
empirical risk) for deletion.
3.1. The algorithm. We start off with the following definition.
Definition 1.

For a given set of indices J ⊆ {1, 2, .., d} and a given functional space F, define

F J = {g : g = f ◦ π J

c

c

, ∀f ∈ F}, where π J is the projection map that takes element x ∈ Rd and

maps it to xJ ∈ Rd , by substituting elements in x indexed in the set J, by zero.
c

c

Subsequently we can also define the space X J = {π J (x) : x ∈ X }. Note that π J : X 7→ X J is
a surjection. Hence by the above formulation, we are able to create lower dimensional versions of
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a given functional space F. We are now ready for our main algorithm. Assume the support vector
machine framework with a given RKHS H indexed by the kernel k.
Algorithm 1 (risk-RFE).

Start off with J ≡ [·] empty and let Z ≡ [1, 2, ..., d].

STEP 1: In the k th cycle of the algorithm choose dimension ik for which
2

(2) ik = arg min λ fD,λ,H J∪{i}
i∈Z\J

H J∪{i}



+ RL,D fD,λ,H J∪{i} − λ fD,λ,H J

2
HJ


− RL,D fD,λ,H J .

STEP 2: Update J = J ∪ {ik }. Go to STEP 1.
Continue this until the difference


2
min λ fD,λ,H J∪{i} J∪{i} + RL,D fD,λ,H J∪{i} − λ fD,λ,H J

i∈Z\J

H

2
HJ


− RL,D fD,λ,H J becomes larger

than a pre-determined quantity δn , and output J as the set of indices for the features to be removed
from the model.
See Section S1.1 of the Supplementary Section for a version of the algorithm for empirical risk
minimization problems.
3.2. Cycle of RFE. We define ‘cycle’ of the RFE algorithm as the number of ‘features’ deleted
in a single step of the algorithm. The algorithm in 3.1 has cycle = 1. But one can easily define it
for cycles greater than 1, such that multiple features (=equal to the size of the cycle) are deleted
in a single run. It can also be defined adaptively, such that in different steps of the algorithm the
cycle sizes are different. For simplicity, we have set the cycle size to 1 in this paper.
3.3. Heuristics on feature elimination in SVM. Consider risk minimization in general, and let
L∞ (X ) be the space of all bounded measurable functions from X 7→ R. Start off with F ⊆ L∞ (X ),
and let our goal be to find a solution f ∈ F that minimizes a given empirical criterion (like empirical
risk in ERMs). If it so happens that the minimizer of the infinite-sample version of that criterion
(like risk in our case) resides in L∞ (X ∗ ) (where X ∗ is a lower dimensional version of X ), then it may
actually suffice to find the empirical minimizer in a suitably defined lower dimensional version of
F. To avoid overfitting, this indeed becomes necessary. The need for defining the lower dimensional
adaptations of a given functional class (or a given RKHS) in Definition 1 arises from this observation
itself. Hence the motivation for our algorithm stems from the following heuristic: if any feature is
superfluous for a given problem, then given all other features in the model, its contribution to the
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functional relationship between the output variable and the feature space should be non-existent.
Hence the incremental risk associated with a solution in the subspace defined by ignoring this
feature, when compared to the solution in the original feature space, should be minimal.
4. RFE in nested or dense spaces. In this section we will discuss the scope of our feature
elimination algorithm when the functional space admits certain nice properties like nestedness
or denseness. We begin by defining these properties and citing important situations where we
encounter these spaces. We then discuss our inherent assumption of ‘existence of a null model’
under these setups, and show how this inherently translates into the idea of feature elimination
through risk-RFE.
4.1. Nested spaces in risk minimization. In risk minimization, we say F admits the nested
property, if for a pair of index sets J1 , J2 ⊆ {1, 2, . . . , d} with J1 ⊆ J2 , we have F J2 ⊆ F J1 .
This then translates to admitting nested inequalities of the form R∗L,P,F J1 ≤ R∗L,P,F J2 . One simple
example is the linear space, where coefficients are allowed to take values in a compact interval

P
containing 0, that is, F = f (x1 , . . . , xd ) = i ai xi : |ai | ≤ M, for some M < ∞ .
In general, RKHSs need not exhibit nestedness. The question is when can naturally ocurring
RKHSs admit this property? We see below that dot-product kernels have this property.
Lemma 2.

Dot product kernels produce nested RKHSs.

The proof is given in the Supplementary Section. Dot product kernels (eg: linear kernels) appear
quite regularly in the formulation of SVM problems. Other kernels might also display the nested
property. We will discuss the usefulness of this in Section 4.3.
4.2. Dense spaces in risk minimization. We say that F admits the denseness property, if it is
dense in a functional class that admits the nested property (for example, the space of bounded
functions L∞ (X ) or the space of continuous and bounded functions C(X )). Note that all universal
kernels produce RKHSs that are dense in C(X ), and consequently in L∞ (X ) if the loss function is
convex and locally Lipschitz continuous. All non-trivial radial kernels (eg: Gaussian RBF kernel)
share this property as well [see Micchelli et al., 2006], and hence this is a typical framework for
SVM problems.
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4.3. Existence of a null model. In this section, we show that we can validate our recursive
elimination algorithm if the functional space F satisfies any of the aforementioned properties.
Existence of a null model essentially means that there exists a maximal (that is, no other J with
J ⊃ J∗ will further satisfy this) index set J∗ such that,
(3)

R∗L,P,F = R∗L,P,F J∗ .

Remark 3.
1. Note that the above does not claim the uniqueness of J∗ . Rather we say that for any set of
covariates with the above property (3), there always exists a maximal set in terms of it.
2. J∗ can be empty or full.
Nested or Dense Models: Simple observation shows that in spaces which admit the nestedness property, existence of a null model is equivalent to saying that there exists a minimizer (fP,F )
of infinite-sample risk in F, which also lives in F J∗ , (i.e., fP,F ∈ F J∗ ). This then trivially implies
R∗L,P,F J = R∗L,P,F J∗ whenever J ⊆ J∗ . Also note that if such J∗ is maximal, then in the finite d
setting, we can assert R∗L,P,F J◦ ≥ R∗L,P,F J∗ + 0 for some 0 > 0 and for any J◦ * J∗ . If F is dense
in some functional space G(X ) admitting the nested property (for eg. L∞ (X )), then by lemma S2
of Supplementary Section, F J is dense in G J (X ) for any J ⊆ {1, 2, . . . , d}. Hence ‘denseness’ does
not necessarily imply ‘nestedness’, but we do have an ‘almost nested’ property in the sense that
any function g ∈ F J2 can be well approximated by a sequence of functions {fn } ∈ F J1 for J1 ⊆ J2 .
This actually implies (3) for any J ⊆ J∗ . Then in the finite d setting, as before, we can conjecture
the existence of an 0 > 0, such that R∗L,P,F J◦ ≥ R∗L,P,F J∗ + 0 holds whenever J◦ * J∗ . The
premises described here then essentially support elimination of features in a backward recursive
manner with a given stopping criterion.
NOTE: The ‘nested structure’ studied here is essentially different from the nested model setup in
Tsybakov [2004]. Tsybakov started with a pre-decided nested sequence of classifier sets (or models)
and obtained a solution from each of these classifer sets. But here we have a directed graph which
can include many subtrees in the sense that in every intermediate step we are presented with
multiple models nested within the parent model. We select the best classifier from each of these
models and opt for the one among them obtaining the best performance.
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5. Consistency results for RFE. Our aim in this section is to provide the main result of
this paper. It hypothesizes that algorithm 1 stated in Section 3.1, is consistent in finding the correct
feature space in spaces admitting the nestedness or the denseness property. Recall from Section 2
that ei (id : H 7→ L∞ (DX )) is the ith entropy number for the inclusion id map of RKHS H into
L∞ (DX ) for the input data DX := {X1 , . . . , Xn }. We assume Condition 1 below. We also assume
d, d0 to be fixed constants.
Condition 1.

The functional space admits the nestedness or the denseness property.

Now let J∗ be the maximal set satisfying R∗L,P,F = R∗L,P,F J∗ .
Theorem 4.

Let P be a probability measure on X × Y, where the input space X is a valid

metric space. Let L : X × Y × R 7→ [0, ∞] be a convex locally Lipschitz continuous loss function
satisfying L(x, y, 0) ≤ 1 for all (x, y) ∈ X × Y. Let H be the separable RKHS of a measurable
kernel k on X with kkk∞ ≤ 1. Assume, for fixed n ≥ 1, ∃ constants a ≥ 1 and p ∈ (0, 1) such
that EDX ∼PXn ei (id : H 7→ L∞ (DX )) ≤ ai

1
− 2p

, i ≥ 1. Let {λn } ∈ [0, 1] be such that λn → 0 and

lim λn n = ∞. Assume that there exists a c > 0 and a β ∈ (0, 1] such that AJ2 (λ) ≤ cλβ for any J

n→∞

J

and for all λ ≥ 0 (where AJ2 (λ) ≡ AH
2 (λ)).
β
− 2β+1

Then for δn = 0 − O(n

), the following statements hold:

1. The Recursive Feature Elimination Algorithm for support vector machines, defined for {δn }
given above, will find the correct lower dimensional subspace of the input space (X J∗ ) with
probability tending to 1.
2. The function chosen by the algorithm achieves the best risk within the original RKHS H
asymptotically.
Remark 5.
1. Note that conditions L(x, y, 0) ≤ 1, and kkk∞ ≤ 1 for the kernel k in Theorem 4 are assumed for
simplicity and equivalent conditions such as L(x, y, 0) ≤ M and kkk∞ ≤ ksup for some constants
M, ksup > 1 will suffice to guarantee the desired result.
We refer to Section S1.2 of Supplementary Section for a version of this result in the ERM setting.
The proof is postponed to Section 8.
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6. Case studies. In this section we show the validity of our results in many practical cases of
risk minimization by discussing the results in some known settings.
6.1. CASE STUDY 1: Linear Regression as an ERM problem. In a linear regression model,
the functional relationship is expressed as y = hα, xi + b0 , where hα, xi denotes the Euclidean
inner product of vectors α and x, and b0 is the bias. The prediction quality of this model can be
measured by the squared-error loss function LLS given as LLS (x, y, f (x)) = (f (x) − y)2 . Our goal
is to find linear weights α
b and bb0 for the observed data D that minimize the empirical risk. We
assume that the input space X ⊆ B ⊂ Rd . We further assume that Y ⊂ R is a closed set. The
functional space Flin is given by Flin = {fα,b0 : fα,b0 (x) = hα, xi + b0 , (α, b0 ) ∈ Rd+1 , k(α, b0 )k∞ ≤
M, for some M < ∞}. We can now observe that the regularity conditions1 required for consistency
of the recursive algorithm in this setting hold for this problem. The least squares loss function LLS
is convex, and is locally Lipschitz continuous when Y is compact. Existence of M and B follows
from the observations that X ⊆ B ⊂ Rd and that Y ⊂ R is a closed set. Compactness also follows
since Flin is non-empty. We assumed an exponential bound on the average entropy number, and
in fact much stronger bounds can be obtained for the -entropies of the linear functional class [see
for example, Zhang and Bartlett, 2002; Williamson, 2000].
The risk-RFE procedure presented in this paper translates in the linear regression case to a
non-parametric backward selection method based on the value of the ‘average sum of squares of
error’ or R2 /n. Note that under restrictive distributional assumptions on the output vector Y in a
non-parametric setup, the idea of using penalized versions of log R2 like AIC, AICc or BIC are well
accepted methodologies for model selection. It must be noted that in linear regression risk-RFE
can only be used when d ≤ n as identifiability becomes an issue otherwise. Fan and Lv [2008]
discussed the setup of d > n in detail, and we discuss this premise briefly in Section 11 and omit
any further mention here.
6.2. CASE STUDY 2: Support vector machines with a Gaussian RBF kernel. Here we provide a brief review of the application of risk-RFE in the classic SVM premise for classification using a Gaussian RBF kernel. Assume that Y = {1, −1}. We want to find a function
f : X 7→ {1, −1} such that for almost every x ∈ X , P (f (x) = Y X = x) ≥ 1/2. In this
1

We refer to Section S1.2 of the Supplementary Section for these regularity conditions.
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∗
case, the desired function is the Bayes decision function fL,P
with respect to the loss function

LBC (x, y, f (x)) = 1{y · sign(f (x)) 6= 1}. In practice, since LBC is non convex, it is usually replaced
by the hinge loss function LHL (x, y, f (x)) = max{0, 1 − yf (x)}. For SVMs with a Gaussian RBF
P
kernel, we minimize the regularized empirical criterion λkf k2 + n1 ni=1 max{0, 1 − yi f (xi )} for the
observed sample D = {(x1 , y1 ), . . . , (xn , yn )} within the RKHS Hγ (X ) with the kernel kγ defined
as kγ (x, y) = e
Lemma 6.

