






(a) coronal (b) sagittal (c) transverse

h = 0.5; 1032 edges

(d) coronal (e) sagittal (f) transverse

h = 1; 718 edges

(g) coronal (h) sagittal (i) transverse

h = 3; 674 edges

Figure 4: Estimated brain connectivity network at the age 21.83 among healthy subjects.

The kernel bandwidth h takes the value 0.5, 1, 3, resulting to different brain connectivity

networks from closer to the age-specific level, to closer to the population level.
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A Proof of Lemma 3.1

The proof of Lemma 3.1 can be decomposed into two parts. In the first part, we prove that

the bias term ES(t0)−Σ(t0) can be controlled by the number of subjects n and bandwidth

h. The result is provided in the following lemma.

Lemma A.1. Supposing that the conditions in Lemma 3.1 hold, we have

max
j,k

∣∣∣∣E{S(t0)}jk − Σjk(t0)

∣∣∣∣ = O

(
h+

1

n2h1+η

)
.

Proof. By the definition of S(t0) in Equation (2.3), we have

S(t0) =
n∑
i=1

ωi(t0, h)
1

m

m∑
k=1

xikx
T
ik.

Accordingly, we have

E[S(t0)]jk =
n∑
i=1

ωi(t0, h)
1

m

m∑
k=1

ExikxTik

=
n∑
i=1

ωi(t0, h)Σjk(ti)

=
c(t0)

nh

n∑
i=1

K

(
ti − t0
h

)
Σjk(ti). (A.1)

By Theorem 1.1 in Tasaki (2009) and Assumption (A2), we have

c(t0)

nh

n∑
i=1

K

(
ti − t0
h

)
Σjk(ti)

=
c(t0)

h

∫ 1

0

K

(
t− t0
h

)
Σjk(t)dt+O

[
c(t0)

n2h
sup
t∈[0,1]

d2

dt2

{
K

(
t− t0
h

)
Σjk(t)

}]

=c(t0)

∫ 1−t0
h

− t0
h

K(u)Σjk(t0 + hu)du+O

(
1

n2h1+η

)
=c(t0)

∫ b(t0)

a(t0)

K(u)
{

Σjk(t0) + huΣ′jk(ζ)
}
du+O

(
1

n2h1+η

)
, (A.2)

where a(t0) := −I(t0 ∈ (0, 1]), b(t0) := I(t0 ∈ [0, 1)), Σ′jk(t) := d
dt

Σjk(t), and ζ lies between

t0 and t0 + hu. The last equality is because h→ 0 and K(u) has support [−1, 1].

By Equation (2.2), we have

c(t0)

∫ b(t0)

a(t0)

K(u)Σjk(t0)du = Σjk(t0). (A.3)

21

Hosted by The Berkeley Electronic Press



By Equation (2.2) and Assumption (A1), we have∣∣∣∣∣c(t0)

∫ b(t0)

a(t0)

K(u)huΣ′jk(ζ)du

∣∣∣∣∣ ≤C2h

∣∣∣∣∣c(t0)

∫ b(t0)

a(t0)

|u|K(u)du

∣∣∣∣∣
=2C2h

∣∣∣∣∫ 1

0

uK(u)du

∣∣∣∣ = O(h). (A.4)

Combining (A.1), (A.2), (A.3), and (A.4), we have∣∣∣∣E{S(t0)}jk − Σjk(t0)

∣∣∣∣ = O

(
h+

1

n2h1+η

)
.

This completes the proof.

We then proceed to the second lemma, which provides an upper bound of the distance

between the estimator S(t0) and its expectation ES(t0).

Lemma A.2. Supposing that the conditions in Lemma 3.1 hold, we have

max
j,k

∣∣∣∣{S(t0)}jk − E{S(t0)}jk
∣∣∣∣ = OP

[
ξ · supt∈[0,1] ‖Σ(t)‖2

h{1− supt∈[0,1] ‖A(t)‖2}

√
log d

mn

]
.

