








(a) coronal (b) sagittal (c) transverse

h = 0.5; 1032 edges

(d) coronal (e) sagittal

h =1; 718 edges

(g) coronal (h) sagittal (i) transverse
h = 3; 674 edges

Figure 4: Estimated brain connectivity network at the age 21.83 among healthy subjects.
The kernel bandwidth h takes the value 0.5, 1, 3, resulting to different brain connectivity

networks from closer to the age-specific level, to closer to the population level.
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A  Proof of Lemma 3.1

The proof of Lemma 3.1 can be decomposed into two parts. In the first part, we prove that
the bias term ES(¢y) — X () can be controlled by the number of subjects n and bandwidth

h. The result is provided in the following lemma.

Lemma A.1. Supposing that the conditions in Lemma 3.1 hold, we have

1

Proof. By the definition of S(¢y) in Equation (2.3), we have

n 1 m
S(to) = Z wi(tg, h)a Z wzka:ﬁ
i=1 k=1

E{S(to)}r — Xjx(to)

max
ak

Accordingly, we have

E[S(to)ljr = Y _wilto,h)— Y Eaya,
= wilto, h)Sj(ts)
-y k() s (A1)

By Theorem 1.1 in Tasaki (2009) and Assumption (A2), we have
C(to) i tz — t()
K Ykt

:ﬂh‘)) /01 K (t _hto) Yr(t)dt + O

1—tg

elty) /_ K

b to)

:c(to) K(U) {ij(to) + thgk(C)} du+ O (#) s (AQ)

a(to)
where a(to) := —1(to € (0,1]), b(to) := I(to € [0, 1)), X (t) := 5,(t), and ( lies between
to and ty + hu. The last equality is because h — 0 and K (u) has support [—1, 1].

o)) & t—to
A0 qup £ LK St
n2h i) di2 o) )

1
K(u)Ejk(to + hu)du + O (W)

B

—~

By Equation (2.2), we have

b(to)

a(to)
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By Equation (2.2) and Assumption (A1), we have

b(to) b(to)
c(to) K (u)hu¥ly (¢)du| <Cyh c(to)/ lu| K (u)du
a(to) a(to)
1
=2C5h / uK (u)du| = O(h). (A.4)
0
Combining (A.1), (A.2), (A.3), and (A.4), we have
1
This completes the proof. O

We then proceed to the second lemma, which provides an upper bound of the distance

between the estimator S(ty) and its expectation ES(¢¢).

Lemma A.2. Supposing that the conditions in Lemma 3.1 hold, we have

f'SUPte[O,l} 13012 logd
h{1 — sup;cpo 1y | A()]]2}

max | {S(to) }jx — E{S(to) }jx| = O

Proof. For i = 1,...,nand [ = 1,...,m, let y; := (ym, . ,yzld)T be a d- dimensional
random vector with v;;; = xi;//2;5(t) and pjr(t;) == 2jk(t:)/ /2, (t:) Zr(t;). We then
have

P{S (o) }jx — E{S(to) x| > €]

L[5

S wiltor 1) {% S i zjk(ti)}
:p{ sz to, h i) i (t ([ fj (g + ya)® — 2{1 +pjk(ti>}]
— _ Zm:yzlj Yik) —2{1—pjk ]) >46}
SIP{ i)wi(to,h) ([%fj(ym ya)? —2{1 +pjk<ti>}]) > 2e}
3wt ) ([% Sl 0 200 (e} ) > 2e}

I:P1 + PQ, (A5>

> €
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where w}(tg, h) == w;(to, h)\/2;; (t:) ke (ti).
Let Z := (Z!,...,Z})T € R"™, where Z; := (Yi1j + Yitks Yizj + Yioks - - - Yimj + Yimk) " -
We have Z;, is independent of Z;, for any l; # l5. Let

0 \/Wé(io,h) Im 0

0 0 Wﬁ(to, h) : Im

be a mn by mn diagonal matrix. Then we can rewrite P, as P, = P(| |BZ||3— E|BZ||3 |>
2me). Using the property of Gaussian distribution, we have BZ ~ N,,,(0,Q), where
Q := Bcov(Z)B and

cov(Zy) 0 . 0
0 cov(Zy) 0
cov(Z) =
0 0 cov(Z,)

Let {cov(Z;)},, be the (p,q) element of cov(Z;). We have

{cov(Z;) }pg| = |cOV(Yips + Yipk Yigs + Yiar)|
= |Cov(yipj7 yiqj) + Cov(yipja yiqk) + COV(%pk, yiqj) + COV(?Jz‘pk, yzqkz)|
< |cov(Zipj, Tigj) + COV(Tipj, Tigk) + COV(Tipks Tigs) + COV(Zipk, Tig)|
- min, ¥,..(t;)
<4HA(tz‘)||lf_q'||2(tz')||2
min, ¥,..(¢;)

The last inequality is by using the property of the lag 1 vector autoregressive models. Thus

HQH2 max Z ‘er'

1<s<m

= max, E w; (to, h)[{cov(Z;)} gl
4||E( i)l
< — o
max wi (to, h)mlnTErr(tz) QE A5

166, Esupien 202
ST T supiei A
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The last inequality is due to the fact that w(to,h) = w;(to, h)\/Sj;(t:) Sek(ts) < = -

sup, K (v) - sup, max, %,,(t).
Finally, using Lemma 1.2 in Negahban and Wainwright (2011), we have

2 2 mn
P(| IBZ|2 — E|BZ|2 |> 2me) <2ex —@( < _ ) 4 2ex (——)

<dexp {—% (m)z} : (A7)