−

kx−yk2
2
γ2

.

For classification using support vector machines with a Gaussian RBF kernel, the
β
− 2β+1

risk-RFE defined for δn = 0 − O(n

) where β =

β d τd
dβd +dτd +βd τd ,

with βd ∈ (0, ∞) being the

margin-noise exponent of the distribution P on Rd ×{−1, 1} and τd ∈ ( 0, ∞ ] being the tail exponent
of the marginal distribution PX , is consistent in finding the correct feature space2 .
Lemma 6 gives us a precise characterization of δn in this setting defined in terms of the marginnoise exponent βd of the distribution P on Rd × {−1, 1} and the tail exponent τd of the marginal
distribution PX . The proof is given in Appendix B.
6.3. CASE STUDY 3: Protein classification with Mismatch String kernels. A very fundamental
problem in computational biology is the classification of proteins into functional and structural
classes based on homology of protein sequence data. A new class of kernels, called the mismatch
string kernels, are increasingly being used with support vector machines (SVMs) in a discriminative
approach to the protein classification problem. These kernels measure sequence similarity based
on shared occurrences of k length subsequences, counted with up to m mismatches. This is again
a typical classification problem, where Y = {1, −1} and the hinge loss function LHL (x, y, f (x)) =
max{0, 1 − yf (x)} is again used as the surrogate loss.
The (k, m) mismatch kernel [see Leslie et al., 2004, for details] is based on a feature map from
k

the space of all finite sequences from an alphabet A with C(A) = l to Z≥0 l , where lk denotes
the dimensions spanned by the set of k-length subsequences (‘k-mers’) from A. For a fixed k-mer
α = a1 a2 . . . ak , with each ai a character in A, the (k, m)-neighborhood generated by α is the set
of all k-length sequences β from A that differ from α by at most m mismatches. We call this set
N(k,m) (α).
2

For a discussion on margin-noise exponents and tail exponents of a distribution refer to Chapter 8 of SC08.
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The feature map Φ(k,m) for a k-mer α is defined as Φ(k,m) (α) = (φβ (α))β∈Ak , where φβ (·) is a
indicator function such that, φβ (α) = 1 if β ∈ N(k,m) (α), and 0 otherwise. Then for a sequence x
of any length, the feature map Φk,m is defined as follows:
X

Φ(k,m) (x) =

Φ(k,m) (α),

k−mers α in x

that is, we extend the feature map additively by summing the feature vectors for all the k-mers
in x. The (k, m)-mismatch kernel K(k,m) (x, y) is then the Euclidean inner product in the feature
space of feature vectors:
K(k,m) (x, y) = Φ(k,m) (x), Φ(k,m) (y) .
For m = 0, we retrieve the k-spectral kernel. The kernel can be further normalized as
K(k,m) (x, y)
q
.
K(k,m) (x, x) K(k,m) (x, y)

norm
K(k,m)
(x, y) = q

Feature selection in the context of protein classification is conducted on the k-mers obtained from
a protein sequence instead of the original one [see Leslie et al., 2004; Iqbal et al.]. It can be
observed that the RKHS H produced by the string kernel is finite dimensional and hence satisfies
the regularity conditions on the RKHS trivially, and hence, the coordinates of the transformed
space (the k-mers) can be used directly for feature selection. The problem reduces down to feature
selection in linear SVMs (produced by the Euclidean inner product), and the applicability of
recursive feature selection becomes clear in the context of the discussions we had in case studies
6.1 and 6.2.
6.4. CASE STUDY 4: Image classification with χ2 kernel. Indexing or retrieving images is
one of the main challenges in pattern recognition problems. Using color histograms as an image
representation technique is useful because of the reasonable performance that can be obtained in
spite of their extreme simplicity [see Swain and Ballard, 1992]. Image classification using their histogram representation has become a popular option in many such settings, and the SVM approach
is considered a good classification technique here [see Chapelle, Haffner and Vapnik, 1999].
Selecting the kernel is important as in any classification method with SVMs, and generalized
RBF kernels of the form Kρd−RBF (x, y) = e−ρd(x,y) have been proven to be useful for classification
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in this context. In case of images as input, the histograms produced generate discrete densities, and
suitable comparison functions like the χ2 function are preferred over the L2 norm that generates
the Gaussian RBF kernel, and has been used extensively for histogram comparisons [Schiele and
2
P
i)
2
Crowley, 1996]. The χ2 distance is given as dχ2 (x, y) = i (xxii−y
+yi , and hence the χ kernel has
the form,
Kρχ

2 −RBF

−ρ

(x, y) = e

P

i

(xi −yi )2
xi +yi

.

It can be shown that the regularity conditions given before Theorem 4 are satisfied in this setup,
and establishes consistency for risk-RFE here. We already established the conditions for the hinge
loss LHL in case study 6.2. Kernel Kρχ
separability of Hρχ

2 −RBF

2 −RBF

is continuous and the input space is separable, hence

follows from Lemma 4.33 of SC08. It also follows that kKρχ
χ2 −RBF

The input space X can be included in a Euclidean ball and the kernel Kρ

2 −RBF

k∞ ≤ 1.

is infinitely many

times differentiable. Then by Theorem 6.26 of SC08, we have explicit polynomial bounds on the
ith entropy number of RKHS generated by Kρχ

2 −RBF

and hence consistency follows. The above

discussions thus validate risk-RFE as a useful technique for feature selection in image classification
problems.
7. Assumptions for risk-RFE in general function spaces. We now move beyond the
premise that the functional space F admits the nestedness or denseness property. In this section,
we will study closely the scope for risk-RFE under this generalized setup.
7.1. Assumption. Consider the setting of risk minimization (regularized or non regularized)
with respect to a given functional space F. We first note the following assumption:
(A1). Let J be a subset of {1, . . . , d}. Let fP,F J be the function that minimizes risk within F J with
respect to the measure P on X × Y. Define F ∅ = F. We assume that there exists a J∗ , such
that, |J∗ | = d − d0 (where d0 is the number of signals in the model) with d ≥ d0 > 0. Then
for any pair (d1 , d2 ) satisfying d1 ≤ d2 ≤ d − d0 , ∃ Jd1 and Jd2 with Jd1 ⊆ Jd2 ⊆ J∗ and
|Jd1 | = d1 and |Jd2 | = d2 , such that R∗L,P,F J∗ = R∗

L,P,F

Jd
1

= R∗

L,P,F

Jd
2

.

Remark 7.
1. Assumption (A1) says that there exists a ‘path’ from the original input space X to the correct
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lower dimensional space X J∗ in the sense of equality of minimized risk within F J s along this ‘path’,
and that the set J∗ is maximal in terms of this property.
2. Note that J∗ need not be unique, and also there can be more than one path going down to a given
J∗ . For simplicity, we assume that J∗ is unique.
The following examples aim to show that assumption (A1) is in fact necessary in order for a
well-defined recursive feature elimination algorithm to work under this setup.
7.2. Necessity for existence of a path in (A1).
Example 8.

Consider the empirical risk minimization framework. Let X = [−1, 1]2 and let

Y = 0. Let X1 ∼ U where U is some distribution on [−1, 1] and X2 ≡ −X1 . Let F be given
as {c1 X1 + c2 X2 , c1 , c2 ≥ 1}, and then note that F neither admits the nested property nor is
dense in L∞ (X ) or in other space admitting the nested property. Let the loss function be the
squared error loss, i.e., L(x, y, f (x)) = (y − f (x))2 . By Definition 1, F {1} = {c2 X2 , c2 ≥ 1} and
F {2} = {c1 X1 , c1 ≥ 1} and F {1,2} = {0}. We see that RL,P (fP,F ) = RL,P (fP,F {1,2} ) = 0 but both
RL,P (fP,F {1} ) and RL,P (fP,F {2} ) are strictly positive. Hence even if the correct lower-dimensional
functional space may have minimized risk the same as that of the original functional space, if there
does not exist a path going down to that space, the recursive algorithm will not work. Note that the
minimizer of the risk belongs to F {1,2} , but there is no path from F to F {1,2} in the sense of (A1).
7.3. Necessity for equality in (A1). The following example shows that equality in (A1) cannot
be replaced by ‘≤’.
Example 9.

Consider the empirical risk minimization framework again. Let Y ∼ U (−1, 1)

and X ⊂ R3 such that Y = X3 = X2 + 1 = X1 − 1. Let F = {c1 X1 + c2 X2 + c3 X3 , c1 , c2 , c3 ≥ 1},
and let the loss function be squared error loss. Now by definition, F {1} = {c2 X2 + c3 X3 , c2 , c3 ≥ 1},
F {2} = {c1 X1 + c3 X3 , c1 , c3 ≥ 1}, F {3} = {c2 X2 + c1 X1 , c1 , c2 ≥ 1}, F {1,2} = {c3 X3 , c3 ≥ 1},
F {1,3} = {c2 X2 , c2 ≥ 1}, F {2,3} = {c1 X1 , c1 ≥ 1}, and F {1,2,3} = {0}.
By simple calculations, we see that R∗L,P,F = R∗L,P,F {1} = R∗L,P,F {2} = 4/3, R∗L,P,F {3}
= R∗L,P,F {1,2,3} = 1/3, R∗L,P,F {1,3} = R∗L,P,F {2,3} = 1 and R∗L,P,F {1,2} = 0. Note that the correct
dimensional subspace of the input space is X {1,2} and there exists paths leading to this space via
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X → X {1} → X {1,2} (since R∗L,P,F = R∗L,P,F {1} > R∗L,P,F {1,2} ) or via X → X {2} → X {1,2} (since
R∗L,P,F = R∗L,P,F {2} > R∗L,P,F {1,2} ) in the sense of Assumption (A1*). But there actually exists the
blind path X → X {3} too (since R∗L,P,F > R∗L,P,F {3} ), which does not lead to the correct subspace.
Hence the recursive search in this case may not be guaranteed to lead to the correct subspace.
7.4. Gap in the finite design setting. Note that when the design size d is finite, our definition
of a signal in Section 1 along with assumption (A1) implies the following:
(A2). Let J1 , J2 , . . . , JN be the exhaustive list of such paths from X to

X J∗ ,

and let Je :=

N
[

Ji .

i=1

There exists 0 > 0 such that whenever J ∈
/ Je, R∗L,P,F J ≥ R∗L,P,F J∗ + 0 .
Note also that equality in (A1) guarantees that the recursive search will never select an important
dimension j ∈ J∗ for redundancy as then (A2) would be violated. Hence the equality in (A1) will
ensure that we follow down the correct path recursively and (A2) gives us a stopping condition to
halt at the correct input space X J∗ . Also note from discussions in Section 4.3, (A1) and (A2) are
satisfied for nested or dense spaces. In the following section we will show that these are sufficient for
a recursive feature elimination algorithm such as risk-RFE to work in this generalized framework
(in terms of consistency).
8. Theoretical results. Note that Theorem 4 in Section 5 was stated under Condition 1, but
the result continues to hold if it is replaced by the more general Condition 2.
Condition 2.

Assumption (A1) holds.

Then in the finite design setting we can assume that (A2) holds as well. Now our goal for this
section then is to prove Theorem 4 under the more general premise of Condition 2. Before that
however, we will note a few relevant results that will help us in establishing this theorem.
8.1. Additional results. We start off with the following lemma:
Lemma 10.

Let (F, k · kF ) be a separable functional space, such that the metric k · kF dom-

inates pointwise convergence. Also we assume sup kf kF ≤ C for some C < ∞ for all f ∈ F.
Let L be a convex, locally Lipschitz loss function such that L(x, y, f (x)) ≤ B for some B < ∞
for all f ∈ F. Also assume that for fixed n ≥ 1, ∃ constants a ≥ 1 and p ∈ (0, 1) such that
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1
− 2p

EDX ∼PXn ei (F, L∞ (DX )) ≤ ai

,

i ≥ 1. Then, we have with probability greater than or equal to

1 − e−τ ,
r
sup |RL,P (f ) − RL,D (f )| ≤ 2B
f ∈F

2τ
10Bτ
+
n
3n

o
n
2p
2p
1−p
1
− 1+p
p p 1−p − 12
1+p
1+p
1+p
n
,
+ 4 max C1 (p)cL (C) a B n , C2 (p)cL (C) a B
for constants C1 (p), C2 (p) depending only on p.
See Appendix C.1 for a proof. This lemma gives us a bound for the difference between the
empirical risk of a function f ∈ F and its omniscient oracle risk. We now assume Condition 2.
The above lemma helps set up the next proposition, which aims to bound the difference in the
regularized empirical risk of the empirical SVM solutions obtained from spaces lying in the pathway
hypothesized in Assumption (A1).
Proposition 11.

