





5. We perform the updates in step 4 sequentially in order of decreasing . Once, we
have obtained the TMLE estimator ¢ ypp , (t = 1;W) (and applied the necessary

inverse linear transformation), the TMLE estimate of the natural direct effect is given
by

=

T TMLE(Pn) =

NDE 7 NDE o (t = 1;Wi).

S| =

1

I
-

Together with the initial estimates g,, the updated components (QZN o o NDE.n) Sat-

isty PnD]*QDE(gn,QZNn,qsz*7NDE7n) = 0. Therefore, the estimator WAYLE (P,) is multiply

robust in the sense that if either one of the conditions R1, R2 or R3 of corollary 2 hold at
the limit of these likelihood estimates, then it is asymptotically unbiased.

In terms of finite sample performance, the logistic parametric working submodels and
the substitution principle ensure that the resulting estimates are within proper bounds even
in the presence of small denominator values in the EIF. This aims to provide some finite
sample gain in the presence of near positivity violations. However, lack of experimental
support can still manifest in poor initial estimates of the likelihood and poor fits for €.

2.3.5 Simulations

In this section, we evaluate with simulations the performance of these four estimators
under the three types of model mis-specifications in corollary 2. We expect to see A-
IPTW and TMLE provide bias reduction over a mis-specified g-computation or IPTW

estimators.
Consider the following data generating distribution

Wi ~U(0,2);

W, ~ Bern(0.5);

A ~ Bern (expit(1—W; —0.5W3));

Conditional on (W,A,Z,_{,N;—; =0),7Z €{0,1,2} ~

p(Z, =0) = expit (0.5 — A —2W; +0.6W, +0.2Y"! 7,), )

t'=1

Multi (
ultinom| 7 1|2, £0) = expit(0.5 — 0.84 — 2W; +0.8Wa + 0.1 Y Z),

and

t
(dN; | W,A,Z,,N,_ = 0) ~ Bern (expit(0.3t —34—3W, +0.8W,+02 ) zt,)) ,
t'=0

where Z;T:ll Zy=0fort=1.

The survival threshold of interest is 7o = 3. The parameter of interest ¥ypg(Py) for
fo = 3 has value 0.4196206, the variance of its EIC is Varp,(D*) = 0.5288578.

We consider the following model mis-specifications:
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e The mis-specified model for g4 only adjusts for W,.

e The mis-specified model for Qg y(t | W,A,Z;,N;_; = 0) only adjusts for A, W, and
Z.

e The mis-specified model for gz(Z; | W,A,Z;_1,N;—1 = 0) only adjusts for A and
Z[_l.

For each of the model specifications in corollary 2, we obtain initial estimates g4 .,
8zn and Qgy . A plug-in procedure ¢z NpEn(-) = OzNDE(820,-) 18 used to estimate
¢z nDE(R).

Results

For each sample size n = 500,2000, we generated 2000 datasets. Bias, variance and mse
for each sample size are estimated over the 2000 datasets. In the table 1 below, legend for
model specifications are as follows:

notation model specifications

qyc.gzc.gac | correct Qgy, correct gz, correct g4
gyc.gzc.gam | correct Qgy, correct gz, mis-specified g4
gyc.gzm.gac | correct Q y, mis-specified gz, correct g4
qym.gzc.gac | mis-specified Qgpy, correct gz, correct g

As predicted by theory, both A-IPTW and TMLE provide bias reduction over mis-
specified g-computation estimators (qyc.gzm.gac and qym.gzc.gac) and mis-specified [PTW
estimators (qyc.gzc.gam and qyc.gzm.gac). In cases where the g-computation and IPTW
estimators are correctly specified (qyc.gzc. and gzc.gac., respectively), using A-IPTW and
TMLE with a mis-specified third component still gives estimates very close to the truth.
Therefore, without any knowledge on the consistency of the initial estimates of the like-
lihood components, applying a robust procedure (A-IPTW or TMLE) onto these initial
estimates would provide protection against certain types of misspecification. Note also
that when all relevant components of Fy are correctly specified (qyc.gzc.gac), the sample
variances of TMLE and A-IPTW are close to the semiparametric efficiency bounds after
scaling by sample size.

3 Right Censoring

Up to now, we have assumed that there is no right censoring and all failure times are ob-
served. In this section, we consider the situation where right censoring is present (e.g.
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Table 1:

Sample sizes n=500, 2000.

Value of parameter is yp = 0.4196206.

var(D*) /500 = 1.058 x 1073, and var(D*) /2000 = 2.644 x 1074,

Wy Bias Var M.S.E.

n 500 2000 500 2000 500 2000 500 2000
qyc.gzc.gac

gcomp | 4.199e-01  4.194e-01 2.722e-04  -2.478e-04 | 5.150e-04  1.242e-04 | 5.151e-04  1.243e-04

iptw | 4.197e-01  4.195e-01 1.132e-04  -1.289e-04 | 3.209e-03  7.359e-04 | 3.209e-03  7.359e-04

a-iptw | 4.202e-01  4.193e-01 6.041e-04  -3.239¢-04 | 1.091e-03  2.722e¢-04 | 1.092¢-03  2.723e-04

tmle | 4.198e-01  4.193e-01 1.637e-04  -3.395e-04 | 1.116e-03  2.719e-04 | 1.116e-03  2.720e-04
qyc.gzc.gam

gcomp | 4.199e-01  4.194e-01 2.722e-04  -2.478e-04 | 5.150e-04  1.242e-04 | 5.151e-04  1.243e-04

iptw | 3.136e-01  3.132e-01 | -1.060e-01  -1.064e-01 | 3.472e-03  8.459-04 | 1.471e-02  1.216e-02

a-iptw | 4.202e-01  4.194e-01 5.399e-04  -2.681e-04 | 1.279e-03  3.189%¢-04 | 1.279e-03  3.189e-04

tmle | 4.205e-01  4.195e-01 8.382e-04  -1.382e-04 | 1.089¢-03  2.700e-04 | 1.089e-03  2.700e-04
qyc.gzm.gac

gecomp | 4.065e-01 4.061e-01 | -1.310e-02  -1.350e-02 | 4.997e-04 1.187e-04 | 6.712e-04  3.011le-04

iptw | 4.174e-01  4.138e-01 | -2.270e-03  -5.845e-03 | 2.364e-03  6.061e-04 | 2.369e-03  6.403e-04

a-iptw | 4.201e-01  4.192e-01 4.897e-04  -4.683e-04 | 9.467e-04  2.409e-04 | 9.469e-04  2.411e-04

tmle | 4.195e-01  4.190e-01 | -1.506e-04  -6.192e-04 | 9.063e-04  2.320e-04 | 9.063e-04  2.324e-04
qym.gzc.gac

gcomp | 2.85le-01  2.850e-01 | -1.345e-01  -1.346e-01 | 9.253e-04  2.296e-04 | 1.902e-02  1.834e-02

iptw | 4.197e-01  4.195e-01 1.132e-04  -1.289e-04 | 3.209¢-03  7.359e-04 | 3.209¢-03  7.359e-04

a-iptw | 4.200e-01  4.194e-01 3.978e-04  -2.459e-04 | 1.176e-03  2.837e-04 | 1.176e-03  2.838e-04

tmle | 4.199e-01  4.193e-01 2.589e-04  -3.384e-04 | 1.114e-03  2.751e-04 | 1.114e-03  2.753e-04

lost-to-follow up, or study ended before the event occurs). Ideally, one would like to
observe all the failure times; therefore, regardless of the treatment levels and mediator dis-
tributions, the interventions of interest always disallow censoring. By regarding censoring
as a intervention variables, the same concepts in section 2 can be applied here.