Proof. For i = 1, . . . , n and l = 1, . . . ,m, let yil := (yil1, . . . , yild)
T be a d-dimensional

random vector with yilj = xilj/
√

Σjj(ti) and ρjk(ti) := Σjk(ti)/
√

Σjj(ti)Σkk(ti). We then

have

P [|{S(t0)}jk − E{S(t0)}jk| > ε]

=P

[∣∣∣∣∣
n∑
i=1

ωi(t0, h)

{
1

m

m∑
l=1

xiljxilk − Σjk(ti)

}∣∣∣∣∣ > ε

]

=P

{∣∣∣∣∣
n∑
i=1

ωi(t0, h)
√

Σjj(ti)Σkk(ti)

([
1

m

m∑
l=1

(yilj + yilk)
2 − 2{1 + ρjk(ti)}

]

−

[
1

m

m∑
l=1

(yilj − yilk)2 − 2{1− ρjk(ti)}

])∣∣∣∣∣ > 4ε

}

≤P

{∣∣∣∣∣
n∑
i=1

ω∗i (t0, h)

([
1

m

m∑
l=1

(yilj + yilk)
2 − 2{1 + ρjk(ti)}

])∣∣∣∣∣ > 2ε

}

+ P

{∣∣∣∣∣
n∑
i=1

ω∗i (t0, h)

([
1

m

m∑
l=1

(yilj − yilk)2 − 2{1− ρjk(ti)}

])∣∣∣∣∣ > 2ε

}
:=P1 + P2, (A.5)
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where ω∗i (t0, h) := ωi(t0, h)
√

Σjj(ti)Σkk(ti).

Let Z := (ZT
1 , . . . ,Z

T
n )T ∈ Rnm, where Zi := (yi1j + yi1k, yi2j + yi2k, . . . , yimj + yimk)

T .

We have Zl1 is independent of Zl2 for any l1 6= l2. Let

B :=



√
ω∗1(t0, h) · Im 0 . . . 0

0
√
ω∗2(t0, h) · Im 0

. . .

0 0
√
ω∗n(t0, h) · Im


be a mn by mn diagonal matrix. Then we can rewrite P1 as P1 = P(| ‖BZ‖2

2−E‖BZ‖2
2 |>

2mε). Using the property of Gaussian distribution, we have BZ ∼ Nmn(0,Q), where

Q := Bcov(Z)B and

cov(Z) =


cov(Z1) 0 . . . 0

0 cov(Z2) 0
. . .

0 0 cov(Zn)

 .

Let {cov(Zi)}pq be the (p, q) element of cov(Zi). We have

|{cov(Zi)}pq| = |cov(yipj + yipk, yiqj + yiqk)|
= |cov(yipj, yiqj) + cov(yipj, yiqk) + cov(yipk, yiqj) + cov(yipk, yiqk)|

≤|cov(xipj, xiqj) + cov(xipj, xiqk) + cov(xipk, xiqj) + cov(xipk, xiqk)|
minr Σrr(ti)

≤4‖A(ti)‖|p−q|2 ‖Σ(ti)‖2

minr Σrr(ti)
.

The last inequality is by using the property of the lag 1 vector autoregressive models. Thus

‖Q‖2 ≤ max
1≤s≤mn

mn∑
r=1

|Qsr|

= max
i=1,...,n;p=1,...,m

m∑
q=1

ω∗i (t0, h)|{cov(Zi)}pq|

≤ max
i=1,...,n

ω∗i (t0, h)
4‖Σ(ti)‖2

minr Σrr(ti)
· 2

∞∑
q=0

‖A(ti)‖q2

≤16C1

nh
·
ξ supt∈[0,1] ‖Σ(t)‖2

1− supt∈[0,1] ‖A(t)‖2

. (A.6)
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The last inequality is due to the fact that ω∗i (t0, h) = ωi(t0, h)
√

Σjj(ti)Σkk(ti) ≤ 2
nh
·

supvK(v) · supt maxr Σrr(t).