Again we assume P to be a probability measure on X × Y, and that the input

space X is a valid metric space. We will assume L : X × Y × R 7→ [0, ∞] to be convex and locally
Lipschitz continuous, satisfying L(x, y, 0) ≤ 1 for all (x, y) ∈ X × Y. Again we assume H to be
the separable RKHS of a measurable kernel k on X with kkk∞ ≤ 1, and that for fixed n ≥ 1, ∃
1
− 2p

constants a ≥ 1 and p ∈ (0, 1) such that EDX ∼PXn ei (id : H 7→ L∞ (DX )) ≤ ai

, i ≥ 1. Now for a

fixed λ > 0,  > 0, τ > 0, and n ≥ 1, and for J1 , J2 ∈ Je such that J1 ⊆ J2 ⊆ J∗ , we have with
probability P n not less than 1 − 2e−τ ,
(4)



2
+ RL,D fD,λ,H J2 − λ fD,λ,H J1 H J1 − RL,D fD,λ,H J1
r
 2p  12
2τ
τ
a
J1
J2
< A2 (λ) + A2 (λ) + 12B
+ 20B + 24K2 B 1−p
,
n
n
λp n
λ fD,λ,H J2

2
H J2

where AJ2 1 (λ) and AJ2 2 (λ) are the approximation errors for the two separate RKHS classes H J1
n
2p o
1
1
and H J2 , B := cL (λ−1/2 )λ−1/2 + 1, and K2 := max B p /4, C1 (p)cL (λ− 2 )p , C2 (p)cL (λ− 2 ) 1+p is a
constant depending only on B, p and the Lipschitz constant cL (λ−1/2 ).
See Appendix C.2 for a detailed proof of Proposition 11.
Note that since B ≥ 1 and K2 ≥ B p /4, we have that if a2p > λp n,
λ fD,λ,H J

2
HJ


+ RL,D fD,λ,H J − R∗L,P,H J ≤ RL,D (0) + RL,P (0) ≤ 2
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< 3B ≤ 12K2 B

(5)

1−p



a2p
λp n

 12
.

Similarly, since B ≥ 1 and K2 ≥ B p /4, we have for a2p > λp n,
λ fD,λ,H J

2
HJ


+ RL,P fD,λ,H J − R∗L,P,H J ≤ λ fD,λ,H J

2
HJ



+ RL,D fD,λ,H J + RL,P fD,λ,H J

≤ RL,P (0) + RL,P fD,λ,H J ≤ 1 + B ≤ 2B
 2p  21
a
1−p
.
≤ 8K2 B
λp n

(6)
Now note that for any J, we have
λ fD,λ,H J

2
HJ

≤ λ fD,λ,H J
(7)

≤ AJ2 (λ) + 2


+ RL,D fD,λ,H J − R∗L,P,H J
2
HJ




+ RL,P fD,λ,H J − R∗L,P,H J + RL,P fD,λ,H J − RL,D fD,λ,H J

sup

|RL,P (f ) − RL,D (f )| +

kf kH J ≤λ−1/2

sup

|RL,P (f ) − RL,D (f )| .

kf kH J ≤λ−1/2

Consequently we obtain the following two corollaries:
Corollary 12.

Assume the conditions of Proposition 11. For any J and all  > 0, τ > 0, and

n ≥ 1, we have with P n probability > 1 − e−τ ,
λ fD,λ,H J

2
HJ

r


+ RL,D fD,λ,H J −

R∗L,P,H J

<

AJ2 (λ)

+ 6B

τ
2τ
+ 10B + 12K2 B 1−p
n
n



a2p
λp n

 12
,

where K2 is as before. Additionally, if J ∈ Je, we can replace R∗L,P,F J in the above inequality by
R∗L,P,F .
Corollary 13.

Oracle Inequality for SVM: Assume the conditions of Proposition 11.

For any J and all  > 0, τ > 0, and n ≥ 1, we have with P n probability > 1 − e−τ ,
r
 2p  12

2τ
20Bτ
a
2
∗
J
1−p
λ fD,λ,H J H J + RL,P fD,λ,H J − RL,P,H J < A2 (λ) + 4B
+
+ 8K2 B
,
n
3n
λp n
where K2 is as before.
Proposition 11 and Corollaries 12 and 13 jointly imply Lemma 14, given below. We will now
assume the rest of the conditions stated before Theorem 4. We assume that the regularization
constant λn converges to 0 and that limn→∞ λn n = ∞. To establish explicit rates for our algorithm,
we further assume that the approximation error AJ2 (λ) assumes a polynomial bound.
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Lemma 14.

Assume the conditions of Theorem 4. Then the following statements hold:

i. For J1 , J2 ∈ Je such that J1 ⊆ J2 ⊆ J∗ , ∃ ({n } > 0) → 0 such that we have with P n
probability greater than 1 − 2e−τ ,
λn fD,λn ,H J2

2
H J2


+ RL,D fD,λn ,H J2 ≤ λn fD,λn ,H J1

2
H J1


+ RL,D fD,λn ,H J1 + n .

ii. For J1 ∈ Je and J2 ∈
/ Je and for J1 ⊂ J2 , ∃ ({n } > 0) → 0, such that we have with P n
probability greater than 1 − 2e−τ ,
λn fD,λn ,H J2

2
H J2


+ RL,D fD,λn ,H J2 ≥ λn fD,λn ,H J1

2
H J1


+ RL,D fD,λn ,H J1 + 0 − n .

iii. Oracle Property for risk-RFE in SVM: The infinite-sampled regularized risk for the

2
empirical solution fD,λn ,H J , λn fD,λn ,H J H J + RL,P fD,λn ,H J converges in measure to
R∗L,P,H (and hence to R∗L,P if the RKHS H is dense in L∞ (X )) iff J ∈ Je.
The proof of Lemma 14 is given in Appendix C.3. We are now ready to prove Theorem 4.
8.2. Proof of Theorem 4.
Proof. (1) Let X J∗ be the correct input space and J∗ be the correct set of dimensions to be
removed with |J∗ | = d − d0 . To prove the first part of Theorem 4, we show that, starting with
the input space X , the probability that we reach the space X J∗ is 1 asymptotically. First let us
assume that there exists only one correct ‘path’ from X to X J∗ . Let J ◦ be that correct path and
◦
J ◦ = {J0◦ ≡ {·}, J1◦ , . . . , Jd−d
≡ J∗ }.
0

From the proof of (i) in Appendix C.3, we have
2

λn f

J◦
D,λn ,H i+1

J◦
H i+1


+ RL,D f

J◦
D,λn ,H i+1



2

− λn fD,λ

J◦
n ,H i

◦
H Ji


− RL,D fD,λ



J◦
n ,H i

≤ n

√
− 4β+1
− β
with probability at least 1 − 2e−τ for n = (2c + 24 2τ + 48K2 a2p )n 2β+1 + 40τ n 2(2β+1) . Now
◦
letting Ji+1 6= Ji+1
be any other J such that Ji◦ ⊂ Ji+1 with kJi+1 k = kJi◦ k + 1, we have from (21)

in Appendix C.3 that
2

λn fD,λn ,H Ji+1

H Ji+1



+ RL,D fD,λn ,H Ji+1 − λn fD,λ

J◦
n ,H i

2
◦
H Ji


− RL,D fD,λ



J◦
n ,H i

> 0 − n

2β

with probability at least 1 − 2e−τ . Now if we choose τ = o(n 2β+1 ) with τ → ∞, then we see
β
− 2β+1

n = O(n

), and hence δn ≡ 0 − n satisfies the second inequality with the condition that
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δn = 0 − O(n

β
− 2β+1

) with δn → 0. Now since 0 is a fixed constant, ∃N0 > 0 such that ∀n ≥ N0 ,

2n ≤ 0 . Without loss of generality we assume that n ≥ N0 . Then we have the condition that
2

λn f

J◦
D,λn ,H i+1

H

J◦
i+1


+ RL,D f



J◦
D,λn ,H i+1

− λn fD,λ

2
J◦
n ,H i

◦

H Ji


− RL,D fD,λ



J◦
n ,H i

≤ δn

with probability at least 1 − 2e−τ .
For notational ease, let us define,
RR (J1 , J2 ) := λn fD,λn ,H J1
RR (J) := λn fD,λn ,H J

2
HJ

2
H J1


+ RL,D fD,λn ,H J1 − λn fD,λn ,H J2

+ RL,D fD,λn ,H J − R∗L,P,H .

2
H J2


− RL,D fD,λn ,H J2 , and

Then,
P (‘risk-RFE finds the correct dimensions’ )
≥ P (‘risk-RFE follows the path J ◦ to the correct dimension space’ )

◦
= P J0 := J0◦ , J1 := J1◦ , . . . , Jd−d0 := Jd−d
, Jd−d0 +1 := ∅
0



◦
◦
◦
,
P Jd−d0 +1 := ∅ J0◦ , . . . , Jd−d
J0◦ , . . . , Jd−d
= P (J0 := J0◦ ) P J1 := J1◦ J0◦ · · · P Jd−d0 := Jd−d
0
0 −1
0
where ‘Jd−d0 +1 := ∅’ means the algorithm stops at that step. Note that P (J0 := J0◦ ) = 1 and then
observe,

◦
P Ji+1 := Ji+1
J0◦ , . . . , Ji◦

◦
◦
Ji◦
( ∵ {J0◦ , . . . , Ji−1
} have already been removed from the model )
=P Ji+1 := Ji+1





◦
◦
•
•
◦
=P RR Ji+1
, Ji◦ ≤ δn , RR Ji+1
, Ji◦ < RR Ji+1
, Ji◦ ∀Ji+1
6= Ji+1




◦
•
•
◦
≥P RR Ji+1
, Ji◦ ≤ δn , δn < RR Ji+1
, Ji◦ ∀Ji+1
6= Ji+1
X




◦
•
≥1 − P RR Ji+1
, Ji◦ > δn −
P RR Ji+1
, Ji◦ ≤ δn
• 6=J ◦
Ji+1
i+1

≥1 − 2e−τ − 2(d − i − 1)e−τ = 1 − 2(d − i)e−τ .
Also see that,



◦
◦
≥ 1 − 2d0 e−τ .
P Jd−d0 +1 := ∅ J0◦ , . . . , Jd−d
=
P
RR
J
,
J
>
δ
∀J
n
d−d
+1
d−d
+1
0
0
d−d
0
0
Hence,
P (‘risk-RFE finds the correct dimensions’ ) ≥

d−d
Y0


1 − 2(d − i)e−τ .

i=0

Now for τ = o(n

2β
2β+1

) with τ → ∞, P (‘risk-RFE finds the correct dimensions’ ) → 1 as n → ∞.
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Now let us prove the same assertion for the case when there is more than one correct ‘path’ from
X to X J∗ . Let J1 , . . . , JN be an enumeration of all possible such paths. Define ‘C-sets’ for a Ji
(where index i denotes the ith cycle of risk-RFE) as CS(Ji ) := {Ji+1 : Ji , Ji+1 ∈ Jk for some k}.
Now,
P (‘risk-RFE finds the correct dimensions’ )
◦
◦
∈ CS(Jd−d
), Jd−d0 +1 := ∅
≥ P J0 := J0◦ , J1 := J1◦ ∈ CS(J0◦ ), . . . , Jd−d0 := Jd−d
0 −1
0


◦
.
= P (J0 := J0◦ ) P J1 := J1◦ ∈ CS(J0◦ ) J0◦ · · · P Jd−d0 +1 := ∅ Jd−d
0




◦
Again as before P (J0 := J0◦ ) = 1 and P Jd−d0 +1 := ∅ Jd−d
≥ 1 − 2d0 e−τ . Now note,
0