Let C denote the first visit where an individual is right censored. We refer to this as the
censoring time. Let T = min(T,C) be an individual’s last observed visit, and A= I(T < C)
be the indicator that the failure time was observed (i.e. the subject was not censored). The
observed data structure now consists of O = (W,A,Zy,...,Zz T,A). Let N, = (T <t,A=
1) and Ac, = I(T <t,A=0) denote two processes that jump to 1 at observed failure time
and censoring time, respectively. Let dN; = I(T =t,A=1) and dAc, =I(T =t,A=0) be
the event and censoring indicators, respectively. The data structure can be represented as
0= (W,A,(Z,dN;,dAc, :t=1,...,7)), where for r > T, Z; is given a degenerate value
that is outside of 2. Let Py denote the distribution of O. The data consists of ni.i.d. copies
of O.
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Let the following NPSEM encode the time-ordering of the variables:

W = fw(Uw)
A= fa(W,Uy)
Z = f7, (WA, Z;_\ ,N;—1,Ac;—1,Uz), fort=1,....7
dN; = fun, (W, A, Zi,Ni—1,Aci—1,Uap,), fore=1,....7
dAcy = fanc, WA, Zi,Ni,Acs—1,Uan, ), fort =1,...,7. (20)
To save space, we may sometimes write 7 > ¢ in place of (N; = 0,Ac; =0).

According to the time-ordering, the likelihood of the observed data distribution P
decomposes into

P0(0) = po(W)po(A | W)

T

X H (PO(Zr | W,A,Zi_1,N;—; 7AC,t—l)P0(dNt | W,A,Z;,N;_; ,AC,z—I)
t=1

X po(dAc, | WA, Zi,NiyAcy 1))

Let gco(t | W,A,Z;,N;,Aci—1) = po(dAcy = 1 | W,A,Z;,N;,Acy—1). We also modify
previous notations to incorporate censoring: gz0(Z | W,A,Z,—1,N;—1,Ac—1) = po(Z |
W, A, Z;1,Ni—1,Aci-1), 80 = (84.0,8¢,0,82,0)> and Qun o(t | W,A,Z;,N;—1,Ac—1) = po(dN; =
1 ‘ W7A7ZZ;NI—1 7AC,t—1)-

Let Z;(d',A=1) and dN;(a’,A = 1) denote the counterfactual mediator and event in-
dicator under an intervention which sets A = ¢’ and dA¢c = 0. Let 8z(a ,a—1) denote the

conditional distribution of Z (a',A = 1), i.e. gz(wa=1)(z | W,z—1,m-1) = p(Z(d',A =
)=z |W=w2Z,_1(d,A=1)=12_1,N,_1(d’,A=1) =n;_1). Consider an intervention
which imposes the following conditional distribution g, , o—1 on the intervention variables
(A,Zl,dAQ] oo ,ZT,dACJ)Z

8a.d A=1 (A =a | W) =1

8aa A=1(Z | WALy, Ni1) = 8z pa=1)(Ze | W, Zi—1, Ny 1)

ga,a/,A=1(dAC,t =0 | W7A7ZtaNt7AC,t71) =1 (21)

The resulting counterfactual event process is dN;(a,Z(g4q4 a=1),A = 1). To simply no-
tation, we will use dN;(a,Z(g,0 A=1)) = dN;(a,Z(gq.a A=1),A = 1). Denote the corre-
sponding failure time as T'(a,Z(g, 4+ a=1)). This experiment can be encoded as

W = fw(Uw)
A=a

! A=1 ! A=1
Zt(ga,a’,A:l) :fzy (WaA :a/7thl(ga,a’,A:])alel(a?Z(ga,a’,AZI))aAC,tfl :07U§,' )
dN; (avz(ga,a’,A:I)) e del (WaA = aazt(ga.a/,A:I)»lel (aaz(ga,a/,Azl))aAC,tfl = OaUsz)
dad. L g (22)
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In words: We first set the baseline treatment to A = a and disallow right censoring through-

out the study. Ateach visit?, given realization (W,A=a,Z;_1(84.0 A=1),Ni-1(a,Z(8g.0 A=1))) =
(w,a,2;_1,n,_1), we set Z; (8,4 a—1) to be distributed according to 87(d A=1) (-|w,zi—1,m—1).
Recall that if death has already occurred (i.e. n,—; = 1), then gz, o—1) Will assign the
degenerate value with probability 1. We then measure the response dN;(a,Z(84.4' A=1))
under realized history (W = w,A = a,Z;(g40 a=1) = 2:,Ni—1(a,Z(8g.0 A=1)) = Mi—1).
Similar to section 2, this formulation presupposes external specification of the function

87(a .a=1)(z | W,2—1,m;1). If this counterfactual distribution is not known, it needs to be

ascertained through a separate controlled experiment. Together with the structural equa-
tions, the variables

<U = (UW7UA,UZ = (Uz, :1),Uay = (Uan, :1),Uc = (Uaa, :t)) U= {(Us " ih)d e d}) ,

define a full data random variable on an individual with distribution P, ;s

We define the natural indirect effect as (P(T(1,Z(g1,1.a=1)) > to) — P(T(1,Z(g1,0,a=1)) > 10))
and natural direct effect as (P(T(l,Z(gLQA:l)) > 19) —P(T(0,Z(80,0.a=1)) > to)). The
identification and estimation of these two effects can be approached through the study of
the mediation formula

Yo a-1 (P ug)) = P(T(a,Z(8a.a,a-1)) > 10), (23)

The same comments (paragraph succeeding (5)) regarding the use of these terminologies
with respect to the established literature apply here.

For the remaining of this section, we focus on the identification and the efficient in-
fluence function of the mediation formula ‘Pa,a',Azl(P(Upg)) The analogous results re-
garding natural direct and indirect effects (as well as the corresponding estimators) can be
derived using same steps as in section 2 — we omit those here for conciseness.

3.1 Identification of the mediation formula

Let dN;(a,z,A = 1) denote the event process under a deterministic intervention which sets
treatment to value A = a, mediators to value Z = z, and censoring indicators to dA¢ = 0.

Theorem 3. Suppose the following positivity assumptions regarding the data generating
distribution Py hold:

P1. There exists 0 < 04 < 1 such that goo(A | W) > 04, a.e. over </ ;

P2. There exists 0 < 87 < 1 such that  inf }ngO(Z, \WA=a,Z, |,T >t—1)> &,
te{l,....o ’
a.e. over Z;
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P3. There exists 0 < Oy < 1 such that {inf } 1—Qunolt |WA=d,Z,,T >t—1)>
re{l,...t
ONy

P4. There exists 0 < O¢ < 1 such that {}nf } 1—gco(t|W,A,Z; N, =0,Ac;—1 =0) >
tel,....ho
oc.