Finally, using Lemma I.2 in Negahban and Wainwright (2011), we have

P(| ‖BZ‖2
2 − E‖BZ‖2

2 |> 2mε) ≤2 exp

{
−mn

2

(
ε

2n‖Q‖2

− 2√
mn

)2
}

+ 2 exp
(
−mn

2

)
≤4 exp

{
−mn

2

(
ε

4n‖Q‖2

)2
}
, (A.7)

for large enough n.

Using the same technique, we can show that P2 in Equation (A.5) can also be controlled

by the bound in (A.7). So using the union bound, we have

P
[
max
j,k
|{S(t0)}jk − E{S(t0)}jk| > ε

]
≤
∑
j,k

P [|{S(t0)}jk − E{S(t0)}jk| > ε]

≤8d2 exp

(
− mε2

32n‖Q‖2
2

)
. (A.8)

Thus, using Equations (A.6) and (A.8), we have

max
j,k
|{S(t0)}jk − E{S(t0)}jk| = OP

(
‖Q‖2

√
n log d

m

)

= OP

[
ξ · supt∈[0,1] ‖Σ(t)‖2

h{1− supt∈[0,1] ‖A(t)‖2}

√
log d

mn

]
.

This completes the proof.

Proof of Lemma 3.1. The rate of convergence in Lemma 3.1 can be obtained by balancing

the convergence rates in Lemmas A.1 and A.2. More specifically, we first have

‖S(t0)−Σ(t0)‖max ≤ ‖S(t0)− ES(t0)‖max + ‖ES(t0)−Σ(t0)‖max.

For notational simplicity, we denote θ := ξ supt∈[0,1] ‖Σ(t)‖2/{1− supt∈[0,1] ‖A(t)‖2}. We

then have

‖S(t0)−Σ(t0)‖max = OP

(
h+

1

n2h1+η
+
θ

h

√
log d

mn

)
.

We first balance the first and third terms in the above upper bound, having that

h =
θ

h

√
log d

mn
⇒ h =

(
θ

√
log d

mn

)1/2

.
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We then balance the first and second terms, and have that

h =
1

n2h1+η
⇒ h = n−

2
2+η .

Based on the above two results, we have that, on one hand, if

(
θ
√

log d
mn

)1/2

> n−
2

2+η ,

we can set

h =

(
θ

√
log d

mn

)1/2

.

Then we have

h =
θ

h

√
log d

mn
>

1

n2h1+η
⇒ ‖S(t0)−Σ(t0)‖max = OP


(
θ

√
log d

mn

)1/2
 . (A.9)

On the other hand, if

(
θ
√

log d
mn

)1/2

≤ n−
2

2+η , we can set

h = n−
2

2+η .

Then we have

h =
1

n2h1+η
≥ θ

h

√
log d

mn
⇒ ‖S(t0)−Σ(t0)‖max = OP

(
n−

2
2+η

)
. (A.10)

Combining (A.9) and (A.10), we have the desired result.

B Proof of Lemma 3.2

To prove Lemma 3.2, we need an improved upper bound on the distance between S(t0) and

ES(t0). We provide such a result in Lemma B.1. The proof of Lemma B.1 can be regarded

as an extension to the proof of Lemma 6 in Zhou et al. (2010).