◦
P Ji+1 := Ji+1
∈ CS (Ji◦ ) Ji◦



◦
◦
•
•
≥ P RR Ji+1
, Ji◦ ≤ δn ∀Ji+1
∈ CS (Ji◦ ) , δn < RR Ji+1
, Ji◦ ∀Ji+1
∈
/ CS (Ji◦ )
X
X




◦
•
≥ 1−
P RR Ji+1
, Ji◦ > δn −
P RR Ji+1
, Ji◦ ≤ δn
◦ ∈CS J ◦
• ∈CS
Ji+1
Ji+1
/
( i)
(Ji◦ )
≥ 1 − 2 |CS (Ji◦ )| e−τ − 2 |CS (Ji◦ )c | e−τ = 1 − 2(d − i)e−τ ,
since |CS (Ji◦ )| + |CS (Ji◦ )c | = d − i. Hence again we have that,
d−d
Y0

1 − 2(d − i)e−τ .
P (‘risk-RFE finds the correct dimensions’ ) ≥
i=0
2β

Hence for τ = o(n 2β+1 ) with τ → ∞, P (‘risk-RFE finds the correct dimensions’ ) → 1 as n → ∞.
(2) To prove the second part of Theorem 4 just observe that if Jend is the last cycle of the
algorithm in risk-RFE, then from (22) in Appendix C.3, and recycling arguments given at the
beginning of the first part of the proof, we have that
P (|RR (Jend )| ≤ δn )

=P (|RR (J∗ )| ≤ δn ) P (Jend = J∗ ) + P |RR (Jend )| ≤ δn Jend 6= J∗ P (Jend 6= J∗ )
≥P (|RR (J∗ )| ≤ δn ) P (Jend = J∗ )
≥(1 − e

−τ

)

d0
Y


1 − 2(d − i)e−τ .

i=0
2β

So for τ = o(n 2β+1 ) with τ → ∞,




2
∗
P λn fD,λn ,H Jend J + RL,D fD,λn ,H Jend − RL,P,H ≤ δn → 1 with n → ∞.
H

end
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Note that although (22) in Appendix C.3 was asserted for ηn , we do have ηn < n < δn ∀n ≥ N0 ,
so the proof for the second part of the theorem will hold true for δn .
9. Discussion on the high dimensional framework when dimension d grows with
sample size n. All our results till now have been derived under the assumption that dim(X ) = d
is fixed. High dimensional settings (when d grows with n) are gathering importance in supervised
learning problems and hence, it beckons us to study the properties of risk-RFE in this context. In
this section, we discuss our algorithm in light of the setting where both n, d → ∞ with 0 < d0 ≤ d,
and modify arguments to achieve consistency as in the fixed design settings.
9.1. The modified algorithm. Let us assume X

∈

Rd , and we observe data D

=

{(X1 , Y1 ), . . . , (Xn , Yn )} ∼ i.i.d. PXd ×Y , where the probability distribution of the design depends on
the dimension d of the input space X . Note that P d denotes the measure for the initial input-output
space X × Y, and as we traverse down in the feature space for our algorithm, we will assume that
the probability measure on the reduced input spaces are just restrictions of P d on these spaces
(as we do for a fixed design). Henceforth, we will denote the problem by P d . The modified feature
selection algorithm is given below.
Algorithm 2.

d

Replace the stopping condition in Algorithm 1 from δn to δnP (d − |J|), where

d

δnP (·) is a known positive function intrinsic to the design P d .
So the only modification of the algorithm lies in the stopping rule. In the fixed design problem,
d

the stopping rule was a fixed constant δn , while in this modified version it is a function δnP (·) :
d

{1, . . . , d} 7→ R. Figure 1 shows a visual representation of the stopping condition in this case. δnP (·)
acts as an envelop function and our algorithm is stopped if and when the difference function jumps
d

above δnP (·).
9.2. Assumptions. To achieve consistency for this algorithm, we need to revisit our assumptions
again. Let us consider the most general framework (Condition 2). We keep assumption (A1) fixed,
but (A2) does not follow trivially anymore since a fixed gap assumption makes sense only in a fixed
design problem. In a varying design setting, this gap might diminish and shrink to 0 as d tends to
∞. Hence (A2) is modified to (A2*) to accomodate these dynamics and is given below:
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Fig 1. Stopping rule for the modified algorithm in the limiting design size setting

(A2*). Let J1 , J2 , . . . be an enumeration of paths from X to X J∗ , and let Je :=

[

Ji . There exists

i
d

a monotonically decreasing function P0 (·) > 0 intrinsic to the problem and reaching 0 in the
limit, such that for J1 ∈ Je, J2 ∈
/ Je with |J2 | = |J1 | + 1, we have
d

R∗L,P d ,F J2 ≥ R∗L,P d ,F J1 + P0 (d − |J1 |) .

(8)

So we adjust our assumption to reflect the varying gap size with the size of the design. Heuristically,
what this new gap-size assumption says is the following: For a problem P d , with starting design
d

size d, P0 (·) is a strictly positive, monotonically decreasing function from {1, . . . , d} 7→ R, such
d
˜ → 0 in the limit when the design size d and the argument d˜ ≤ d both → ∞. Hence
that P0 (d)
d

d

d

there are two different asymptotic conditions acting on δnP (·) here, with δnP (·) → P0 (·) as n → ∞,
d

˜ → 0 as d, d,
˜ n → ∞.
and additionally δnP (d)
9.3. Regularity conditions. With the growing design size, the regularity conditions need to be
restated as well. It can be well reasoned that the entropy bound (and the approximation error
bound) may depend on d. A look at Section 6.2, where these bounds were derived for the Gaussian
RBF kernel makes this clear. It is worthwhile to note however that the relationship between the
design size d and the entropy of a given RKHS (and subsequently the approximation error for
penalization within that space) depends on the kernel producing the RKHS and the input space
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itself, and should be analyzed on a case by case basis. A generalized bound that governs this
relationship is not only difficult to establish but may also be suboptimal in many settings.
Hence in this discussion we analyze the two extreme cases,
(B1). Under universal bounds for entropy and approximation error: We assume that the regularity
conditions given in Theorem 4 hold for any given design d, that is, there are constants a, c
such that the entropy bound and the approximation error bound continue to hold universally.
(B2). Under relaxed bounds for entropy and approximation error: We impose an exponential bound
for the design size on the entropy and the approximation error. That is, we assume, for fixed
n ≥ 1, ∃ constants ã ≥ 1, α ≥ 0 and p ∈ (0, 1) such that ED

d,n
X ∼PX

aeαd i

1
− 2p

ei (id : H 7→ L∞ (DX )) ≤

, i ≥ 1. We also assume that there exists a c > 0, α̃ and a β ∈ (0, 1] such that

AJ2 (λ) ≤ c̃eα̃d λβ for any J and for all λ ≥ 0.
9.4. Consistency under (B1). It can be seen under condition (B1), Lemma 10 – Corollary 13
continue to hold under slightly restated versions (P n is replaced with P d,n to denote the appropriate
probability measure for the starting design). Statements (i) and (iii) in Lemma 14 will continue to
hold, while (ii) can be changed to the following:
ii*. For J1 ∈ Je and J2 ∈
/ Je and for |J2 | = |J1 | + 1, ∃ ({n } > 0) → 0, such that we have with
P d,n probability greater than 1 − 2e−τ ,
λn fD,λn ,H J2

2
H J2


+ RL,D fD,λn ,H J2 ≥ λn fD,λn ,H J1

2
H J1

+RL,D fD,λn ,H J1



d

+P0 (d − |J1 |) − n .
Under the premise of this modified statement, we can successfully move on to establish the
consistency arguments. It can be easily observed that the initial steps in the proof of Theorem
d

d

4 in Section 8.2 continue to hold by taking δnP (d − |J|) = P0 (d − |J|) − n for design X J , and
d

˜
P
0 (d)

n
n→∞

now we further assume that supd∈N,d≤d
˜ lim inf

> 2. This allows us to define a sequence

d
˜ whenever n > Nd for all d˜ ≤ d. The subsequent steps
{N1 , . . . , Nd , . . . }, such that 2n ≤ P0 (d),

follow and we arrive at,
P (‘risk-RFE finds the correct dimensions’ ) ≥

d−d
Y0

1 − 2(d − i)e−τ



i=0

& 1 − 2de−τ

d

,
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where the last approximate inequality follows assuming 2de−τ < 1 for sufficiently large n and
2β

τ = o(n 2β+1 ) with τ → ∞. First note that,

 2d2

− eτ − eτ
2d
d
2d

.
1 − 2de−τ =  1 − τ
e
For the above limiting infinite product to converge to 1 we need to have d2 e−τ → 0. Then for
consistency results to hold, d needs to grow slower than a certain rate in terms of the sample size
2β

2βk

n. Restricting the growth of τ to be o(n 2β+1 ) implies that we can choose τ ≈ n 2β+1 for some k < 1.


2βk
2βk
2β+1
2β+1
This gives us that de−τ /2 ≈ de−0.5n
suffices.
and hence d ≈ o e0.5n
9.5. Consistency under (B2). Under condition (B2), a close look at our bounds in Lemma
10 through Corollary 13 obtains that modifications needed can be obtained by replacing a and
c with ãeαd and c̃eα̃d respectively. Lemma 14 can now be restated by replacing n with n,d =
√
− 4β+1
− β
(2ceα̃d + 24 2τ + 48K2 a2p e2αpd )n 2β+1 + 40τ n 2(2β+1) . Now we need to ensure that asymptotically
2β

−

β

e αd n 2β+1 +o(1), for a constant
n,d goes to 0. Observe first for τ = o(n 2β+1 ), this reduces to n,d = Ke


e and α = max(α̃, 2αp). Now if we fix a constant γ ∈ 0, β , such that n,d = O(n−γ ), we
K
n
2β+1
β

must have eαd ≤ C1 n 2β+1

−γ

, or that d = O(log n). All subsequent steps follow similarly as discussed
d
˜
P
0 (d)
n→∞ n,d

in the previous section, where we continue to assume supd∈N,d≤d
˜ lim inf
grows slower than e

2βk
0.5n 2β+1

> 2. Now since log n

, we have de−τ → 0 for d = O(log n) automatically, and hence we can

establish the consistency arguments in this setting.
Hence under (B2) we can restate our main result as follows:
Theorem 15.

Assume regularity conditions (B2) along with the other conditions stated before


d
d
β
Theorem 4. Then for d = O(log n), there exists δnP (·) = P0 − O(n−γ ) where γ ∈ 0, 2β+1
, for
which the following statements hold:
d

1. The Recursive Feature Elimination Algorithm for support vector machines, defined for δnP (·)
given above, will find the correct lower dimensional subspace of the input space (X J∗ ) with
probability tending to 1.
2. The function chosen by the algorithm achieves the best risk within the original RKHS H
asymptotically.
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10. Simulation studies. In this section we present a short simulation study to illustrate the
use of risk-RFE for feature elimination in SVMs and compare it with penalized methods such as
the LASSO.
10.1. Consistency and selection of features. Note that the use of risk-RFE for feature selection
has been in practice for well over a decade and it is a well-accepted technique in classification.
The main aim of this section is to evaluate our consistency results in a limited dimension setting,
and a method for selection of the subset of features. We consider two different data-generating
mechanisms, one in the classical classification setting and the other in regression. For each of these
examples we look at three different scenarios, namely (a) when the total number of covariates is 15
of which only 4 are important, (b) 30 covariates with only 7 important ones, and (c) 50 covariates
with only 3 that are important.
For the classification example we consider the hinge loss LHL as the surrogate loss and the
SVM function is computed using the Gaussian RBF kernel kγ (x1 , x2 ) = exp{− γ12 kx1 − x2 k22 }.
The covariates X are generated uniformly on the segment [−1, 1] and the output vector Y is
generated as Y = sign(ω 0 X), where ω is the vector of coefficients with only the first few elements
non-zero (corresponding to the important features chosen at random from a list of coefficients
[−1, −0.5, 0.5, 1]) and the rest are zero. We initialize the original SVM function using a 5-fold cross
validation on the kernel width γ and the regularization parameter λ and they are chosen from the
set of values

(9)