Let g, o A—1 be anintervention distribution on (A,Z,dAc) as defined in (21). Let T (a,Z(g4.q4/ A=1))
be the corresponding failure time under experiment (22). Suppose the following random-
ization assumptions hold for all z:

I1. (dAN(d',A=1),Z(d',A=1)) LA, givenW;
12. (dNjs(d',A=1),Zj>(d',A=1)) LdAc,, given W,A=d', Z;, N;, Ac;—1 = 0;
I3. dN(a,z,A=1) L A, given W;
I4. dNj>;(a,z,A=1) L Z;, given W, A=a,Z, 1 =2,_1,N;—1,Ac;—1 =0;
I5. dNj>(a,z,A=1) L dAc,, given W,A = a,Z; = 7;,N;,Ac;—1 = 0;
16. dNj>/(a,z,A=1) L Z;(gqa p=1), given W, A=a, Z; (a0 A=1) =Zt—1, Ni—1(a, Z(8a.a’ A=1)):
Aci—1=0;
then, (23) can be expressed as

lPa,a’,A:l (PO)

=YY Owo(w)

Wz

1
X I_Ol{gzp(zl (wA=d,z_1, T >1—1)(1-Qunolt |wA=a,z,T >1— 1))}. (24)
t=1

In addition to the identifiability conditions of theorem 1, we now also require that right
censoring be sequentially randomized.

The parameter (23) can also be identified under conditional independence conditions
on the joint distribution of (U,U$): (Uz,Ugy) L U given Uw; (Uan)j>i, (Uz)jse) L
Uiac, given Uw,Ua,(Uz)r, (Uan)s, (Uc)i—15 (Uan)jzr L Uz, given Uw,Ua, (Uz)i-1,
(Uan)i=1,(Uc)i—15 (Ugn) j>r L UZ’AZI, given Uy, Uy, (Uz)f:?zl, (Uan)i—1, (Uc)i—1.

Similar to section 2, the natural direct effect here can also be interpreted as a weighted
average of controlled direct effect, and the total effect P(T(1,A=1) >ty) — P(T(0,A =
1) > 1) can again be decomposed into the sum of the natural effects.
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3.2 Efficient influence function of the mediation formula

Let .# denote a locally saturated semiparametric model containing the true data gener-
ating distribution Py. Let g = (ga,8z,8c) and Q = (Qw, Qun) denote the corresponding
components on a given P € .# . The shorthand notations used in section 2 are modified to
incorporate censoring variables:

13
Gz(Z, |W,A) =[] 8z (20 |W,AZy | ,Ny_y =0,Acy 1 =0),
t'=1
t
QN(t | W7A7Zf) = H 1— QdN(tl ‘ W,A,Zy,Ny_| = OaAC,t/fl = O),
t'=1

t
GC(Z | W7AaZt> = H 1 _gC(t/ | W7A7Zt’7Nt/ = OuAC,t’—l = O)
t'=1

The parameter in (24) is the following map evaluated at Py:

lPa,a’,A:I Z% — R
P lPa,a’,AZI(fJ) = ZZQW(W)GZ(ZZ‘() | WaA = a/)Q_N(to | WvA = avzl())' (25)

Wz
Define the conditional mediation formula at t as:
0700 0=1(P)(t:W,Z; 1)

) , B _
=Y [lezer IWA=d 2, 1,2, "\ T >t~ 1)0n (10| W.A=a,Z,_1,70),

10 ¢/ —
zt() "=t

fort =1,...,10, and ¢z 4w a—1(P)(to+ 1;W,Z;,) = On(to | W,A = a,Zy,). Note again that
W, ua=1(P) =Egy (9z.00.4-1(P)(t = 1;W)), and that ¢z, v o (P) satisfies the recur-
sive relation

‘PZ,a,a’,A:l(P)(t - 1;W, Z[72) - ES’Z./—I ((PZ,u,a’,A:l(P)(t;W7Zlfl) | W,A - a/7Z1727T >1— 2) .

Theorem 4. Let ¥, y p—1 : # — R be defined as in (25). Suppose the following are true
forPe :

P1. There exists 0 < 84 < 1 such that ga(A | W) > 04, a.e. over o ;
P2. There exists 0 < 0z < 1 such that {}nf }gZ(Zt \WA=a,Z, \,T >t—1)> &,
tel,....0

a.e. over & ;

P3. There exists 0 < 8y < 1 such that {inf } 1-Qun(t|W,A=d'Z;,T >t—1)> y;
te{l,... o
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P4. There exists 0 < ¢ < 1 such that {inf } 1—gc(t|W,A,Z,N; =0,Ac;—1 =0) >
re{l,...1
Oc.

The Efficient Influence Function of ¥, 4 a—1 at P is given by

DZ,u’,A:l(P)(O)
— iI(T>l‘ 1) I(A:Cl) ! gZ(Zt"WvA:a/aZt’717T>t/_1)
=1 gA(a | W)Gc(t —1 | W,A = a,Z,,l) i) gZ(Zz’ | W,A = a,Z,/,l,T >t — 1)

IO ! ~ !
<Y 11 gz(Z,r|W,A:a’,Z,,z§+ll,T>t’—l)(I—QdN(t’|W,A:a,Zt,z§+1))}

0 t'=t+1
Zi

X (dN; — Qun(t | W,A = a,Z;))

& 2 I(A:a/) ¢Z.a.a’A:1(P)(t+l;WaZl)_(PZaa/A:l(P)(t;Wathl)
(T>t-1 _ ad, ! ad.
i ){gm’ (W)Gclt—1[WA=d Z ) OnGi—1|WA=d Z, 1) }
+ 0200 a=1(P)(t = W) —Egy, (0740 a—1 (P)(t = W) (26)

The proof of theorem 2 can be modified to prove theorem 4 by incorporating tangent
subspaces corresponding to the conditional probabilities of censoring at each time ¢ given
observed history.

The difference between the EIFs (14) and (26) is that when right censoring is present,
the static treatment mechanism g4 (A | W) is replaced by the static treatment and censoring
mechanism g4 (A | W)Ge(t—1 |W,AZ, ).

The robustness properties of (26) is summarized in the following lemma.

Lemma 2. Let ¥, s o—1(P) be as defined in (25); its efficient influence function under .#
is D , \_,(P), as given in (26).
Suppose for Py € .#, conditions of theorem 4 hold. Then,

PoDy oy a=1(Q:8: ¥ uw a=1(P0)) =0
if one of the following holds:
RI. Qun = Qun,o» and ¢z 4 g A=1(P) = 0z 4.0 a=1(Fo)
R2. Qan = Qan 0, and ga = ga0 and gc = gc -

R3. (ga,8c,8z) = (84,0,8¢,0,82.0) and ¢z 4 ¢ A—1(P) = 0z 4.0 A=1(82.0, Qan)-

The proof of this lemma is also very similar to the proof of lemma 2, since the key
steps are not effected by the inverse weighting by censoring probabilities.
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4 Summary and Discussion

In this paper, we argued that in a survival setting with time-dependent mediators, the nat-
ural effects should be defined based on blocking only those paths from treatment to me-
diator that are not through the survival history of interest (We illustrate in appendix A4.1
that blocking all paths from treatment to mediator would yield parameters that are not in-
terpretable for the goal of survival mediation). In extending the traditional formulation of
the corresponding effects—where the mediator is considered an intermediate outcome—
to the current setting, we encountered identifiability conditions that are too strong for the
purpose of this study (appendix A4.2). As an alternative, we proposed to adopt the stochas-
tic interventions (SI) approach of Didelez et al. (2006), where the mediator is considered
an intervention variable, onto which a given distribution is enforced. The second con-
tribution of this paper is a general semiparametric inference framework for the resulting
effect parameters. More specifically, efficient influence functions under a locally saturated
semiparametric model are derived, and their robustness properties are established. Note
that in parameters arising from mediation analysis, the mediator densities play the role of
probability weights in iterated expectations (which we referred to as conditional mediation
formula, conditional natural direct and indirect effects). In many applications where the
mediator densities are difficult to estimate, regression-based estimators of these iterated
expectations are viable alternatives to substitution-based estimators that rely on consis-
tent estimation of the mediator densities. We also developed the g-computation, IPTW,
A-IPTW and TMLE estimators for the natural effect parameters; of these, the A-IPTW
and TMLE are locally semiparametric efficient and remain unbiased under certain types
of model mis-specifications.