Lemma B.1. Suppose that Assumptions (B1), (B2), and (B3) in Lemma 3.2 hold, and

n−2/5 < h < 1. Then we have there exist absolute positive constants C4 and C5, such that

for

ε <
C4{Σ2

jj(t0)Σ2
kk(t0) + Σ2

jk(t0)}
maxi=1,...,nK{(ti − t0)/h}Σjj(ti)Σkk(ti)

,

we have

P [|{S(t0)}jk − E{S(t0)}jk| > ε] ≤ 2 exp(−C5mnhε
2).
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Proof. By the definition of S(t0), we have

P [|{S(t0)}jk − E{S(t0)}jk| > ε] =P

[∣∣∣∣∣
n∑
i=1

wi(t0, h)

{
1

m

m∑
l=1

xiljxilk − Σjk(ti)

}∣∣∣∣∣ > ε

]

≤P

[
n∑
i=1

wi(t0, h)

{
1

m

m∑
l=1

xiljxilk − Σjk(ti)

}
> ε

]

+ P

[
n∑
i=1

wi(t0, h)

{
− 1

m

m∑
l=1

xiljxilk + Σjk(ti)

}
> ε

]
:=P3 + P4.

By Markov’s inequality, ∀r > 0,

P3 =P

(
exp

[
mnr

n∑
i=1

wi(t0, h)

{
1

m

m∑
l=1

xiljxilk − Σjk(ti)

}]
> emnrε

)

≤ 1

emnrε
E exp

[
r

n∑
i=1

2

h
K

(
ti − t0
h

) m∑
l=1

{xiljxilk − Σjk(ti)}

]

=e−mnrε
n∏
i=1

exp

{
−mr 2

h
K

(
ti − t0
h

)
Σjk(ti)

} n∏
i=1

[
E exp

{
r

2

h
K

(
ti − t0
h

)
xiljxilk

}]m
.

The last equality is due to that {X ti}ni=1 are independent and {xil}ml=1 are i.i.d.. Using the

same technique, we can get similar result for P4. The rest of the proof can be derived by

following Lemma 6 in Zhou et al. (2010), where we replace n with mn. Here the assumption

that n−2/5 < h < 1 and Assumption (B2) are required in the proof of Proposition 5 in

Zhou et al. (2010).

Using Lemma B.1, we can now proceed to prove Lemma 3.2. Because if the kernel

function satisfies Assumption (A2) for some η = η1 > 0, then this kernel function also

satisfies Assumption (A2) for η = max(3, η1), so without loss of generality in the sequel

we assume that, in Assumption (A2), η ≥ 3.

Proof of Lemma 3.2. Using Lemma B.1, we have

P
[
max
jk
|{S(t0)}jk − E{S(t0)}jk| > ε

]
≤
∑
j 6=k

P [|{S(t0)}jk − E{S(t0)}jk| > ε]

≤ exp
(
2 log d− C5mnhε

2
)
,

for n−2/5 < h < 1. Accordingly, we have

max
jk
|{S(t0)}jk − E{S(t0)}jk| = OP

(√
log d

mnh

)
.
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Together with Lemma A.1, we have

‖S(t0)−Σ(t0)‖max = OP

(
h+

1

n2h1+η
+

√
log d

mnh

)
.

Similarly as the proof of Lemma 3.1, to balance the first and third terms, we set

h =

√
log d

mnh
⇒ h =

(
log d

mn

)1/3

.

To balance the first and second terms, we set

h =
1

n2h1+η
⇒ h =

1

n2/(2+η)
.

If
(

log d
mn

)1/3
> 1

n2/(2+η) , we set

h =

(
log d

mn

)1/3

.

Then we have

h =

√
log d

mnh
>

1

n2h1+η
⇒ ‖S(t0)−Σ(t0)‖max = OP

{(
log d

mn

)1/3
}
. (B.1)

Note that η ≥ 3 implies that h > n−2/(2+η) > n−2/5.

If
(

log d
mn

)1/3 ≤ 1
n2/(2+η) , we set

h =
1

n2/(2+η)
.

Then we have

h =
1

n2h1+η
≥
√

log d

mnh
⇒ ‖S(t0)−Σ(t0)‖max = OP

{
1

n2/(2+η)

}
. (B.2)

Combining B.1 and B.2 we have the desired result.
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