2
,γ
nλ



= (0.01 × 10i , j),

i = {0, 1, 2, 3, 4}, j = {1, 2, 3, 4},

where n is the sample size for the given setting.
In the second scenario, we use an SVR function with a linear kernel k(x1 , x2 ) = hx1 , x2 i to
treat the regression setting, with the -insensitive loss L (x, y, f (x)) = max{0, |y − f (x)| − } where
 = 0.1. Covariates are generated as before while Y is now generated as Y = ω 0 X + 13 Ndim(X) (0, 1).
As before we initialize with a 5-fold cross validation on λ.
We repeat the process for different sample sizes n = {100, 200, 400}. We also repeat the simulations 100 times each to note down the proportion of times (a) risk-RFE made no errors, (b) made
only one error, or (c) made more than 1 error (see Table 10.1). Instead of directly using the change
point model, we take a more conservative approach to calculate the errors: a mistake is made if the
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SVM-RBF
(vs LASSO)

d = 15, d0 = 4
n=100
n=200 n=400

Prop no errors (a) 0.97 (0.94)
Prop 1 error (b)
0.03 (0.06)
Prop > 1 error (c)
0 (0)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

d = 30, d0 = 7
n=100
n=200 n=400
0.62 (0.46) 1 (0.96)
0.34 (0.49) 0 (0.04)
0.04 (0.05)
0 (0)

1 (1)
0 (0)
0 (0)

d = 50, d0 = 3
n=100
n=200 n=400
0.95 (0.97)
0.05 (0.03)
0 (0)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

SVR-Linear
(vs LASSO)

d = 15, d0 = 4
n=100
n=200 n=400

d = 30, d0 = 7
n=100
n=200 n=400

d = 50, d0 = 3
n=100
n=200 n=400

Prop no errors (a)
Prop 1 error (b)
Prop > 1 error (c)

1 (0.93)
0 (0.07)
0 (0)

1 (0.47)
0 (0.48)
0 (0.05)

1 (0.98)
0 (0.02)
0 (0)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

1 (0.91)
0 (0.09)
0 (0)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

Table 10.1. Accuracy of risk-RFE (vs LASSO)

rank of any of the signals is lower than the total number of signals in the model. We compare the
performance of risk-RFE with LASSO in both settings (logistic regression with LASSO or linear
regression with LASSO depending on the example), and the results for LASSO are given in the
parentheses. The simulated relationships between the output Y and the input X being linear, we
expect LASSO to work well in these settings. As seen in Table 10.1, risk-RFE dominates LASSO in
smaller sample sizes, while in larger sample sizes both perform equally well. The entire methodology was implemented in the MATLAB environment. For the implementation we used the SPIDER
library for MATLAB3 , which already has a feature elimination algorithm based on risk-RFE which
3

The Spider library for Matlab can be downloaded from http://www.kyb.tuebingen.mpg.de/bs/people/spider/

Fig 2. Reverse Scree Graph for one run of the simulations for (a) SVM with Gaussian Kernel (b) SVR with Linear
Kernel with d = 30, d0 = 7
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Fig 3. Linear-Quadratic mixture change point analysis for (a) SVM with Gaussian Kernel for comparable cross
validation values of λ and kernel width γ and (b) SVR with Linear Kernel for comparable cross validation values of
λ, with d = 30, d0 = 7 for varying sample sizes. The bold dots represent the estimated change points.

Fig 4. Linear-Quadratic mixture change point analysis for (a) SVM with Gaussian Kernel for comparable cross
validation values of λ and kernel width γ and (b) SVR with Linear Kernel for comparable cross validation values of
λ, with d = 50, d0 = 3 for varying sample sizes. The bold dots represent the estimated change points.

we modified to suit our criterion for deletion. The codes for the algorithm and the simulations are
given in the Supplementary Section.
One important question we inevitably face in feature elimination is when to stop. Note that
our assumptions conjecture the existence of a gap 0 and our results showed that asymptotically
the difference in the empirical objective functions exceed it whenever we move beyond the correct
dimensions. Practically, it is almost impossible to characterize this gap for a given setting, but
the existence of it can be observed from the values of the objective function at each stage of the
algorithm. One idea that can be implemented is that of a ‘reverse Scree graph’ (see section on Scree
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graphs in chapter 6 of Jolliffe [2002]). Implementation of the Scree graph is a well-formulated idea in
choosing the correct number of principal components in PCA and that same idea can be applied here


2
as well. We plot the values of the objective function inf λ fD,λ,H J∪{i} J∪{i} +RL,D fD,λ,H J∪{i}
i∈Z\J

H

at each run of the algorithm in a graph. Figure 2 justifies such an argument.
For a further exploratory analysis of this gap and to characterize the stopping condition, we
tried some ad-hoc model diagnostic tools. From a heuristic standpoint, the phenomenon captured
in Figure 2 seems to suggest that if we fit a regression model to the values of the empirical objective
function, we will expect a change in the slope of the regression line as soon as we start eliminating
any significant covariate from the model because of the aforementioned gap. One plausible way to
analyze this gap then is to fit a change point regression model on these observed values and to
infer the estimated change point as the ad-hoc stopping rule. For the asymptotic belief that the
change in the objective function is negligible to the left of the change point, we can fit a linear
trend there. To the right of the change point however, these changes might show non-linear trends,
and hence, we tried both linear and quadratic trends to model that. The quadratic trend seemed
to work better. Figures 3, 4 show our analysis where we used the mixture of linear-quadratic fits.
10.2. Risk-RFE vs penalized methods. In this section, we look at some non-linear settings to
establish the generality of risk-RFE vs l1 penalized methods. As we mentioned before, lp penalized
methods fail to find the correct subset of features in general non-linear relationships as the following
simulation examples demonstrate.
Method
SVM with risk-RFE
SVM without risk-RFE
Logistic Regression with Lasso
L1 SVM

Test Misclassification Error
Mean
Standard Error
0.051
0.0264
0.242
0.0476
0.286
0.0734
0.262
0.0567

Table 10.2. SVM-wRFE v SVM-woRFE v Lasso v l1 SVM

We again consider two settings: classification and regression. The covariate X is generated uniformly from the [−2, 2]10 in both settings. In the classification example, the output variable Y
depends only on the first two features as in the following: Y takes the value 1 inside the smaller
square (−1 ≤ X1 ≤ 1, −1 ≤ X2 ≤ 1), and takes the value −1 inside the annulus formed between
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this smaller square and the larger square given as (−2 ≤ X1 ≤ 2, −2 ≤ X2 ≤ 2). In the regression
setting, Y again depends only on the first two features, defined by the functional relationship
Y =

a1 X1 X2
,
(1+a2 X1 )2

where a1 , a2 are strictly positive constants. In classification, we compare risk-RFE

(with Gaussian RBF kernel and hinge loss) with logistic regression with LASSO and L1-SVM, and
in regression, we compare risk-RFE (with Gaussian RBF kernel and -insensitive loss) with linear
regression with LASSO. The results are given in Tables 10.2 - 10.3 . The risk-RFE algorithm was
able to pick the first two features for the model satisfactorily, while the penalized methods struggled to find the same. The misclassification error in the classification setting and the measurement
error in Tables 10.2 and 10.3 respectively shows that risk-RFE performs better than the penalized
methods.
Method
SVR with risk-RFE
SVR without risk-RFE
Linear Regression with Lasso

Test Measurement Error
Mean
Standard Error
15.523
0.5885
16.293
0.0448
17.754
1.3258

Table 10.3. SVR-wRFE v SVR-woRFE v Lasso

10.3. risk-RFE in high dimensions. In this section we revisit our simulation setup from Section
10.1 to illustrate the use of risk-RFE for feature elimination in SVMs with higher dimensions. In
these examples we fix the total number of covariates to 200 of which only 10 (5%) are important,
keeping the rest of the simulation setup the same as earlier in Section 10.1, and we repeat the
process for different sample sizes n = {100, 200, 400}. The results are given in Table 10.3. The
simulation results are again indicative of our theoretical derivations in Section 9. In the regression
setup, risk-RFE is doing very well when the sample size to design size ratio n/d = 1, 2 respectively
when n = 200, 400. It is doing well even when n = 100, considering that n/d = 0.5 < 1. In the
classification setup, as n/d decreases it loses efficiency more rapidly. This once again establishes
that consistency of risk-RFE in high dimension depends on the growth of the design size d with
sample size n, which is again dependent on the specific problem. The complexity of a classification
problem with Gaussian RBF kernel means that risk-RFE needs a higher ratio of n/d to successfully
recover all signals. This is quite evident in the n = 100 case, where apparently it fails to capture
all of the signals almost all of the time. To understand how well risk-RFE is actually doing in
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this setting, we need to study this particular case in a bit more detail. First of all, note from our
discussion in Section 10.1, that we allow two different absolute sizes for the coefficients of signals
in the model. A closer inspection yields that the stronger signals (ones with the larger absolute
coeffecient value) are ranked between (1 − 10) 83% of times on average, while the weaker ones
are ranked between (1 − 10) 43% of times on average, which gives a better indication of how well
risk-RFE is doing when n = 100 in the classification setting.
SVM-RBF via direct
(via change-point)
Prop no errors
Prop 1 error
Prop > 1 error

n=100

d = 200, d0 = 10
n=200
n=400

SVR-Linear via direct
(via change-point)

0.04 (0.14) 0.36 (0.42) 0.96 (0.98) Prop no errors
0.18 (0.42) 0.48 (0.54) 0.04 (0.02) Prop 1 error
0.78 (0.44) 0.16 (0.04)
0 (0)
Prop > 1 error

d = 200, d0 = 10
n=100
n=200 n=400
0.64 (0.66)
0.20 (0.24)
0.16 (0.1)

1 (1)
0 (0)
0 (0)

1 (1)
0 (0)
0 (0)

Table 10.4. Accuracy of risk-RFE in high dimensions via the direct rank method (via the change point method)

It is also worthwhile to note that if we directly use the change point model to calculate the
consistency measure (results of which are given within parentheses in table 10.3) we see that riskRFE is doing much better under this new light, where it makes at most one error 56 % of the
times when n = 100 in the classification example. Figure 5 shows why this measure gives a better
illustration of the performance of the algorithm, since the change point model allows for some extra
noise to be retained in the model, but also allows for better retention of the signals.

Fig 5. Reverse Scree Graph for one run of the simulations for SVM with Gaussian Kernel with d = 200, d0 = 10
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11. Discussion. We proposed an algorithm for feature elimination in support vector machines
and empirical risk minimization. We studied the theoretical properties of the method, discussed the
necessary assumptions, and showed that it is universally consistent in finding the correct feature
space under such assumptions. We provided case studies of a few of the many different scenarios
where this method can be used. Finally, we gave a short simulation study to illustrate the method
and discuss a practical method for choosing the correct subset of features.
We established the existence of a gap in the rate of change of the objective function at the
point where our feature elimination method starts removing the essential features of the learning
problem. This motivated us to use a Scree plot of the values of the objective function at each cycle,
and indeed our simulation results support our approach by visually exhibiting this gap in the plots.
Moreover, the graphical interpretation of the scree plot motivated the use of change point regression
to select the correct feature space. It would thus be interesting to conduct a more detailed and
formal analysis of this gap in real life settings to facilitate more efficient and automated practical
solutions.
From our discussion in Section 9 when dimension d grows with n, we saw that risk-RFE is most
effective when used under certain restrictions on the design size d relative to the sample size n.
One immediate question that arises then is if it can be modified further to be used in ‘large p,
small n’ problems, and this remains a topic of interest to us. Feature screening is a very active area
of research in high dimensional statistics, and a lot of very good techniques exist in the literature
for screening in ultra high dimensions. Most of them act as filters that depend on the correlation
structure between the input-output space, such as the sure independence screening (SIS) method
of Fan and Lv [2008] or other SIS based methods such as DC-SIS [Li, Zhong and Zhu, 2012].
Other methods exist as well, such as using the signal-to-noise ratios for screening in Bauer Jr.,
Alsing and Greene [2000], or the model free screening approach of Zhu et al. [2011]. All these
methods can effectively screen models from ultra high dimensions to a lower dimensional setting,
wherein more meaningful lower dimensional methods like SCAD or LASSO becomes applicable.
Hence for now, we propose that when dealing with ultra high dimensions in SVM, risk-RFE be
used in conjunction with one of these ultra high dimensional screening methods. It is worthwhile
to note that Guyon’s RFE is effectively a feature screening method, and hence it is perhaps best
suited to be used in conjunction with the risk-RFE algorithm, for initial screening in the ultra high
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dimensional framework.
As far as we are aware, not much analysis has been done on the properties of variable selection
algorithms under such general assumptions on the probability generating mechanisms of the input
space, especially in support vector machines. So the results generated in this paper can act as a good
starting point for similar analyses in other settings. It would also be interesting to analyze riskRFE for other settings, including censored support vector regression (See Goldberg and Kosorok
[2013]) or other machine learning problems, including reinforcement learning or other penalized
risk minimization problems.
APPENDIX A: FUNCTIONAL SPACES ON LOWER DIMENSIONAL DOMAINS
The aim of this section is to provide a detailed reasoning behind Definition 1 in Section 3.1.
A.1. Further discussions on the lower dimensional spaces F J (or H J ). First note
that for a given input space X , X J may not be a subspace of X . However the assertion holds
trivially for any Euclidean open ball B centered at 0. So we assume that X ⊆ B ⊂ Rd , and that we
can sufficiently extend F(X ) to F(B) (or, HX to HB when H is a RKHS), such that the domain of
functions in F(B) (or in the RKHS HB ) is B instead of X . In case of an RKHS H, we extend the
domain of the kernel k from X × X to B × B. Hence from here onwards we will assume X J ⊆ X .
We now provide a few results that connect these lower dimensional spaces with the original one.
In view of Definition 1, we can define LJ∞ (X ) = {f ◦ π J
says that LJ∞ (X J ) ≡ LJ∞ (X )

XJ

c

: f ∈ L∞ (X )}. Then Lemma 16 below

is isomorphic to the space L∞ (X J ). Lemma 17 below provides

some results connecting the original RKHS with its lower dimensional versions. A related lemma,
Lemma S2, is given in Appendix S1 noting similar results for any general space. These results aim
to show that many of the nice properties of a given functional space are carried forward to their
re-adaptations under Definition 1. We prove Lemma 16 and S2 in the Supplementary Section, while
the proof for Lemma 17 is omitted as it follows from Lemma S2 trivially.
Lemma 16.