Under the SI formulation, the treatment of interest as well as the mediator variables
are regarded as intervention variables. One can obtain a total effect decomposition and
the subsequent definition of natural direct and indirect effects that are analogous to those
in Pearl (2001). The natural direct effect (NDE) under this formulation has an intrinsic
interpretation as a weighted average of controlled direct effects (CDE), since the CDE
can be considered as a deterministic intervention on the treatment and mediator variables.
By regarding the mediator variables as intervention variables, the SI formulation requires
external specification of a counterfactual mediator distribution. It is important to note that
causal mediation, under either SI or non-SI approaches, presupposes that the mediator of
interest is amenable to external manipulation. In applications where such manipulations
are not conceivable, we should be cautious that causal mediation can only offer answers
to purely mechanistic questions defined under hypothetical experiments.

The mediation formula and its efficient influence function presented here are applicable
to general multilevel treatments. In these applications, one can still use the mediation
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formula to define certain direct and indirect effects of interest (e.g. through marginal
structural models: Robins, Hernan, and Brumback (2000), Neugebauer and van der Laan
(2007)). The efficient influence functions for those parameters can be derived using the
delta method.

The setting we used in this paper is based on discrete time points. In situations where
one is willing to approximate a continuous failure time by discrete time points, the methods
presented here can be applied. Otherwise, formal generalizations are needed to handle the
analytic subtleties in a continuous time context.
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Appendix A1l

Identifying the distribution of observations under intervention g, , is an application of
general identifiability results for stochastic interventions. This appendix takes a brief de-
tour to review these results.

Stochastic Interventions over Time-Dependent Treatment

Stochastic interventions (a.k.a stochastic policies, random interventions, randomized dy-
namic strategies, etc.) impose pre-specified probability distributions to the intervention
variables. The traditional static interventions or dynamic treatment regimes can be con-
sidered as special cases of stochastic interventions where the imposed probability distribu-
tions have mass at only one point. The identification of stochastic interventions have been
addressed in the literature (e.g. Dawid and Didelez (2010), Pearl (2009), Tian (2008),
Robins and Richardson (2010) , Diaz and van der Laan (2011)). For self-containment, this
appendix paraphrases these results as applicable to the current setting.

Consider a general longitudinal data structure O = (Ly,A;,Ly,...,Ak,Lk), for some
K > 0, with time- ordering encoded as
Lo = f1,(UL,)
At = fA[<LO7A1717Lt717UAt) fort = 1, .. ,K
L[:th(L(),A[,Lt_],ULZ) fort:1,...,K. (27)

Let A= (Ay,...,Ak) be the intervention variables. Without any interventions, this NPSEM
generates the observed data O ~ Fy. The likelihood of O ~ Py can be factored as

K
PO(O) = PO(LO) HPO(At | Lo, A ,Lt—l)PO(Lt | LO;AtaLt—l)

t=1

>

= Qo(Lo) [ [ 80(Ar | Lo,Ar—1,Li—1)Qo(Ly | Lo, Ay, Ly—1).

t=1

Let g(- | Lo,Ax—1,L¢—1) : & — [0, 1] be a conditional distribution for the intervention
variables A;. We say that g is permissible for the NPSEM (27) if the intervention to impose
distribution g on the variables A does not change the way the non-intervention variables
respond to a given history. This intervention experiment is encoded as

Lo :fLo(ULo>
Al(g) = f5 (Lo,Ar-1(g), Li-1(A(g)),US ) fort = 1,... K
L(A(g)) = f1,(Lo,A/(g),Li_1(A(g)),Uy,) fort =1,....K. (28)
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Let ¢ denote the set of permissible conditional distributions for the intervention vari-
ables A. Let P, denote the distribution of O,. Note that go € ¢ by definition of permis-
sibility. The observed data is O = Oy, and P,, = Fy. For a given stochastic intervention
g" €9, we wish to identify P, as a function of P, and g*.

For a fixed vector a = (ay,...,ak), let L(a) denote the counterfactual outcomes under
a static intervention that sets all A — a, i.e.

Lo :fLo(ULo)
A[:at
L,(a) Zth(L(),At = at,L,,l(a),ULl) fort = 1,...,K

Theorem 5. Given g* € ¥, the likelihood Py« of Og+ can be identified as
K
Pg* (l7a) = Pgo(lo)Hg*(at | lO7at—17lf—1)Pg0(lf | lO7atalt—1)7 (29)
t=1

forall (1,a) € LK x o7k, if the following sequential randomization assumption holds for

ge{g g0}
Lj>«(a) L Ar(g), given Lo, Li_1(A(g)), Ak—1(g) = a_1. (30)

In words, if for data generated under P, and data generated under P+, the treatment
at each stage is randomized given its past history (no unmeasured confounders), then (29)
is true. This is a rephrasing of the results in the literature which stated that to identify
any stochastic intervention on the distribution of A, it suffices to identify the conditional
densities of L(a) under static (a.k.a. atomic) interventions. For self-containment, we detail
a proof here.

Proof. The likelihood P,+ can be factorized according to the time ordering in (28) into
K

Pg* (l,a) :Pg*(lO)HPg* (at | l(),a,,],l,,])Pg* (lt ‘ lO7at7lt71)
=1

=

=Pp(lo) | | g% (ar | lo,ar—1,0i—1)Pe (It | o, A, }i—1).

1

.
I

Since Ly is not affected by the intervention variables, its marginal distribution is in-
variant under the choice of g. Therefore, Py(lo) = Pg,(lp). It remains to show that
Pg* (l, | lo,at,l,,l) = Pgo (lt | lo,at,l,,l) under the SRA.
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Suppose for g € {go,g"}, the assumption (30) holds. Then we can write

P(Li(a) =1 | Lo =lop,L,—1(a) =1 _1)
_ Pi(a) =k | Lo =)
P(L,_1(a)=1_1|Lo=1o)
P(Li(a) =1 | Lo = lo,A1(g) = a1) . .
= PL (@) =11 | Lo = oA\ (g) = )by applying assumption to k = 1
_ PI5(@) =1, Li(A(g)) = | Lo = l,A1(g) = a1)
P(Ly ' (a) =1 Li(A(g)) = I | Lo = lo,A1(g) = a1)
_ PI5(a) =1 |Lo=1y,A(g) =a1,Li(A(g)) = 1)
~ PN a) =B [ Lo = lo, A1 (g) = a1, Li(A(g)) = 1)
P(Ly(a) =1 | Lo = Iy, L1(A(g)) = 11,A2(g) = a(2)) . .
= P(Lt2 l(a) l’ 1\[4) o L1 (A(2)) = 11 Aa(g) = (2))by applying assumption to k = 2
__PLs() =15, L,(A(g)) = b | Lo = o, L1 (A(g)) = 11, Aa(g) = a(2))
P(Ly ' (a) =1 Ly(A(g)) =L | Lo = lo, L1 (A(g)) = 1, A2(g) = a(2))
_ P(Li(a) =1 | Lo =y, La(A(g)) = h,Ax(g) = a(2))
Py (@) =15 [ Lo =10, L2(A(g) =D, Aa(g) = a(2))

: repeat the same reasoning till k = — 1

P(Li(a) =1 | Lo=lo,Li—1(A(g)) = li-1,A—1(g) = ar—1)

=P(L/(a) =1 | Lo=1lp,L;—1(A(g)) = l,—1,A:(g) = a,)by applying assumption to k = ¢
=P(L(A(g)) =1 | Lo = lo,Li—1(A(g)) = li—1,A/(g) = ;).