Using the same technique, we can show that P, in Equation (A.5) can also be controlled

for large enough n.

by the bound in (A.7). So using the union bound, we have

P | {8000} ~ E{S ()l > €| < 3P I4S(t0)s ~ BIS(t)}nl >

csdonn [ A
<8d eXp( 32nHQH§) (4.8)

Thus, using Equations (A.6) and (A.8), we have

max | {S(to)}jx — E{S(to) }ju| = Op <||Q”2W>

§ - supepy [1IZ@l2 logd
h{1 = supepo,y [[A(H)[l2} V' mn

:OP

This completes the proof. O

Proof of Lemma 3.1. The rate of convergence in Lemma 3.1 can be obtained by balancing

the convergence rates in Lemmas A.1 and A.2. More specifically, we first have
[S(to) — Z(to)l[max < [|S(to) = ES(to)|[max + [[ES(t0) — X (to)|max-

For notational simplicity, we denote 6 := §sup,co 1 [|2(#)[|2/{1 — supepo 1y [[A(#)[l2}. We
then have

n2htn  h\ mn

1 0 [logd
1S(to) — X(to)||max = Op <h—|— T A - > _

We first balance the first and third terms in the above upper bound, having that

0 flogd ogd)
h=ioy] =2 :>h:<9 Og) ,

hV mn mn
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We then balance the first and second terms, and have that

1 .2
hzmih:n 2+,

1/2
Based on the above two results, we have that, on one hand, if <6\ / %) > n_ﬁ,

we can set
ogd)
h:(@ Og) .
mn

Then we have

1/2
0 [logd 1 B log d
h = T\ P et = ||S(to) — X(t0)||max = Op (9 p— ) . (A.9)
1/2 ,
On the other hand, if (6\ / %) < n” %, we can set
2
h=n 2.
Then we have
1 6 [logd _2
h= n2hl+n = N o = [IS(to) — E(t0)[max = Op (n 2*") : (A.10)
Combining (A.9) and (A.10), we have the desired result. O

B Proof of Lemma 3.2

To prove Lemma 3.2, we need an improved upper bound on the distance between S(¢y) and
ES(tp). We provide such a result in Lemma B.1. The proof of Lemma B.1 can be regarded

as an extension to the proof of Lemma 6 in Zhou et al. (2010).

Lemma B.1. Suppose that Assumptions (B1), (B2), and (B3) in Lemma 3.2 hold, and

n=2/%> < h < 1. Then we have there exist absolute positive constants Cy and Cs, such that

for
Ca{ %3, (t0) ik (to) + X3, () }

we have

P([{S(to)};1 — E{S(to)};x] > €] < 2exp(—Csmnhe?).
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Proof. By the definition of S(ty), we have

n 1 m
Z’wi(to, h) {E inljxilk - Ejk<t’b>} > 6]
L] i=1 =1
[ n 1 m
<P | Y wilto, h) {E > wijak — ij(tz‘)} > 6]
| i=1 =1

P1{S(t0)} 5 — E{S(to)} ] > ] =P

n 1>
+ ;UJ(() ){ m;xlﬂ:lk—i— ]k( )} 6]
I:P3—|—P4.

By Markov’s inequality, Vr > 0,

n 1 m

P; =P (exp [mnr g wi(to, h) {— E Tit; Titk — Ejk(ti)}] > em"“>

m
i=1 =1

DI (“ . t0> i {wajin — zjk<ti>}]

i=1

=e~"" [ [ exp {—mrﬁK ( - 0) Ejk(ti)} I1 [Eexp {TEK < N 0) xiljxilkH :
=1

i=1

<

- pmnr
e’l’lE

Eexp

The last equality is due to that {X*}"_, are independent and {x;}, are i.i.d.. Using the
same technique, we can get similar result for P;. The rest of the proof can be derived by
following Lemma 6 in Zhou et al. (2010), where we replace n with mn. Here the assumption
that n=2/°> < h < 1 and Assumption (B2) are required in the proof of Proposition 5 in
Zhou et al. (2010). O

Using Lemma B.1, we can now proceed to prove Lemma 3.2. Because if the kernel
function satisfies Assumption (A2) for some n = n; > 0, then this kernel function also
satisfies Assumption (A2) for n = max(3,7,), so without loss of generality in the sequel
we assume that, in Assumption (A2), n > 3.

Proof of Lemma 3.2. Using Lemma B.1, we have

R~ [{S(to)}jx — E{S(to)} ;x| > 6} <> P[{S(to) }jx — E{S(to) }x| > €]
J#k
<exp (2 logd — C5mnh62) ,

for n=2/> < h < 1. Accordingly, we have

mae | {8 (to) bx — E{S(t0) el = Or ( W) .

mnh
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Together with Lemma A.1, we have

n2hltn mnh

1 log d
Hs<t0) - 2(tO)Hmax = OP (h + + & ) .

Similarly as the proof of Lemma 3.1, to balance the first and third terms, we set

1/3
b log d h (logd) '
mnh mn

To balance the first and second terms, we set

1 ]
© n2hltn = = n2/2+n) "

- (logd)l/g.
mn
log d 1

log d 13
e ||s<to>—z<to>||max=op{(mn) SNEESY

Note that 7 > 3 implies that h > n=2/C+n) > n=2/5,

logd 1/3 1
If (—mn) > — oy, We set

Then we have

h:

If (%)1/3 < m, we set
1
h= i
Then we have
1 log d 1

h = n2h1+n > nh = HS(tO) - E(tO)HmaX =0Op {m} . (B.Q)
Combining B.1 and B.2 we have the desired result. O
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