LJ∞ (X J ) = L∞ (X J ).

Lemma 17.

Let H ⊂ L∞ (X ) be a non-empty RKHS on X . Then for any J ⊂ {1, 2, . . . , d},

1. If H is dense in L∞ (X ), then H J is dense in L∞ (X J ).
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2. If the k · k∞ closure BH of the unit ball BH is compact, then so is BH J .
3. If H is separable, then so is H J .
4. ei (id : H J 7→ L∞ (X )) ≤ ei (id : H 7→ L∞ (X )), where ei (id : H 7→ L∞ (X )) is the ith entropy
number of the unit ball BH of the RKHS H, with respect to the k · k∞ -norm.
NOTE: 1 holds true if L∞ (X ) is replaced by any space that admits the nested structure.
A.2. RKHS in lower dimensions. Note that in SVMs, the minimization is computed over
an RKHS, and the properties of RKHSs dictate many of the statistical properties of SVMs. Hence,
while defining these lower dimensional spaces we need to ensure that these spaces are RKHSs
as well. To that effect, we begin this section by providing an alternate way to define the lower
dimensional versions of a given RKHS that preserves the reproducing property.
Definition 18.

For a given RKHS H with kernel k and a set of indices J ⊆ {1, 2, .., d}, define
c

c

c

H J ≡ Hk◦πJ c (X ), where k ◦ π J (x, y) := k(π J (x), π J (y)).
Note immediately that Definition 18 allows us to create lower dimensional versions of H in a
way which ensures that these spaces are RKHS as well. This inevitably raises questions about the
validity of Definition 1. However both Definitions 1 and 18 yield the same RKHS space H J .
To see this, let X0 be a subset of X and k (0) (x, y) be the restriction of a kernel k on X0 .
Then k (0) (x, y) is a valid kernel on X0 by Proposition 5.13 of Paulsen [2009]. Now let Hk (X ) be
the RKHS with respect to k(x, y), and Hk(0) (X ) be the one with respect to k (0) (x, y). Then by
Theorem 5.14 of Paulsen [2009], if we define ϕ to be the inclusion id map from X0 to X , we have
Hk(0) (X0 ) = {f |X0 : f ∈ Hk (X )} and kgkH

k(0)

c

= min{kf kHk : f |X0 = g} for g ∈ Hk(0) (X0 ). Taking

c

X0 ≡ X J and k (0) (x, y) ≡ k(π J (x), π J (y)), we immediately obtain our assertion.
APPENDIX B: FURTHER DISCUSSION ON CASE STUDY 4
B.1. Proof of Lemma 6. In order to establish Lemma 6, we need to verify the regularity
conditions given before Theorem 4 in this setup. First note that LHL is Lipschitz continuous and
bounded for all 3-tuples of the form (x, y, 0) (see Example 2.27 in SC08). Separability of Hγ holds
since an RKHS over a separable metric space having a continuous kernel is separable (Lemma 4.33
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of SC08). It is also easy to see that |kγ (x, y)| ≤ 1 is true for all x, y ∈ X and all γ > 0 and hence
kkγ k∞ ≤ 1.
From the proof of Proposition 11 we can see that the assumption on the bound on the average
entropy of the RKHS space given before Theorem 4, can be replaced by the following:
• We assume that for fixed n ≥ 1, ∃ constants a ≥ 1 and p ∈ (0, 1) such that for any J ⊆

−1
{1, 2, . . . , d}, EDX ∼PXn ei id : H J 7→ L2 (DX ) ≤ ai 2p , i ≥ 1.
It is easily seen from the steps in (14) in Appendix C.2 that results will hold if we replace the
earlier assumption with the latter. Theorem 7.34 together with Corollary 7.31 of SC08 along with
the fact that d/(d + τ ) is an increasing function in d, yields a bound as given here with a :=
maxd1 ≤d c,p γ

−

(1−p)(1+)d1
2p

for γ ≤ 1, for all  > 0, d/(d + τ ) < p < 1 and a constant c,p depending

only on p and a given .
The bound on the approximation error follows from results obtained in Theorem 8.18 of SC08
[see also Theorem 2.7 in Steinwart and Scovel, 2007]. Without going into detail, we can see from
Theorem 8.18 of SC08 that the approximation error for a SVM using Gaussian RBF kernel of width
γ on Rd can be bounded by the function

 τ
dτ
d
− d+τd
βd
d+τd
d
A2 (λ, d, γ) ≤ max{cd,τd , e
cd,βd cd } λ
γ
+γ
,

(10)

where P is a distribution on Rd × {−1, 1} that has margin-noise exponent βd ∈ (0, ∞) and whose
marginal distribution PX has tail exponent τd ∈ ( 0, ∞ ], cd,τd , e
cd,βd > 0 are constants and cd
is the constant occurring in equation (8.10) in SC08. So for a given pair (λ, d) if we choose
τd

βd τd

γ(λ, d) = λ dβd +dτd +βd τd then it can be seen that A2 (λ, d, γ(λ, d))  λ dβd +dτd +βd τd (where  denotes
‘less than or equal to’ up to constants).
So for a sequence of SVM objective functions λn kf k2Hγ(λ

n

+ n1
)

Pn

i=1 max{0, 1 − yi f (xi )}

defined

for a sequence λ−1
n = o(n) with λn → 0 the assumptions for the theoretical results on consistency
of risk-RFE are met, and thus Lemma 6 is proved.
APPENDIX C: PROOFS
C.1. Proof of Lemma 10.
Proof. Note that if we define gf := L ◦ f − EP (L ◦ f ), then G = {gf : f ∈ F} is a separable
Carathéodory set (for a discussion on Carathéodory families of maps, refer to Definition 7.4 in
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SC08). To see this, first note that kgf k∞ ≤

|L ◦ f − EP (L ◦ f )| ≤ 2B for B defined in

sup
(x,y)∈X ×Y

the statement of the Lemma. Also by assumption, k · kF dominates the pointwise convergence of
functions (so fn → f in k · kF ⇒ fn → f pointwise). Then the fact that L is locally-Lipschitz
continuous coupled with Lebesgue’s Dominated Convergence Theorem (since kL ◦ f k∞ ≤ B) gives
us the above assertion.
Now note that EP (gf ) = 0 and EP gf2 ≤ (2B)2 = 4B 2 for B as before, so we can apply Talagrand’s
Inequality as given in Theorem 7.5 of SC08 on G defined as G : Z n ≡ (X × Y)n 7→ R such that
n

G(z1 , . . . , zn ) := sup

(11)

gf ∈G

1X
gf (zj ) = sup |RL,D (f ) − RL,P (f )| ,
n
f ∈F
j=1

and hence, for γ = 1 and for all τ > 0, we have
(
Pn

(12)

r

z ∈ Z n : G(z) ≥ 2EP n (G) + 2B

2τ
10Bτ
+
n
3n

)!

(
So now we need to bound the term EP n (G) := EP n

≤ e−τ .
)

sup |RL,D (f ) − RL,P (f )| .
f ∈F

Defining the new Carathéodory set H as H = {hf := L◦f : f ∈ F}, for a probability distribution
P on Z ≡ (X
( × Y), we can use the idea
) of symmetrization given in Proposition 7.10 in SC08 to
sup |RL,D (f ) − RL,P (f )| . We have for all n ≥ 1,

bound EP n

f ∈F

(
ED∼P n

)
sup |RL,D (f ) − RL,P (f )|

f ∈F

= ED∼P n sup |EP hf − ED hf | ≤ 2ED∼P n RadD (H, n),
hf ∈H

where RadD (H, n) is the n-th empirical Rademacher average of H for D := {z1 , . . . , zn } ∈ Z n
with respect to the Rademacher sequence {ε1 , . . . , εn } and the distribution ν, which is given by
n
1X
RadD (H, n) = Eν sup
εi h(zi ) . So we see now that it suffices to bound ED∼P n RadD (H, n).
h∈H n i=1
For that we use theorem 7.16 of SC08, but before that note that the entropy bound means we
have for fixed n ≥ 1, that ∃ constants a ≥ 1 and p ∈ (0, 1) such that
(13)

EDX ∼PXn ei (F, L∞ (DX )) ≤ ai

1
− 2p

,

i ≥ 1.

First observe that H ⊂ L2 (P ). Now since Lipschitz continuity of L gives us that |L(x, y, f1 (x)) −
L(x, y, f2 (x))|2 ≤ cL (C)2 |f1 (x) − f2 (x)|2 , it is easy to see that
ei (H, k · kL2 (P ) ) ≤ cL (C)ei (F, k · kL2 (PX ) ). Hence we have
(14)



ED∼P n ei (H, k · kL2 (D) ) ≤ cL (C)EDX ∼PXn ei (F, k · kL2 (DX ) )
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≤ cL (C)EDX ∼PXn ei (F, k · kL∞ (DX ) )
1
− 2p

≤ cL (C)ai

.

Now noting that khf k∞ ≤ B and EP h2f ≤ B 2 for B defined as before, the conditions of Theorem
7.16 of SC08 are satisfied with e
a = cL (C)a and hence we have,
(15)

n
o
2p
1−p
1
− 1
ED∼P n RadD (H, n) ≤ max C1 (p)e
ap B 1−p n− 2 , C2 (p)e
a 1+p B 1+p n 1+p

for constants C1 (p), C2 (p) depending only on p. Hence we finally have that with probability ≥
1 − e−τ ,
r
sup |RL,P (f ) − RL,D (f )| ≤ 2B
f ∈F

2τ
10Bτ
+
n
3n

o
n
2p
2p
1−p
1
− 1
+ 4 max C1 (p)cL (C)p ap B 1−p n− 2 , C2 (p)cL (C) 1+p a 1+p B 1+p n 1+p .

C.2. Proof of Proposition 11.
Proof. First note that since B ≥ 1 and K ≥ B p /4, we have 24KB 1−p ≥ 6B > 2. Now if
a2p > λp n, the inequality trivially follows from the fact that


2
+ RL,D fD,λ,H J2 − λ fD,λ,H J1 H J1 − RL,D fD,λ,H J1


2
2
≤ λ fD,λ,H J2 H J2 + RL,D fD,λ,H J2 + λ fD,λ,H J1 H J1 + RL,D fD,λ,H J1
 2p  21
a
1−p
≤ 2RL,D (0) ≤ 24KB
,
λp n
λ fD,λ,H J2

2
H J2

since RL,D (0) ≤ 1. Hence we assume from here on that a2p ≤ λp n. Now observe that since H is
separable, from Lemma 17 we have that the H J s are also separable. Hence from Lemma 6.23 of
SC08 we have that the SVMs produced by these RKHSs are measurable.
Now note that L(x, y, 0) ≤ 1 ⇒ for any distribution Q on X ×Y, we have that RL,Q (0) ≤ 1. Since,
q
RL,Q (0)
. Now since by Lemma
inf λkf k2H J + RL,Q (f ) ≤ RL,Q (0), we have that fQ,λ,H J H J ≤
λ

f ∈H J

4.23 of SC08 kf k∞ ≤ kkk∞ kf kH J for all f ∈ H J , we have that fQ,λ,H J

∞

≤ fQ,λ,H J

HJ

≤ λ−1/2 .