Applying this result to both g = gg and g = g*, it follows that

P(Li(A(g")) =l | Lo = lo,Li—1(A(g")) =li—1,As(g") = a;)
=P(Li(a)=1|Lo=1lo,L;—1(a) =1_1)
= P(L(A(g0)) =1 | Lo = lo,Li—1(A(g0)) = li—1,As(g0) = a)

]

Stronger but more general identifiability conditions in terms of the joint distribution of
(U (UL = (UL, : ) Uy = (UAz : )),Ui = (Ui :l‘)) are: (UL>]'2¢ 1 UAr’ given (UA)tfl, (UL)Z‘fl’
and (Ug)j> L UA given (Us)? |, (U),—1. In particular, if g is defined so that U§ L Uy,
then only randomization of A under Py 1s needed.

Corollary 3. If g is defined such that Ufi L Uy, then P, is identified under the usual SRA

szk(a) J_Ak, given L(), Lk—l 7Ak—l = Af—1.
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Appendix A2

Proof of Theorem 1

Part of the proof is a simple consequence of theorem 5 in appendix Al. By definition of
this intervention,

P(T(a,Z(84a)) > 10)

= ZQO(W)ZIQIgZ(a’)(Zt | wzi—1,m—1 = O)P(de(avZ(gaﬁa’)) =0|W=w2Z(g40)=12:N—1(a:Z(g4,a)) = 0)

2 t=1

= ZQO(W)ZHgZ(a’)(ZI ‘ WZ—1, -1 = 0>P(de(a7Z) =0 | W =w,N—i (a,'z)) = 0)

7y t=1

= ;Qo(w);fllgz(ar)(zf | w,2,_1,n_1 =0)P(dN, =0 |W =w,A=a,Z, =2;,N,_| =0).
The first equality is by the definition of the stochastic intervention. The second equality is
by theorem 5 and conditions 14; the third equality is implied by theorem 5 and conditions
12-13..

Applying I1 and the usual randomization argument, gz(al)(zt | wz,_1,n—1 =0) =
P(Z/(d)=2 |W=wZ,_(d) =2,_1,N;_1(d’) = 0) is identified as gz o(z; | W = w,A =
d L1 =12_1,Ni_ = 0).

Proof of Theorem 2
For any P € .#, we may factor the likelihood according to the time ordering of (1):

p(0) = pw(W)pa(A W) [z (Z | W,A, Zi1,Ni—1) pan, (dN; | W, A, Z, 1, N,). 3D
t=1
For Oj € {W,A,Z;,dN; :t = 1,7}, let Pa(O;) denote the parent of O; (i.e. all the endoge-
nous variables that are inputs of O; in (1)), and let P; denote the conditional probability of
Po,;(0j | Pa(0;).
Let L% (P) denote the Hilbert space of mean zero functions of O, endowed with the

covariance operator. Consider a rich class of one-dimensional parametric submodels P(¢€)
that are generated by only fluctuating P;. Under our model, no restrictions are imposed on

the conditional probabilities P;. As aresult, given any function Sp, € L3(P) of (0},Pa(0;))
with finite variance and Ep(So,(0},Pa(0;)) | Pa(O;)) = 0, the fluctuation P;(e) = (1 +
€S0,(0},Pa(0j)))P; is a valid one-dimensional submodel with score Sp,. Therefore, the
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tangent subspaces corresponding to fluctuations of each P; are given by

T(Pw) ={Sw(W): Ep(Sw) = 0}
T(Pyyw) = {Sa(A,W) 1 Ep(Sa | W) =0}
T(Pypa(z,)) = 182, (Z1; W, A Zy—1,N,-1) : Ep(Sz, | W, A, Zy—1,N,—1) = 0}
T (Pyn, |Pa(an,)) = {San, (AN, W, A, Zy Ny 1) : Ep(San, | W, A, Zy,N;—1) = 0}.

Due to the factorization in (31), T'(P;) is orthogonal to 7'(P;) for O; # O;. Moreover,
the tangent space T (P), corresponding to fluctuations of the entire likelihood, is given
by the orthogonal sum of these tangent subspaces, i.e. T(P) = @; j T(P;), and any score
S(0) € T(P) can be decomposed as . ;So,(O).

Under this generous definition of the tangent subspaces, any function S(O) that has
zero mean and finite variance under P is contained in 7'(P). This implies in particular that
any gradient for the pathwise derivative of ¥, ,(-) is contained in 7' (P), and is thus in fact
the canonical gradient. Therefore, it suffices to show that D;a,(-) in (14) is a gradient for
the pathwise derivative of ¥, (-).

Consider the three summands of (14):

a L g2(Zy |W,A=d | Zy_|,Ny_; =0)
% _ 87\ 4 t 17 t'—1
(P)YO)=—=) (N, = ||
N,a,a( )(0) ;:1 (N { ﬂ:] gz(Zy |W,A=a,Z,_,Ny_; =0)

tO ! !
x Y T ez(zr |WA=d\ 2,2 No :O)(I—QdN(t'W,A:a,Zt,sz))}

0 t'=t+1
Zit

X (le‘ - QdN(t | W,A = aaZl‘))a

D},a,a’ (P) (0)

— & _ I(A = a/) (¢z,u,u’ (P) (t+ 1;W7 Zt) - ¢Z,a,a’(P) (Z;W; thl))
_ZI(Nt_l _O){gA(Cl/|W) Q_N(l‘—l ‘W,AZ[I’,ZI,]) }7

and

DW,a,a' (P)(O) = ¢Z,a,a’(P) (t = I;W) _EQW((pZﬂ,a’(P)(t = 1§W))~

For any S(O) = }.;S0,(0) € T(P), let Ps(€) denote the fluctuation of P with score S.