So, consequently, for every distribution Q on X × Y, we have
(16)



RL,P fQ,λ,H J − RL,D fQ,λ,H J ≤

sup

|RL,P (f ) − RL,D (f )| .

kf kH J ≤λ−1/2
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Now,


2
+ RL,D fD,λ,H J2 − λ fD,λ,H J1 H J1 − RL,D fD,λ,H J1



2
λ fD,λ,H J2 H J2 + RL,P fD,λ,H J2 − R∗L,P,H J2 + RL,D fD,λ,H J2 − RL,P fD,λ,H J2



2
λ fD,λ,H J1 H J1 + RL,P fD,λ,H J1 − R∗L,P,H J1 + RL,D fD,λ,H J1 − RL,P fD,λ,H J1 ,

λ fD,λ,H J2
≤
+

2
H J2

since from (A1), R∗L,P,H J1 = R∗L,P,H J2 = R∗L,P,H . Noting that

2
λ fD,λ,H J H J + RL,P fD,λ,H J − R∗L,P,H J ≥ 0, we have from (6.18) of SC08 that
λ fD,λ,H J

2
HJ


+ RL,P fD,λ,H J − R∗L,P,H J





≤ AJ2 (λ) + RL,P fD,λ,H J − RL,D fD,λ,H J + RL,D fP,λ,H J − RL,P fP,λ,H J
(17)

≤ AJ2 (λ) + 2

|RL,P (f ) − RL,D (f )| .

sup
kf kH J ≤λ−1/2

From (16) and (17) and the fact that J1 , J2 ∈ Je such that J1 ⊆ J2 ⊆ J∗ , we have that
λ fD,λ,H J2

2
H J2


+ RL,D fD,λ,H J2 − λ fD,λ,H J1

≤ AJ2 1 (λ) + AJ2 2 (λ) + 3

sup
kf kH J1 ≤λ−1/2

2
H J1

− RL,D fD,λ,H J1

|RL,P (f ) − RL,D (f )| + 3

sup



|RL,P (f ) − RL,D (f )| .

kf kH J2 ≤λ−1/2

First note that for f ∈ λ−1/2 BH J and B := cL (λ−1/2 )λ−1/2 + 1, we have |L(x, y, f (x))| ≤
|L(x, y, f (x)) − L(x, y, 0)| + L(x, y, 0) ≤ B for all (x, y) ∈ X × Y. Also note that the entropy

−1
bound assumption implies that EDX ∼PXn ei (λ−1/2 BH , k · kL∞ (DX ) ) ≤ λ−1/2 ai 2p .
Now note from Lemma 17 that the conditions of Lemma 10 are satisfied for F := λ−1/2 BH J ,
k · kF := k · kH J , C := λ−1/2 and B := cL (λ−1/2 )λ−1/2 + 1 for each of the RKHS classes H J . Also
 2p 1/2
 2p 1/(p+1)
1−p
since a2p ≤ λp n and B ≥ 1, we have λap n
≥ λap n
and B 1−p ≥ B 1+p for p ∈ (0, 1).
Hence we have our assertion.
C.3. Proof of Lemma 14.
Proof. (i) Fixing a λ ∈ [0, 1], we have that B := cL (λ−1/2 )λ−1/2 + 1 ≤ 2λ−1/2 . Now since
|X| ≤ x ⇒ X ≤ x for any x ≥ 0, we see from Proposition 11 that


2
+ RL,D fD,λ,H J2 − λ fD,λ,H J1 H J1 − RL,D fD,λ,H J1
r
 2p  12
2τ
a
J1
J2
−1/2
−1/2 τ
− p−1
2
< A2 (λ) + A2 (λ) + 24λ
+ 40λ
+ 48K2 λ
n
n
λp n

λ fD,λ,H J2

2
H J2
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(18)

√
1
1
1
= AJ2 1 (λ) + AJ2 2 (λ) + 24 2τ (λn)− 2 + 40τ (λ 2 n)−1 + 48K2 a2p (λn)− 2

with probability at least 1 − 2e−τ . Also from Corollary 12, for J ∈ Je similarly, we have
λ fD,λ,H J
(19)

2
HJ


+ RL,D fD,λ,H J − R∗L,P,H

√
1
1
1
< AJ2 (λ) + 12 2τ (λn)− 2 + 20τ (λ 2 n)−1 + 24K2 a2p (λn)− 2

with probability at least 1 − e−τ . Now since λn → 0 and lim λn n = ∞, Lemma 5.15 along with
n→∞

(5.32) of SC08 gives us that the right hand side of the above inequality converges to 0. So the
denseness assumption of the RKHSs additionally gives us the universal consistency of our feature
elimination algorithm. To establish the convergence rate of our algorithm we further assume that
there exists c > 0 and β ∈ (0, 1] such that AJ2 ≤ cλβ for any J and for all λ ≥ 0. Then it can
be seen that asymptotically the best choice for λn in (18) or (19) is a sequence that behaves like
1
− (2β+1)

and then the inequalities in (18) and (19) are satisfied with the l.h.s. replaced by n and
√
− 4β+1
− β
n /2 respectively, where n is given by (2c + 24 2τ + 48K2 a2p )n 2β+1 + 40τ n 2(2β+1) . This proves

n

(i) for {n } for a suitable choice of τ .
(ii) Observe from Corollary 12 along with the conditions on λn , AJ2 , and steps in the proof of (i)
given above that,
(20)

λn fD,λn ,H J

2
HJ


+ RL,D fD,λn ,H J − R∗L,P,H J < n /2

occurs with P n probability greater than 1 − eτ for any J ⊂ {1, 2, . . . , d} where n is given as before.
Also note that from Assumption (A2) we have that R∗L,P,H J2 − 0 ≥ R∗L,P,H J∗ = R∗L,P,H J1 . So
for H J2 we have,



2
P n D ∈ (X × Y)n : λn fD,λn ,H J2 H J2 + RL,D fD,λn ,H J2 − R∗L,P,H J2 < n /2 > 1 − e−τ



2
⇒ P n D ∈ (X × Y)n : λn fD,λn ,H J2 H J2 + RL,D fD,λn ,H J2 + n /2 > R∗L,P,H J2 > 1 − e−τ ,
and for H J1 we have



2
P n D ∈ (X × Y)n : λn fD,λn ,H J1 H J1 + RL,D fD,λn ,H J1 − R∗L,P,H J1 < n /2 > 1 − e−τ



2
⇒ P n D ∈ (X × Y)n : λn fD,λn ,H J1 H J1 + RL,D fD,λn ,H J1 < R∗L,P,H J1 + n /2 > 1 − e−τ



2
⇒ P n D ∈ (X × Y)n : λn fD,λn ,H J1 H J1 + RL,D fD,λn ,H J1 + 0 − n /2 < R∗L,P,H J2 > 1 − e−τ .
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The above two statements then jointly imply that
(21)

λn fD,λn ,H J2

2
H J2


+ RL,D fD,λn ,H J2 − λn fD,λn ,H J1

2
H J1


− RL,D fD,λn ,H J1 > 0 − n

with P n probability greater than 1 − 2e−τ .
Also it is easy to see that since n → 0 with n → ∞, the gap e
n = 0 − n −→ 0 > 0.
(iii) From Assumption (A1), Corollary 13, conditions on λn , AJ2 , and steps in the proof of (i)
given above, the ‘if’ condition of (iii) follows since for any J and for all  > 0, τ > 0 and n ≥ 1 we
have,
(22)


P n D ∈ (X × Y)n : λn fD,λn ,H J

2
HJ



+ RL,P fD,λn ,H J − R∗L,P,H < ηn > 1 − e−τ ,

√
− 4β+1
− β
where ηn = (c + 8 2τ + 16K2 a2p )n 2β+1 + 40/3τ n 2(2β+1) .
Now for J1 ∈ Je and J2 ∈
/ Je we have R∗L,P,H J2 − 0 ≥ R∗L,P,H J∗ = R∗L,P,H J1 = R∗L,P,H and hence

2
the ‘only if’ condition of (iii) also follows by noting that λn fD,λn ,H J2 H J2 + RL,P fD,λn ,H J2 −
R∗L,P,H > 0 − ηn occurs with P n probability greater than 1 − e−τ .
Now since ηn → 0 with n → ∞, the gap e
e
n = 0 − ηn −→ 0 > 0.
SUPPLEMENTARY MATERIAL
Supplementary Section: Additional Materials and Matlab Codes
(http://www.bios.unc.edu/ kosorok/RFE.html). Additional materials and details on the codes are
given in the html page.
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S1

ADDITIONAL MATERIALS ON FEATURE ELIMINATION IN EMPIRICAL
RISK MINIMIZATION AND SUPPORT VECTOR MACHINES
By Sayan Dasgupta, Yair Goldberg and Michael R. Kosorok
S1. Results for risk-RFE in empirical risk minimization.
S1.1. The Recursive Feature Elimination Algorithm for ERM. For an empirical risk minimization framework with respect to a given functional space F, Algorithm 1 can be modified to match
the setting of ERM.
2
HJ


+ RL,D fD,λ,H J in Al
gorithm 1, (defined for a given set of indices J) by the empirical risk RL,D fD,F J .
Algorithm 3.

Replace the regularized empirical risk λ fD,λ,H J

S1.2. The version of the main result in ERM.
Theorem S1.

Let L be a convex locally Lipschitz continuous loss function. Let F ⊂ L∞ (X ) be

non-empty and compact. Let M > 0 satisfies kf k∞ ≤ M , f ∈ F. Let B > 0 be such that it satisfies
L(x, y, f (x)) ≤ B, (x, y) ∈ X × Y, f ∈ F. Assume that for fixed n ≥ 1, there exists constants a ≥ 1
1
− 2p

and p ∈ (0, 1) such that EDX ∼PXn ei (F, L∞ (DX )) ≤ ai

, i ≥ 1.

1

Then there exists {δn } such that δn = 0 − O(n− 2 ), for which the following statements hold:
1. The Recursive Feature Elimination Algorithm for empirical risk minimization, defined for
{δn } given above, will find the correct lower dimensional subspace of the input space with
probability tending to 1.
2. The function chosen by the algorithm achieves the best risk within the original functional
space F asymptotically.
Note that the above results hold under either Condition 1 or 2.
S1.3. Additional results in ERM. Here we provide a few additional results for ERM, similar to
the ones we develop for SVM.
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Lemma S2.

Let F ⊂ L∞ (X ) be a non-empty functional subspace. Then for any J ⊆ {1, 2, . . . , d},

1. If F is dense in L∞ (X ), then F J is dense in LJ∞ (X ).
2. If F is compact, then so is F J .
3. ei (F J , k.k∞ ) ≤ ei (F, k.k∞ ), ∀i ≥ 1 where ei (F, k.k∞ ) is the ith entropy number of the set F
with respect to the k.k∞ -norm as defined in Section 2.
NOTE: 1 holds true if L∞ (X ) is replaced by any space that admits the nested structure.
The next few results are similar to the ones we developed for support vector machines in Section
8. This will set us up to prove Theorem S1.
Proposition S3.

Assume the conditions of Theorem S1. For all measurable ERMs and all

 > 0, τ > 0, and n ≥ 1, and for J1 , J2 ∈ Je such that J1 ⊆ J2 ⊆ J∗ , we have
r
P

n

n



D ∈ (X × Y) : RL,D fD,F J2 − RL,D fD,F J1



< 12B

2τ
20Bτ
+
+ 24K1
n
n



a2p
n

 12 !

> 1 − 2e−τ ,
n
1−p o
2p
where K1 := max B/4, C1 (p)cL (C)p B 1−p , C2 (p)cL (C) 1+p B 1+p .
Consequently we obtain the following two corollaries:
Corollary S4.

Assume the conditions of Theorem S1. For any J and all measurable ERMs

and all  > 0, τ > 0, and n ≥ 1, we have that
r
Pn

D ∈ (X × Y)n : |RL,D fD,F J − R∗L,P,F J | < 6B


2τ
10Bτ
+
+ 12K1
n
n



a2p
n

 12 !

> 1 − e−τ ,

where K1 is as before. Additionally if J ∈ Je, we can replace R∗L,P,F J in the above inequality by
R∗L,P,F .
Corollary S5.

Oracle Inequality for ERM: Assume conditions of Theorem S1. For any

J and all  > 0, τ > 0, and n ≥ 1, we have with P n probability > 1 − e−τ ,
r


RL,P fD,F J −

R∗L,P,F J

< 4B

2τ
20Bτ
+
+ 8K1 B 1−p
n
3n



a2p
n

 12
,

where K1 is as before.
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We now provide Lemma S6 for ERM:
Lemma S6.

Assume the conditions of Theorem S1. Then the following statements hold:

i. For J1 , J2 ∈ Je and J1 ⊆ J2 ⊆ J∗ , ∃ ({n } > 0) → 0 such that we have with probability


greater than 1 − 2e−τ , RL,D fD,F J2 ≤ RL,D fD,F J1 + n .
ii. For J1 ∈ Je, J2 ∈
/ Je such that J1 ⊂ J2 , ∃ ({n } > 0) → 0 such that we have with probability


greater than 1 − 2e−τ , RL,D fD,F J2 > RL,D fD,F J1 + 0 − n .
iii. Oracle Property for risk-RFE in ERM: For a given J ⊆ {1, . . . , d} the infinite-sample

risk of the function fD,F J , RL,P fD,F J , converges in measure to R∗L,P,F (and hence to R∗L,P
if F is dense in L∞ (X )) iff J ∈ Je.
S2. A further discussion on Projected Spaces. In order to provide a heuristic understanding of the importance of the projection spaces in feature selection, we give an alternative definition
of lower dimensional versions of the input space. First, define the map σ J : Rd 7→ R|J| such that for
x = {x1 , . . . , xd } ∈ Rd , σ J (x) = {xJmin , . . . , xJmax } ∈ R|J| . So σ J (x) is the |J| dimensional vector
containing only those elements of x, the coordinates of which are given in the index set J. Hence
c

c
c
we can now define the deleted space X −J as, X −J := {σ J (x) = {xJmin
, . . . , xJmax
} : x ∈ X }.

Now consider the set up of Theorem 20 with S ≡ X −J and X ≡ X J . We equip X J with the
restricted kernel k J , such that k J (x, y) = k(x, y) for all x, y ∈ X J . Now for any y ∈ X −J , define
c

c

the map ϕ ≡ φJd : X −J 7→ X J as φJd (y) = π J (x), where x ∈ X satisfies the relation y = σ J (x).
Or in other words the map φJd takes an element from the deleted space, fills in the gaps with zeros
and returns an element from the projected space. Note then that φJd is a bijection, and hence the
spaces X J and X −J are isomorphic to each other.
Hence from Theorem 20, we see that k J ◦ φJd is a kernel defined on X −J with the corresponding
RKHS HkJ ◦φJ . Suppose now that instead of X , our input space is X −J . We want to know whether
d

we can define a kernel, say k −J on X −J , such that it is the natural abridgment of the kernel k on X
(in the sense of being aptly defined on deleted vectors). And in cases when such a natural connect
does exist, we want to know if there also exists an inherent connection between k −J and k J ◦ φJd .
The motivation for the definition of k −J stems from previous works on feature elimination in
Support Vector Machines. The Recursive Feature Elimination procedure developed in Guyon et al.
(2002) and subsequently revisited and modified in Rakotomamonjy (2003) starts off with a given
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input space X and eliminates features using a weight criteria recursively computed by re-training
the SVM on the lower dimensional spaces X −J . From their discussion, it is seen that if the Gram
matrix of the training vectors {x1 , . . . , xn } is given by {k(xk , xj )}nk,j=1 , then the Gram matrix
−i
of the training vectors {x−i
1 , . . . , xn } after deleting a particular variable say Xi is taken to be
−i
{k −i (xk , xj )}nk,j=1 where k −i (xk , xj ) = k(x−i
k , xj ). This clearly takes into account the assumption

that the kernel k can be defined on deleted vectors as well, that is, k is well defined for any pair of
vectors x and y where x, y ∈ Rd0 and d0 ≤ d. It is intuitively clear that this may not be true for any
general kernel k on Rd . Hence we prefer to work with the projected space X J instead of the deleted
space X −J , as this approach is more general. Through the following lemma however (Lemma S7),
we show that in most practical cases (as discussed in Guyon et al. (2002), and Rakotomamonjy
(2003)), the kernels we work with satisfy an intrinsic relationship between k −J and k J ◦ φJd that
makes it appropriate to work with either of the setups.
Lemma S7.

For Radial Kernels and Dot Product Kernels, k −J = k J ◦ φJd .

The proof is simple and therefore omitted.
Also note that for kernels defined on weighted norms, (k(x, y) = g(kx − ykW ) where kx − ykW :=
(x − y)0 W (x − y), with W being a positive d × d diagonal matrix), the above condition is also
satisfied.
S3. Additional Proofs.
S3.1. Proof of Lemma 16.
Proof. The direction LJ∞ (X J ) ⊆ L∞ (X J ) is obvious since co-ordinate projection maps are
continuous. To show that LJ∞ (X J ) ⊇ L∞ (X J ) let us take g ∈ L∞ (X J ). Then g : X J 7→ R is
measurable with kgk∞ < ∞. Extend g to ge to include the whole domain X by defining ge(x) =

c
c
g π J (x) . Since ge is measurable with ke
g k∞ = kgk∞ , we have that ge ∈ L∞ (X ) and ge ◦ π J = ge, so
g = ge X J ∈ LJ∞ (X J ).
S3.2. Proof of Lemma S2.
Proof. (1) For any function f ∈ L∞ (X ), by the denseness of F we can find a sequence of
functions {gn } ∈ F such that gn → f uniformly. Now fix an arbitrary function f ∈ LJ∞ (X ) ⊂
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L∞ (X ) and consider any sequence of functions {gn } ∈ F that converges to f uniformly. Construct
the new sequence of functions {gnJ } where for any function g ∈ F, g J is defined by g J (x) =
c

g(π J (x)). Observe trivially that {gnJ } ∈ F J .
Now {gn } 7→ f uniformly ⇒ for any  > 0, ∃ N such that ∀ n ≥ N ,
sup |gn (x) − f (x)| <  ∀n ≥ N

⇒

c

sup
x∈π J c (X )

x∈X

|gn (x) − f (x)| <  ∀n ≥ N

c

sup |gn (π J (x)) − f (π J (x))| <  ∀n ≥ N

⇒

x∈X

sup |gnJ (x) − f (x)| <  ∀n ≥ N

⇒

x∈X
{gnJ }

⇒

7→ f

(∵

c

f (π J (x)) = f (x))

uniformly.

Hence F J is dense in LJ∞ (X ).
It is also easy to see that the above proposition will hold true even if L∞ (X ) is replaced by any
other space G that admits the nested structure as long as we work with the uniform metric.
N
[
N
Bk·k∞ (fn , ) (where
(2) Since F is compact, for any  > 0, ∃ {fn }n=1 ∈ F such that F ⊂
n=1

Bk·k∞ (fn , ) is a k · k∞ ball of radius  with center fn ). We now fix f ∈ F J and note that ∃ an
equivalent class of functions {g f } in F such that for any two functions g1f and g2f ∈ {g f } we have
c

c

that g1f ∼ g2f in the sense that g1f ◦ π J = g2f ◦ π J = f . Fix one such gef ∈ {g f }. Since gef ∈ F, ∃ fi

∈ {fn }N
ef ) < , that is,
n=1 such that d(fi , g

sup |fi (x) − gef (x)| < 

⇒

x∈π J c (X )

x∈X

c

sup

c

|fi (x) − gef (x)| < 
c

⇒

sup |fi (π J (x)) − gef (π J (x))| < 

sup |fiJ (x) − f (x)| <  (∵ gef (π J (x)) = f (x))

⇒

J

{fnJ }N
n=1 forms a finite -cover for the set F .

⇒

x∈X

x∈X

Hence F J is compact.
(3) To see (3), note that if f1 , . . . , f2n−1 is an -net of F, then for any f ∈ F, we have i ∈
{1, . . . , 2n−1 } such that kf − fi k∞ < . Then,
c

c

c

c

kf ◦ π J − fi ◦ π J k∞ = sup f ◦ π J (x) − fi ◦ π J (x) = sup |f (x) − fi (x)|
x∈X

x∈X J

≤ sup |f (x) − fi (x)| = kf − fi k∞ < .
x∈X
c

c

Hence f1 ◦ π J , . . . , f2n−1 ◦ π J is an -net of F J .
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S3.3. Proof of Lemma 2.
Proof. To see this, let us consider a dot-product kernel k such that k(x, y) = g(hx, yi) where
J . We show
h· , ·i is the usual Euclidean inner-product. Now consider the pre-RKHSs Hpre and Hpre
J ⊆ H
J
J
here that Hpre
pre which will imply that H ⊆ H. To show this, take f ∈ Hpre . This implies
n
X
that f can be written as f (·) =
αi k J (·, xi ) for n ∈ N, α1 , . . . , αn ∈ R, x1 , . . . , xn ∈ X . Hence,
i=1

f (·) =

n
X

αi k J (·, xi ) =

i=1

=

n
X

n
 X
c
c
αi k π J (·), π J (xi ) =
αi g

i=1
c

·, π J (xi )

αi g

i=1
c

n
X



c

c

π J (·), π J (xi )



i=1

=

n
X


c
αi k ·, π J (xi )

i=1
c

Noting that π J (x1 ), . . . , π J (xn ) ∈ X , we have that f ∈ Hpre . In a similar way, we can show that
for any J1 ⊆ J2 , H J2 ⊆ H J1 .
S4. Real Data Examples. We apply the modified recursive feature elimination algorithm
(alternatively risk-RFE) to two feature selection applications: feature selection in vowel recognition
data, and feature selection in predicting ozone levels.
S4.1. Non linear classification in vowel recognition. To show the applicability of risk-RFE for
non-linear classification, we apply our method to the vowel recognition data set available at http:
//www-stat.stanford.edu/~tibs/ElemStatLearn/ (see Hastie et al., 2009). The dataset consists
of recordings from 15 individuals speaking different classes of vowels, 11 in all, and a 10 dimensional
input space created from the reflection coefficients to calculate 10 log area parameters (see Rabiner
and Schafer, 1978). We apply SVM with a Gaussian RBF kernel to classify between the vowel
sounds ‘i’ and ‘I’ based on these 10 features. We use five fold cross-validation to obtain the SVM
parameters and trained on a data set with 48 instances and tested with 42 instances of each vowel.
We compared results between instances when risk-RFE was used with SVM (SVM-wRFE) and
when it wasn’t (SVM-woRFE). SVM-wRFE chooses 4 features and gives a test misclassification
error of 8.33%,while the SVM-woRFE gives a test error of 17.86% on the existing 10 features.
S4.2. Non linear regression in Ozone data. The ozone data set (see Breiman and Friedman,
1985) has been used very frequently to evaluate methods for non-linear regression. These data record
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Features
Objective function values at last run
Mean Test Error over 20 runs

Temp
39.90
24.88

invHt
35.18
20.35

hum
30.37
17.45

invTemp
29.16
17.08

press
28.56
16.76

milPress
28.19
16.66

vis
27.89
16.75

wind
27.42
16.78

Table S1. SVM-wRFE: Ozone Data

the level of atmospheric ozone concentration from eight daily meteorological measurements made in
the Los Angeles basin in 1976, and we have 330 complete cases. The response, referred to as ozone,
is actually the log of the daily maximum of the hourly-average ozone concentrations in Upland,
California and can be found again at http://www-stat.stanford.edu/~tibs/ElemStatLearn/
(see Hastie et al., 2009). We split the data randomly into twenty test and training sets of equal
sizes and perform SVR with epsilon-insensitive loss and with the Gaussian RBF kernel on each
training-test data pair. Five fold cross-validation was used to select the parameters of the algorithm
in each run. The ranks of the variables as given by risk-RFE are provided in the table below with
the respective objective function values in the last run along with the average test error rates over
all twenty runs at each stage. It does reveal important non-linear relationships existing between
the predictors and the ozone levels which we already know, that temperature (T emp) is the most
important variable in predicting ozone levels followed by inversion height (invHt) and humidity
(hum). Risk-RFE selects only these 3 variables (Temperature, Inversion Height and Humidity) in
each run achieving an average test error rate of 17.45%.
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