36

http://biostats.bepress.com/ucbbiostat/paper295



Under appropriate regularity conditions, the pathwise derivative at P can be expressed as

d
%lpa,u’ (PS(S)) ‘820

de{zz( 1+ eSw)0w ) ()

W Zg

1o
X H((l +£SZ/)PZ,)(Zt ‘ W,A = a/,lr,th,] = 0) (1 — ((1 +SSdN,)PdN,)(dNt =1 ‘ W,A :a,Z,,N,,l = O))) } |€:0

t=1

_ZZ<QW VGz (2 | w,a')On (10 | w,a,24,)

W zg

ZO, —San, (AN, = 1,N; -1 = 0,w,a,2,)Qun (1 | w,a,2;,N, -1 = 0) 32)
= 1—Qun(t | w,a,2;,Ni—1 =0)

+ZZQW )Gz (2 | W,A=d")On(to | W,a,zy) ZSZr 2, w,d \N;_| =0) (33)
w Zy, t=1

+ZZSW Gz(Z;O | w,A=d )QN(I() | w,a, Z,O) (34)
w zy

Note firstly that for every r = 1,... 1,

Ep (DX/M( )(O)Sde(Nt-,W7A,Z,))

—San, (dN; = 1,N;_1 = 0,w,a,2;)OQyn (t | w,a,2;,N;_; = 0)
= )Gz ( 1 ! .
ZZ(QW ol [l ) 1= Qun(t [ w21, N1 =0)

w 1z

Therefore, (32) can be written as

Ep {D;t/,a,a(P)(O) (tZOSdN, (NtaWaAazt)> }
=1

Moreover, Dy 4.4 (P)(O) € ¥, T (Pyn,|pa(an,)) by the definition of these tangent subspaces.
It thus follows from the orthogonal decomposition of 7'(P) that

Ep {DI*V,a,a(P)(O) (tZOSdN,(NhWaAyzt)> }
t=1

= Ep {D;;M(P)(O) (SW(W) +SA(A,W) + f‘, Sz,(Z;,W,A,N,_1) + i San, (N,,W,A,Z,)) } .

=1 =1

By similar arguments, (33) can be written as

EP{ Zaa/( )(0) (tiSZt(Z17W7A7Nll)>}
t=1

=Ep {D}au (P)(0) (Sw(W) +SA(AW) + iSZ, (Z;,W,A,N, 1)+ iSdN, (Nz’WaA7Zt)> } )
t=1

t=1
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and (34) can be written as
Ep{ Dy (P)O)Sw (W) }

I Io
=Ep {D;‘Vla_’a/(P)(O) (SW(W) +SA(AW)+ Y S7,(Z,,W,A,N, 1)+ Y San, (Nt,W,A,Zt)> } .
t=1 t=1

Combining these results, one concludes that

d
—WY¥, (P _
de a,a ( S(E)) |£—0

= Ep{ (Djv(P)(0) + D0 (P)(0) + Djy s (P)(0) ) 5(0) }

Therefore, D}, ,(P) = Dy, ,(P)+ Dy, ,(P)+ Dy, , ,(P) is a gradient for the partial

derivative of ¥, , at P. As discussed above, under the nonparametric model, D¥ ,(P) is
in fact the canonical gradient.

Proof of Lemma 1

Consider the efficient influence function D} ,(P,'¥,, »(Py)) as a function of the functionals
(Q7g7 (PZ,a,a’) of P.

P()DZ#/ (Q7g7 (PZ,a,u’alPa,a/ (PO))

gaoA=al|W) -
=R L Qvlio| WA = a2 )Grla, | WA = )

Z[O

& Gzo(z | W,a) Ono(t—1|W,a,2,_1)
= Gz(z | W,a) On(t|W,a,z,)

(Qano(t | W,a,2,) — Qan(t | Wﬂlz))) (335

GZ7()(Z171 | W7 al)

A=d |W) —1|WA=dz
+P0ng | ZZ{QNO | 1)

(d |W) On(t—1|WA=dz_))

t=1%_)

Q (ZgZ,O(Zt | W, a',z,,l,N,,l = 0)¢Z,a,a/(P)(t + LW, Zt) - ¢Z,a,a/(P)(t;szll)> } (36)

2t

+PRz0q(P)(t = 1LW) =¥, s (R) (37)
Suppose that Qv = Qun,0. and ¢z, #(P) = @744 (Po). Then, ¢z, (P)(t:W,2,1)) =

Eg (0700 (P)(t+1:W,z) | WA =d',2,_1,N;,_1 = 0)). Therefore, each of the terms

(35), (36) and (37) is exactly zero.
On the other hand, if Q v = Qun,0 and g4 = ga o, then (35) is zero, and (36) can be
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written as a telescopic sum. Therefore, (36) plus (37) can be expressed as

POZ (ZGZO 2 |W,d")9z00(P)t+1:W,2:) = Y Gzo(z Waa/)(PZ,a,a’(P)(t;WaZt—l>>

=1\ % Z,_|

+P0¢Z,a,a’(P)(t = I;W) _lPa,a' (PO)

=p <Z Gz0(24 | W,d)On0(t0; W, A =a,24) — Oz 40 (P)(1 = 1;W)>

zy
+P0¢Z,a.a’(P)<t = 1;W> - lIIaﬂ'(PO)
=0.

Finally, if g4 = 84,0, 82 = 82,0, and ¢z 4. (P) = 97,44/ (82,0, Qan ), then (36) is exactly
zero, and (35) can be written as

— P()Z <Q_N(t0 ‘ W,A = a7ZZO)GZ,0(Zt0 | W,A = a')

zy,

y ti Ono(t—1|W,a,2,_)
=1 QN(t | W,Cl,Zt)

(Qano(t | W,a,2;) — Qan(t | anvzt))>' (38)
Define h(t | W,a,z;) = On(t | W,a,2;) — On(t — 1 | W,a,2,_1). Define hy analogously for
Q_N,O- It follows from this definition that

h(t | W.a,z,)
Q_N(t_ 1 ’ Wuaaztfl).

Therefore, we may rewrite the inner sum in (38) as

QdN(t | anazt) - -

O Onolt—1|W,a,z1)

(Qano(t | W,a,2,) — Qun(t | W,a,2:))

il ug

On(t|W,a,2,)
B 19 Ono(t—1|W.a,z,_1) ( h(t | W,a,z,) B ho(t | W,a,z,) )
_t:1 On(t|W,a,z;) On(t—1|W.a,z—1) Ono(t—1|W,a,2,)
_ ’Z"’ h(t |W,a,2,)On0(t—1|W,a,2_1) —ho(t | W,a,2;)On(t — 1| W,a,z,,1)>
=1 QN(t|WaZt)QN(t71 \W,a7z,,1)

(¢ | Wia,20) — On( — 1 |w,a,z,71>)Q‘N.o(z—1 \W.a,21)— (QN,oa | Waa,2) — Oxoli— 1 \W,a,z,71)>QN(z—1 \W.a,z,1)
On(t|W,a,2,)0n(t—1|W,a,2, 1)

S

.,
Il

S

< Nt\Waz, QN0(1|Waz,) QN(I—I \W,a,zt,l)—Q_N_o(t—l|W.,a,z,,1)>
] (t|W,a,z;) On(t—1|W,a,z,_1)
(to | W.a,2) — Ono(to | W.a,z)  On(0|W,a) —Ono(0|W,a)
On(to | W,a,2) On(0|W,a)
On(to | W,a,2,,) — Ono(to | W,a, Zzo)
QN(I() | W.a, Z[O)

b

!Ql
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Hence, (38) is simplified into

—POZ (QN(ZO |W,A =a,2,))Gz0(z, | W,A=d')

ZtO

QN([(] | W;aazto) - QN,O(to | Waaazt())
QN(t() | W7aazlo)

=,y (P) =P Y Gzo(z, | W,A=d)On(to | W,a,2,)

Zro

= ‘Pa.a/ (PU) _P0¢Z,a,a’ (gZ,O» QdN)(t = 1;W)7

which cancels with (37).

Appendix A3

In this appendix, we consider estimators for the NIE parameter (9). Analogous to the
NDE case in section 2.3, an estimator QSZ,NIE,n(') of ¢z niE(82,0,-) maps an estimator
QAdN,n of Qanp to an estimator ¢327N157n(QAdN’n) of ¢z n1E(82,0,0an,0). This estimating
procedure can be plug-in or regression-based. For a plug-in estimator, ¢327N1E7n(QAdN7n) =
q)Z?N[E(gZ?,,,QdN’,,). For a regression-based estimator, (]Sz,NIEjn(QdN,n)(t;W,A,Zt_l) re-
gresses QANJ,(IO |W,A=1,Z,,) on (W,A,Z,_,) among observations that haven’t failed by
time t — 1.

The tools for defining the g-computation and A-IPTW estimators are readily provided
in the main section. We will only discuss the IPTW and TMLE estimators here.

IPTW

Consider the following function:

I1A=1 1o Z; |W,A=0,Z;_1,N;_
Dnig iprw (P) = ( )<1ng( 2 t—1,Ni—1)

- I N[ :0 .

g(l |W) =1 gZ(Zt | W717Zl‘—17N1‘—1) > ( 0 )

Note firstly that I(N;, = 0) if and only if I(N, =0) forr =1,...,#). Next,
PoDnie iprw (Po) =

fo
=Egy, (anz,o(zz |W,A=1,2_1,N—1 =0) (1—Quno(t |W,A=1,2,N,_; =0))

2y =1

fo
_ZHgZ,O(Zt ‘ WvA :O7zt—laNt—1 :O) (l _QdN,O(t | WaA = 17zt7Nl‘—1 = 0)))

2y t=1

=Yyie(R)
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Given estimators g4 , and gz ,, of ga o and gz o, respectively, an estimator of the natural
indirect effect can be obtained using Dyjg jprw:

. 13 I(A=1 o 821(Zis |Wi,A=0,Z;; 1,N;;_
lI’IPTW(pn)EnZ(’)<1_ 8z (Zit | Wi, e L 1)>I(Ni.,t():0)

NIE = a1 W) i1 8zn(Zig |Wi,A=1,Zi; 1,Ni; 1)

As noted earlier, if N;,;—1 # 0, we assign 8z »(Z;;
way the estimator is well-defined.

Wi,A,Z;i;—1,Ni;—1) the value of 1. This

TMLE

To construct the TMLE estimator for the natural indirect effect (13), we first decompose
the EIF (16) into its components on the tangent subspaces:

Dy n(P) = ZO:lD;VIE,dN, (P)
o o _ IA=1)
= LN = O TG, @ (WA= )

t=1

) ,
X{Z <(Gz(zhzi°ﬂ WA=1) -Gz (2udt, 1 Wa=0)) T] I—de’lwvA—thaziﬂ))}

/0 t'=t+1
Zis

X (dN; = Qan(t |W,A = 1,Zy)),

0}
Dyig z(P) = ZDI*\HE,Z, (P)
1=0

L ‘0){gjéa_|v]v> BT A ) e (P+ KAL)~ b )(“W’A’Z"”}’

Dyigw(P)
= (9znie(P)(t = LW,A = 1) = ¢znie(P)(t = LW,A = 0)) — Egy, (¢znie(P)(t = W,A = 1) — ¢znie(P)(t = 1 W,A =0)).

We note that the empirical marginal distribution QAWJl of W is a consistent estimator of
Ow o that readily satisfies the equation PnD;,E7W(¢Z7N1E (P), an) = 0 for any ¢z yie(P).
Hence, the proposed estimator will focus on targeted estimation of Qg o, and ¢z nie(P).

To simplify notation, we will use Q y () to denote Qg (t | W,A = 1, Z,,N;_1). We use

the minus loglikelihood function
La (Qan(1))(0) = I(Ni—1 = 0)1(A = 1)1og (Qun ()™ (1 = Qax (1))~ ).
Under this loss function, consider the logistic working submodel

Qun(t)(€) = expit (logit (Qun(t)) + €Can(g, Qun) (1)),
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where

Can(g,Qan)(1)
B 1
~ a1 |W)Gz(Z, |W,A=1)

1o ,
><Z((GZ(Z,,zﬁ;l|W,A=1)—GZ(Z,7z§°+1|W,A=o)) I1 1—QdN(t/W,A:1,Zt,z;H)> (39)
0

t'=t+1
%t

It is suppressed in this notation that Cyy (g, Qgn)(¢) is a function of (W,Z;). Note that for

a givent, Cyy(g,Qun)(t) only depends on Qun(j) for j > 1.
Recall the recursive relation

Oz NiE(P)(t;W,AZi—1) = Eg,, (9znie(P)(t + 1;W,AZ,) | W, A Zi— 1 ,N;—1 =0).

We suppress the notation ¢z yie (P)(t;W,A,Z;_) into ¢z yi£(P);. Consider the following
loss function for ¢z yi£ (P);:

Ly, (¢znie(P):)

= —I(N;-1 =0)log ((‘PZ,NIE (P) (1)) (1 — ¢ i (P) (l))l(pZ’N’E(P)(tH)) ,
with parametric working submodel given by

Oz niE(P):(€) = expit (logit (9z niE(P):) + €Cz(8, Qan)(1)),

where
24 —1

gA(A‘W)QN(t_ 1 ’ W3A7Zl—l) '

Cz(8,Qun)t = (40)

Implementation
Let g4 5, QAdN,n and gz ,, be initial estimators of g4 o, Qun 0 and gz o, respectively.

1. Starting with ¢ = 1y, CdN(§n,QAdN7n)(t0) = éAn(l\W)Gzi(ZrOIW,AZI)' Obtain an € for

Qun.a(to) given by

é;N,to = argnlginPnLdN,O (QdN,n (R))(S)) .

This provides an TMLE estimate QZN (o) = QdN’n(to)(é;N t0> for Qun(to | W,A =
1,Z(1)).
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2. Foreach 1 <t <1, let QZN , denote the vector of TMLE estimates

QZN,I’! = (QZN,H(ZO)7QAZN,n(t0 - 1)a . '7QZN,n(t+ 1))

obtained thus far. We use these and CA}ZJZ to construct Cyy (8, QZN ,)(t) as prescribed
in (39). The optimal ¢ for Oy ,(¢) is thus given by &y, . = argming Py Lan, (Qann(t)(€)).

The step 2 above updates QAdN,n (t) sequentially in the order of descending ¢. Once we have
obtained all the 79 updates, let QA;}Nﬁ to represent the TMLE estimator for the function
Ounp attimest =1,... 1.

Let q)z NIEn () be an estimating procedure for ¢z ni£(Po) which maps the TMLE es-
timator Q* 4N tO an estimator ¢)Z NIE. n(Q N, 1) of ¢z n1E(Po). Our next steps will update
(pz?N[EJ,( ) towards optimal bias-variance tradeoff for the parameter of interest. We sup-
press the notation (ISZ,NIE,n(QZN’n)(t;W,Aa Z, ) into (f)Z’N]E?n(t).

3. Define .
¢2N]E,n(t0 + 1;W7szlo) = QX/,n(tO | W,A= 1aZI())

4. For each 1 <1 < f, suppose we have obtained the TMLE estimator ¢,z ,(t + 1)
for ¢z nie(Po)(t+ 1;W,A,Z;). The parametric submodel (]SZJWE (r)(€) is constructed
using Cz(, QZN ,)(t) as given in (40), and the optimal € is given by

QZ = argmginPant ((lsz,NIEm(t)(g)) :

This yields the TMLE estimator ¢ vz, (1) = ¢znie.a(1)(&5) of ¢z n1e (Po) (1:W,A, Z; ).

5. We perform the updates in step 4 sequentially in order of decreasing . Once, we
have obtained the TMLE estimator ¢; v, ,(f = 1;W,A), the TMLE estimate of the
natural indirect effect is given by

[

n
WUEE(P) ==Y 07 nipalt = LWLA = 1) = 87 nip ot = LWL,A = 0).

i=1

:

This estimator is substitution-based and the relevant components of the likelihood (Qgn o

and ¢z niE(Py)) are estimated so that P,Diyg (8n, Oy s (ﬁg?N,Eﬁ,‘P{,%LE ) = 0. Therefore,

this estimator also inherit the robustness properties of corollary 2.
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Appendix A4

In this appendix, we evaluate the various options to formulate the causal mediation prob-
lem in the survival setting with time-dependent mediator, without regarding mediators as
intervention variables. The first option is a simple extension of the traditional natural
effects definition in the existing literature (e.g. van der Laan and Petersen (2004), Van-
derWeele (2010), Robins and Richardson (2010), Tchetgen Tchetgen and VanderWeele
(2012)), where all the paths from the treatment to the mediators are blocked. We shall
see that the resulting ideal experiment is not well-defined for the purpose of mediating the
effect on the event process. The second option leaves the paths from treatment to media-
tor through survival history unblocked. However, the sufficient identifiability conditions,
while reasonable in other applications, may be too strong for survival study. As a result,
we argue that a SI-based perspective of causal mediation offers an attractive alternative to
formulate the effect parameters.

We begin by reviewing the one time-point setting. Under the non-SI approach intro-
duced by Robins and Greenland (1992) and Pearl (2001), one defines a counterfactual
event indicator dN(a,Z(a’)) according to the following experiment

W = fw(Uw)
Z<a/) = fZ(WvA - alv UZ)7
dN(a,Z(d")) = fun(W,A =a,Z(d'),Uzy). 41)

dN(a,Z(d")) is the event indicator in an ideal experiment where A is set to a, and the
intermediate variable Z takes its value under the influence of A = /. The identifiability
conditions (Pearl (2001)) for P(dN(a,Z(da’)) = 0) are dN(a,z) L (A,Z) | W, dN(a,z) L
Z(d)|W,and Z(d') LA |W.

A4.1: Blocking all paths from treatment to mediators

A direct extension of (41) is to conceptualize the mediator process as being defined entirely
in a world with A = @’. The counterfactual survival time of interest would be T'(a,Z(d’)) =
T(A=a,dN(A=a),Z(A=d ,dN(A =d'))). The hypothetical experiment generating this
survival time is:

dNt (Cl, Z(Cl/> = dez (WaA =a, Zl‘ (a/)7Nl‘*1 (a7 Z(a/))7 UdN,) (42)
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The experiment can be run by either drawing variables subsequently according to the order
above, or by first drawing (Z(a’),dN(d’)), and then draw dN(a,z) with the given realiza-
tion of Z(d') = z. Either way, if one draws dN;(a’) = 1, i.e. event happens at time #
under treatment A = d’, the next mediator Z, | (a’) is assigned the degenerate value at time
t+ 1. Then, drawing dN,1(a,Z(d’)), when the latest mediator has the degenerate value
but N, (a,Z(a’")) = 0, is not defined. One could deterministically set dN,1(a,Z(d")) =1
in this case and still obtain a well-defined survival time, but this would allow the effect of
treatment A = a’ on survival to influence the effect of treatment A = a on survival, which
is contrary to the purpose of mediating the effect of A = a on the survival process.

In this light, well-defined mediation formulas and natural effects in the current setting
should not block the paths of treatment to mediator through the survival history. In other
words, the direct effect questions should be rephrased to ”what is the effect of treatment on
survival, if treatment had no other effect on the mediators other than through the survival
history?”.

A4.2: Only blocking those paths from treatment to mediators that are
not through survival history

Due to the considerations above, we wish to define mediation effects where the paths from
treatment to mediator through the outcome process is left unblocked. These effects of in-
terest are extension of the path-specific effects discussed in Pearl (2001), Avin et al. (2005)
and Robins and Richardson (2010). Consider the following hypothetical experiment:

W = fw(Uw)
A=a
Z,(d ,N(a)) = fz, (WA= d,Z, 1(d',N(a)),N—1(a,Z(d ),Uz),
dN,(a,Z(d)) = fanWA=a,Z;_, (d',N(a)),N,_ (a,Z(a')),UdN,). (43)

Note the simplified notation for the counterfactuals Z;(a’,N(a)) and dN,(a,Z(d’)): for
instance, att = 2, Z(a’,N(a)) is in fact Z»(a',Ni(a,Z,(d’))), and dN>(a,Z(d")) is in fact
dN;(a,(Zy(d',Ni(a,Z,(d"))),Z1(d’))). This experiment differs from the (42) in that the
event process affecting each mediator response is the outcome process of interest. More
specifically, under (43) the experiment first sets A = a; at each visit, given realization
(W=wA=a,Z;, (d',N(a)) =2,-1,N,—1(a,Z(d’)) = n,—1), it measures the response Z
would have had if the treatment were A = @’ while the rest of the history remained the
same; then, with given realization (W = w,A = a,Z,(d’,a) = 2,,N,_1(a,Z(d")) = n;_1), it
measures the event indicator dN,. Abusing the notation, let T'(a,a’) denote the survival
time resulting from (43).

The difference between the experiment in (43) and the SI-based experiment in (4)
lies in that under the SI formulation, the conditional probability P(Z;(g,.) = 2 | W,A =
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a,Zs—1(8aa )y Ni—1(a,Z(84,w))) is known (intervened) to be gz (a1 (21 | W, Z—1(8a.a ), Ni-1(a,Z(8a,ar)))»
therefore, one only needs to identify the function gz(,. Under (43), the conditional prob-

ability P(Z;(d’,N(a)) | W,Z,_1(d’,N(a)),N,—1(a,Z(a’))) is not known and remains to be

identified. Therefore, even though the SI-based parameter P(T (a,Z(g,)) > to) and this

non-SI parameter P(7 (a,d’) > fp) would identify to the same statistical parameter (6), they

are differently formulated causal parameters.

P(T(a,d’) > 1) is identified to (6) if the following independences hold for the distri-
bution of U: (Uz,UdN) 1 UA given Uw, (UdN)th 1 UZ, given Uw, UA, (Uz)tfl, (UdN)tfl,
and (Uz) j>; L Ugy, given Uy, Uy, (Uz):, (Ugn)i—1. The last assumption would imply that
the event indicator at a given time ¢ be independent of future potential mediators — this
condition is too strong for the purpose of effect mediation in a survival study. We note,
however, that these are only sufficient conditions for identification, whether weaker con-
ditions are possible for (43) (perhaps under additional assumptions on the model), is an
important topic of investigation.
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